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ABSTRACT 


A  general  theory  of  elastic  stability  is  presented.  In  contrast 
to  previous  works  in  the  field,  the  present  analysis  is  augmented  by 
an  investigation  of  the  behavior  of  the  buckled  structure  in  the 
immediate  neighborhood  ot  the  bifurcation  point.  This  investigation 
explains  why  some  structures,  e.g.,  a  flat  plate  supported  along  its 
edges  and  subjected  to  thrust  in  its  nlsne.  are  capable  of  carrying 
loads  considerably  above  the  buckling  load,  while  other  structures, 
e.g.,  an  axially  loaded  cylindrical  shell,  collapse  at  losds  far 
below  the  theoretical  critical  load. 
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SUMMARY 


The  theory  of  elastic  stability  has  already  beau  the  subject  of  numerous  investigations. 
Of  the  researches  dealing  with  the  general  theory  those  made  by  Bryan  [3] ,  Southwell 
[4] ,  Ble2eno  and  Hehcky  [53 ,  Trofftz  (7,  33,  Murguerre  [flj,  Kappua  [10]  and  Biot 
Hi  ■'-.14]  rnay  be  mentioned.  For  a  survey  of  the  many  special  problems  that  have 
been  discussed,  reference  may  be  made  to  Timoshenko's  well-known  book  [43] . 

Hitherto  the  general  theories  of  stability  have  been  restricted,  however,  to  the  investi¬ 
gation  cif  neutral  equilibrium ;  they  aim  particularly  at  the  determination  of  the  stability 
limit.  The  phenomena  occurring  on  reaching  and  posHibly  on  surpassing  this  limit 
wore  left  out  of  account.  This  restriction  as  to  the  extent  of  the  investigations  is 
caused  by  two  circumstances..  First  of  all,  there  must  be  mentioned  the  great  mathe¬ 
matical  difficulties  that  obstruct  the  theoretical  treatment  of  elastic  behaviour  after 
surpassing  the  stability  limit.  Whereas  the  investigation  of  states  of  neutral  equl-r 
librium  is  still  possible  by  means  of  linear  differential  equations,  the  equations 
describing  elastic  behaviour  after  surpassing  the  stability  limit  are  no  longer  linear. 
Moreover  engineering  has  long  been  satisfied  with  the  knowledge  of  the  stability  limit 
(critical  or  buckling  load).  The  recognized  principle,  based  on  considerations  of 
safety,  was  that  the  load  on  a  structure  should  always  be  kept  below  this  limit  so  that 
an  investigation  of  the  phenomena  occurring  above  this  limit  seemed  superfluous. 

However,  it  has  been  known  for  a  long  time  that  some  structures,  e.g.,  a  flat  plate 
supported  along  its  edges  and  subjected  to  thrust  in  its  plane,  are  capable  of  sustaining 
considerably  larger  loads  than  the  buckling  one  without  exceeding  the  elastic  limit  at 
any  point  of  the  structure}  in  modern  engineering,  especially  in  aircraft  engineering 
where  saving  on  structural  weight  is  of  paramount  importance,  these  higher  loads  are 
actually  allowed.  The  theoretical  treatment  of  this  plate  problem  has  among  others 


been  given  by  Marguerre  and  Trefftz  |19,  20] .  Their  results  agree  very  well  with 
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On  the  other  hand,  it  has  been  noted  that  the  experimentally  determined  buckling  loads 
of  Borne  shell  structures,  e.g. ,  axially  compressed  thin-walled  cylinders,,  lie  con¬ 
siderably  below  the  theoretical  stability  limit.  Moreover  the  experimental  results 
are  widely  divergent.  Flugge's  [21]  and  Donnell’s  [22]  explanation,  based  on  initial 
deviations  of  the  test  specimen  from  the  true  cylindrical  form  in  consequence  of 
which  the  yield  point  of  the  material  would  soon  be  reached,  is  called  in  question  by 
Cox  [23]  and  Von  Karman  and  Tsien  [24] .  The  latter  authors  remark  that  the  initial 
deviations  should  have  to  amount  to  a  multiple  of  the  wall  thickness;  such  deviations 
could  scarcely  have  escaped  the  notice  of  the  investigators.  Besides.,  Cox  as  well  as 
Von  Harman  and  Tsien  point  out  that  Flugge's  and  Donnell’s  explanation  requires  a 
gradual  appearance  of  buckles  with  increasing  load  whereas  i*i  the  experiments  a 
sudden,  almost  explosive  buckling  occurs;  neither  does  this  explanation  satisfactorily 
account  for  the  great  divergency  of  the  experimental  results.  Cox,  on  the  other  hand, 
has  suggested  a  strut  model  to  illustrate  the  possibility  that  the  behaviour  of  the 
cylinder  may  be  explained  purely  elastically;  in  a  somewhat  modified  form  this  model 
has  also  been  suggested  by  Von  Karman,  Dunn  and  Tsien  [25] . 

From  the  above-mentioned  examples  it  clearly  appears  that  the  general  theories  of 
stability  framed  so  far  do  not  suffice.  They  have  to  be  completed  in  such  a  way  that 
the  so  divergent  behaviour  of  various  structures  in  the  case  of  loads  in  the  neighbour¬ 
hood  of  the  theoretical  buckling  load  can  be  described'  as  well.  The  present  treatise 
aims  at  such  an  extension. 

The  loads  acting  upon  a  structure  can  usually  be  represented  by  the  product  of  a  unit 
load  system  and  a  load  parameter  X  ,  as  yet  indeterminate.  It  is  then  required  to 
find  the  states  of  equilibrium  that  occur  at  a  given  value  of  X  and  also  to  investigate 
the  stability  of  these  states .  Of  particular  importance  in  engineering  is  the  state  of 
equilibrium  that  is  obtained  continuously  from  the  unstrained*  state  by  monotonously 
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increasing  X  from  zero.  For  sufficiently  small  values  of  X  this  so-called  fundamental 
state  is  always  stable,  in  agreement  with  Klrohhofr  B  theorem  on  iae  uniqueness  of 
solution  (cf.  [39]  and  Sect.  31  of  the  present  paper).  On  the  other  hand,  in  many  cases 
the  fundamental  state  becomes  unstable  on  exceeding  a  critical  value  X^  .  The  load 
belonging  to  this  value  X1  ,  for  which  the  equilibrium  is  at  the  stability  limit  and 
hence  neutral  as  well  (cf.  [10]),  is  called  the  buckling  or  critical  load.  Consequently 
at  this  buckling  load  there  exist,  in  addition  to  the  fundamental  state,  neighbouring 
infinitesimally  deviating  states  of  equilibrium.  It  is  then  to  be  expected  that  likewise 
at  loads  differing  slightly  from  the  buckling  load,  neighbouring  states  of  equilibrium 
exist  that  are  obtained  from  the  fundamental  state  by  means  of  small  but  now  finite 
displacements.1 2  Next  the  presumption  arises  that  the  discrepancy  in  elastic  behaviour 
of  various  structures  in  the  case  of  loads  in  the  neighbourhood  of  the  critical  load  is 
connected  with  a  discrepancy  in  character  of  the  possible  states  of  equilibrium  going 
with  these  loads.  From  a  preliminary  tentative  investigation  it  appeared  that  the 
character  of  these  states  of  equilibrium  is  essentially  dependent  on  the  stability  of 
equilibrium  at  the  buckling  load,  i.e,,  on  the  question  whether  the  limiting  case  of 
equilibrium  at  the  critical  load  should  still  be  reckoned  among  the  stable  or  already 
among  the  unstable  states  of  equilibrium  ? 


First  of  all,  therefore,  the  equilibrium  at  the  stability  limit  had  to  be  subjected  to  a 
closer  examination.  Before  entering  upon  this,  however,  it  seemed  advisable  to  give 
a  brief  survey  of  the  theory  of  elasticity  for  finite  deformations  (Ch.  1);  for  the  investi¬ 
gation  of  stability  belongs  essentially  to  the  domain  of  the  non-linear  theory  of 
elasticity. 


1For  an  illustration  of  this  possibility  see  Fig.  la— d  (p.  93).  Here  a  is  a  measure 
of  the  displacements  from  the  fundamental  state  to  a  neighbouring  state  of 
equilibrium . 

2Some  possibilities  for  neighbouring  states  of  equilibrium  are  given  in  Figs,  la-d 
(p.  93).  Figures  la,  b,  d  relate  to  cases  in  which  the  equilibrium  at  the  buckling 
load  is  unstable;  Fig.  lc  relates  to  a  case  in  which  this  equilibrium  is  stable.  The 
characteristic  difference  is  that  neighbouring  states  of  equilibrium  in  the  former 
cases  do  exist  at  loads  below  the  buckling  load  whereas  in  the  latter  case  they 
do  not. 


Following  Thomson  [2]  the  general  equations  of  motion  are  derived  by  means  of 
Hamilton's  principle,  using  the  elastic  potential  or  strain  energy  function  to  describe 
the  elasticity  of  the  body .  The  equations  of  equilibrium  are  obtained  by  putting  zero 
all  inertia  forces.  They  are  |n  complete  agreement  with  Ks ppus 1  g  equations  [10] 
obtained  by  equating  to  zero  the  resultant  oi  all  forces  acting  upon  an  element  of  the 
elastic  body. 

In  Chapter  2  the  general  theory  of  stability  is  dealt  with.  Section  21  gives  a  precise 
definition  of  stability  by  means  of  the  energy  criterion,  while  Sect.  22  treats  of  its 
practical  application.  In  accordance  with  Tiefftz  it  leads  to  two  conditions  of  stability. 
The  first  condition  ip  that  the  first  variation  of  the  potential  energy  is  zero  for  any 
kinematically  possible  variation  of  displacement;  it  is  identical  with  the  well-known 
principle  of  virtual  displacements.  The  second  condition  requires  that  the  second 
variation  of  the  energy  cannot  be  negative  for  any  kinematically  possible  variation 
of  displacement.  After  a  reproduction  of  Trefftz's  treatment  of  the  latter  condition 
in  Sect.  22,  some  assumptions  introduced  along  with  it  are  looked  into  more  closely 
in  Sect,  23;  it  appears  that  these  assumptions  are  justified  for  all  practical  purposes. 
In  the  following  articles  the  equilibrium  at  the  stability  limit  is  considered  in  more 
detail  (Sect.  24  -  27).  It  appears  that  the  equilibrium  at  the  stability  limit  is 
"generally"  unstable  (Sect.  25).  In  Sect.  28  the  method  of  investigation  developed 
here  is  connected  with  Mayer’s  researches  [31]  on  minima  of  functions  of  a  finite 
number  of  variables.  Finally  in  Sect.  29  some  formulae  are  given  that  are  necessary 
for  the  application  of  the  general  theory  of  stability  to  problems  of  elasticity. 

In  Chapter  3  the  states  of  equilibrium  at  loads  in  the  neighbourhood  of  the  buckling 
load  are  investigated.  The  approximative  method  used  to  this  purpose  gives  better 
results  accordingly  as  the  load  differs  less  from  the  critical  one.  The  character  of 
these  states  actually  appears  to  be  governed  by  the  stability  at  the  buckling  load 
(Sect.  35,  36).  However,  a  restriction  regarding  the  type  of  problems  treated  must 
be  made  that  is  inherent  to  the  method  of  investigation.  This  method  exclusively 
enables  to  deal  with  buckling  problems  corresponding  with  a  so-called  point  of 
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bifurcation;  so-called  oilcanning  problems1  are  left  out  of  account  (Sect.  37).  Finally 
in  Sect.  38  an  extension  of  the  theory  to  loads  further  removed  from  the  htiefclw  ]o»d 
is  discussed.  The  most  important  result  of  Chapter  3  is  that  with  stability  of  the 
equilibrium  at  the  critical  load  (the  buckling  or  critical  state)  neighbouring  slates  ox 
equilibrium  exist  only  for  larger  loads;  these  states  are  stable.  Therefore,  apart 
from  the  possibility  of  exceeding  the  elastic  limit  of  the  material,  larger  loads  than 
the  buckling  load  can  be  sustained.  With  an  unstable  buckling  state,  on  the  contrary, 
neighbouring  states  of  equilibrium  do  occur  at  loads  smaller  than  the  buckling  load; 
these  states  are  unstable.  Though  in  some  cases  with  unstable  buckling  state  there 
also  exist  stable  states  of  equilibrium  at  larger  loads,  these  loads  can  only  be  reached 
by  passing  the  unstable  buckling  state  so  that  their  practical  importance  is,  to  say  the 
least  of  it,  doubtful. 

The  theory  of  Chapter  3  does  not  yet  give  an  explanation  of  the  fact  that  for  some 
structures  the  experimental  buckling  loads  are  considerably  smaller  than  the  theo¬ 
retical  buckling  load.  To  come  to  such  an  explanation  the  influence  of  small  deviations 
of  a  real  structure  from  the  simplified  model,  designed  to  represent  the  structure,  is 
considered  in  Chapter  4.  The  necessity  of  this  consideration  is  demonstrated  on  the 
basis  of  the  example  of  the  prismatic  bar  subjected  to  combined  bending  and  com¬ 
pression.  The  method  of  investigation  is  similar  to  that  of  Chapter  3,  the  only 
modification  being  the  allowance  for  small  deviations ;  the  smallness  of  these  deviations 
is  expressed  by  neglecting  all  second  order  terms  in  these  deviations.  The  most 
important  result  of  this  investigation  is  that  with  an  unstable  buckling  state  of  the 
model  the  buckling  load  of  the  structure  may  be  considerably  lower  in  consequence 
of  very  small  differences  between  structure  and  model  (Sect.  455). 2  Hence  the 
discrepancy  between  theoretical  and  experimental  critical  loads  can  be  explained 


lrThis  term  was  introduced  by,  Von  Karman  and  Tsien  [24]  . 

2This  drop  of  the  critical  load  is  illustrated  by  Fig.  2  (p.  137).  Here  e  is  a  measure 
of  the  magnitude  of  the  initial  deviations,  Xj  is  the  buckling  load  of  the  model,  X* 
the  buckling  load  of  the  structure.  Note  the  vertical  tangent  to  the  e  -  X*  curve  in 
the  point  of  transition  of  structure  to  model  e  =  0  ,  X*  =  Xj  . 
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purely  elastically  by  assuming  small  deviations  of  such  a  sti-ucture  from  the  corre¬ 
sponding  model;  moreover,  the  great  sensibility  of  the  buckling  load  of  the  structure 
fcr  small  variations  in  die  magnitude  of  the  deviations  explains  too  the  wide  divergency 
of  experimental  results.  It  is  self-evident  that  the  collapse  is  precipitated  by  elastic 
failure  of  the  material;  this  complication,  however,  is  not  further  considered. 

The  most  interesting  example  for  application  of  the  theory  developed  here  is  the  axially 
compressed  thin-walled  cylinder;  for  in  this  technically  important  case  the  great 
discrepancy  between  the  theoretical  and  experimental  buckling  loadB  has  up  to  now 
not  been  accounted  for  satisfactorily.  To  apply  the  general  theory  it  is  necessary 
to  dispose  of  tho  knowledge  of  the  elastic  energy  of  the  thin-walled  cylindrical  shell 
for  finite  displacements.  With  a  view  to  the  possibility  of  application  to  other  shell 
structures  as  well,  a  general  theory  of  thin  shells  for  finite  displacements  is  given 
in  Chapter  5.  It  is  based  on  the  same  assumptions  as  the  well-known  technical  theory 
of  shells  for  infinitesimal  displacements  (Sect,  51).  After  calculating  the  strains  and 
the  elastic  potential  (Sect.  53,  54)  the  consequences  of  these  assumptions  are  looked 
into  more  closely  in  Sect.  55.  The  most  important  conclusion  to  which  they  lead  is 
that  the  elastic  energy  is  the  sum  of  stretching  energy  and  bending  energy.  Finally, 
in  Sect.  57  the  influence  of  small  deviations  is  again  considered. 

Before  passing  on  to  the  already  rather  complicated  theory  of  the  thin-walled  cylinder 
it  seemed  advisable  to  deal  first  with  some  simpler  applications  to  elucidate  the 
general  theory  (Ch.  6).  The  well-known  problem  of  the  elastica  was  chosen  as  a 
first  example  (Sect.  61).  Next,  in  Sect.  62  Cox's  problem  [231  is  dealt  with. 

Finally,  in  Sect.  63  the  problem  of  equivalent  width  of  compressed  flat  rectangular 
plates  is  considered.  In  this  case  the  general  theory  supplies  a  justification  of  the 
theory  of  Marguerre  -  Trefftz  [19] ,  based  on  more  arbitrary  assumptions. 

The  last  application  is  Chapter  7  concerns  the  axially  compressed  cylindrical  shell. 
Neglect  of  boundary  conditions  leads  to  the  same  result  for  the  buckling  load  as 
known  from  existing  literature  (Sect.  74).  The  same  neglect  leads  to  the  conclusion 
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tliui  equilibrium  in  the  buckling  state  is  unstable  (Sect.  7b).  In  Sect.  76  the  neighbouring 
states  of  equilibrium  at  loads  in  the  neighbourhood  of  the  critical  load  are  investigated. 

It  is  found  that  all  existing  neighbouring  states  of  equilibrium  are  unstable.  As  far  as 
possible  the  results  obtained  are  compared  with  a  paper  by  Von  Karman  and  Tsien 
(Sect.  51),  which  became  available  during  the  compilation  of  the  present  treatise. 
Because  the  displacements  assumed  by  the  above-mentioned  authors  are  less  general 
their  results  are  less  good  at  least  for  loads  in  the  neighbourhood  of  the  critical  load. 

In  Sect.  77  the  influence  of  small  deviations  from  the  true  cylindrical  form  is  discussed. 
As  the  investigation  is  rather  complicated,  the  detailed  calculations  are  restricted  to 
one  form  of  deviations.  In  this  case  a  very  marked  decrease  of  the  buckling  load  is 
found  already  with  very  small  deviations.  This  result  is  in  striking  contrast  to  that 
of  Donnell  [22]  as  the  amplitude  of  the  initial  deviations,  required  to  explain  the 
discrepancy  between  the  mean  value  of  the  experimental  buckling  loads  and  the 
theoretical  buckling  load,  according  to  the  present  theory  amounts  to  about  10%  of 
the  amplitude  required  by  Donnell.  Although  of  course  it  is  desirable  to  extend  the 
investigation  to  other  forms  of  deviations,  at  this  stage  already  the  conclusion  may 
be  drawn  that  the  theory  given  here  supplies  an  explanation  of  ths;  large  discrepancy 
between  theoretical  and  experimental  critical  loads .  The  wide  divergency  of  experi¬ 
mental  results  is  likewise  satisfactorily  accounted  for  by  the  extreme  sensibility  of 
the  critical  load  for  small  variations  in  the  magnitude  of  the  deviations. 
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INTRODUCTION 


For  a  long  time  various  investigators  have  been  Interested  in  the  problem  of  elastic 
stability.  Euler's  pioneering  investigations  of  the  elastica  [  1)  have  probably  become 
most  widely  known. 

If  some  brief  remarks  by  Thompson  (2]  are  disregarded,  the  first  attempt  to  derive 
a  general  stability  theory  seems  to  have  been  undertaken  by  Bryan  [3J .  His  considera¬ 
tions  are  based  on  the  energy  criterion  according  to  which  an  equilibrium  state  is 
stable  or  unstable  depending  on  whether  or  not  the  potential  energy  possesses  a  true 
minimum  in  that  state.  However,  when  calculating  the  elastic  energy,  he  takes  into 
account  only  terms  which  are  quadratic  in  the  displacements.  In  that  case  the  second 
variation  is  of  the  same  form  as  the  energy  itself,  and  thus  is  always  positive.  If 
the  displacements  are  prescribed  at  all  points  where  forces  are  acting  on  the  body,  in 
which  case  the  constant  energy  of  the  applied  forces  can  be  equated  to  zero,  then  it 
follows  that  the  variation  of  the  total  potential  energy  is  equal  to  the  variation  of  elastic 
energy.  Hence,  the  second  variation  of  the  total  potential  energy  is  always  positive 
so  that  instability  would  be  excluded  in  such  cases.1  This  conclusion  is  contradicted 
by  experience,  for  instance,  in  the  example  of  the  axially  compressed  prismatic  bar 
which  is  subjected  to  a  prescribed  end  shortening. 

Southwell  [4]  has  derived  equations  which  govern  the  so-called  neutral  equilibrium  of 
the  uniform  state  of  stress  and  deformation.  He  considers  a  neighboring  deformed 
state  which  is  derived  from  the  uniform  state  by  infinitesimal  additional  displacements 
u  ,  v  ,  w  .  Apart  from  the  loads  given  by  the  initial  force  field,  which  are  required 
for  the  maintenance  of  the  initial  state,  additional  loads  should  be  applied  to  the  body 
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Thomson  [2]  pointed  already  at  this  circumstance. 
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In  order  that  it  is  again  in  equilibrium.  On  account  of  the  smallness  of  the  displacements 
u ,  v ,  w  these  extra  loads  are  homogeneous  in  and  linearly  dependent  on  u  ,  v  ,  w  and 
their  derivatives.  Equilibrium  in  the  initial  uniform  state  is  called  neutral  if  a  neighboring 
otalc  uAioio  for  which  the  104111161!  auuiliuiuti  lut&ua  are  uuppiieu  by  the  initial  force  field. 
The  equations  and  boundary  conditions  which  hold  for  the  neighboring  state  are  linear  and 
homogeneous  in  the  displacements  u,  v,  w  and  their  derivatives.  The  equilibrium  of 
the  initial  state  will  be  neutral  only  when  the  equations  admit  a  nontrivial  solution  —  which 
in  that  case  is  determined  apart  from  a  constant  factor  on  account  01  the  homogenity  of 
the  equations  and  boundary  conditions }  For  the  description  of  the  state  of  stress  and 
deformation,  Southwell  chooses  as  independent  variables  the  coordinates  of  a  point  of  the 
undeformed  body.  He  also  relates  the  stresses  to  the  surface  elements  of  thiB  state. 

Biezeno  and  Hencky  [5]  have  made  an  extension  of  Southwell's  considerations  in  dealing 
with  the  general  state  of  stress  with  a  corresponding  force  field  acting  on  the  body. 
Consideration  is  given  to  a  body  in  a  supposedly  known  state  of  stress  I,  and  to  a  stress 
state  n  that  has  been  derived  from  I  by  means  of  infinitesimal  displacements.  Equilibrium 
in  state  I  is  again  neutral  if  there  exists  a  state  of  equilibrium  n  such  that  the  required 
additional  loads ,  which  are  homogeneous  and  linear  in  the  additional  displacements ,  are 
again  supplied  by  the  external  force  field.  Again,  the  equations  of  neutral  equilibrium 
are  homogeneous  and  linear.  The  coordinates  of  a  point  in  state  1  are  chosen  as  inde¬ 
pendent  variables  while  the  stresses  are  always  related  to  the  surface  elements  of  the 
corresponding  state.  Consequently,  it  is  not  necessary  to  know  the  manner  in  which 
state  I  has  been  obtained  from  the  undeformed  state.  It  is  only  necessary  to  formulate 
an  elasticity  law  for  the  transition  of  state  I  to  state  EL. 


LIn  some  cases  the  equations  possess  several  independent  solutions  (uj ,  vj ,  Wj),  The 
general  solution  (2cjuj »  etc. )  possesses  in  that  case  a  corresponding  number  of 
undetermined  coefficients.  Such  a  case  can  occur  for  an  axially  compressed,  elas¬ 
tically  supported  bar  (see  [52]).  For  some  ratios  of  the  stiffness  of  the  elastic  sup¬ 
ports  to  the  bending  stiffness,  the  bar  possesses  at  the  same  load  two  buckling  modes 
which  differ  in  the  number  of  waves. 
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Reissner  [0]  has  tried  to  Improve  on  Bryan's  argument  which  utilized  the  energy 


Trefftz  17, 8i  has  developed  a  stability  theory  based  on  the  theory  c!  elasticity  ior 
finite  deformations.  He  also  makes  use  of  the  energy  criterion  for  the  prediction  of 
stability.  A  sufficient  condition  for  stability  is  that  the  second  variation  of  the  total 
potential  energy  should  bo  positive  for  every  kinematically  possible  variation  of  the 
displacements.  The  stability  limit  will  be  reached  if  the  second  variation  becomes 
positive  semi-definite;  i.e. ,  th  ’t  the  second  variation  is  zero  for  one  or  more  suitably 
choBen  displacement  variations ,  but  non-negative  for  any  other  possible  displacement 
variation.  In  his  first  j  *per,  Trefftz  chooses  as  independent  variables  the  coordinates 
of  a  point  in  the  unde  formed  state.  In  his  second  publication  he  chooses  as  independent 
variables  the  coordinates  of  a  point  in  the  deformed  state  I  the  stability  of  which  is  to  be 
investigated .  In  agreement  with  this ,  the  stresses  in  state  II  which  deviate  from  state  I 
are  in  his  first  publication  related  to  the  surface  elements  of  the  undeformed  state  and  in 
his  second  publication  to  the  surface  element  of  state  I.  The  tractions  in  state  n  are 
decomposed  in  the  directions  of  those  line  elements  which  are  parallel  to  the  coordinate 
axes  In  the  undeformed  state  and  state  I,  respectively.  The  stability  equations  (derived 
from  state  H  which  deviates  from  state  1  In  an  infinitesimal  sense)  then  take  a  rather 
simple  form. 

In  connection  with  the  treatise  of  Trefftz,  Marguerre  [9]  has  examined  the  relation 
between  the  various  minimum  principles  as  they  are  applied  to  stability  problems  in 
engineering,  and  the  general  principle  of  the  minimuiri  of  the  potential  energy.  He 
also  gives  a  detailed  illustration  by  means  of  the  example  of  the  axially  compressed 
bar. 
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A  further  development  of  the  theory  oi  elasticity  tor  finite  displacements,  only  briefly 
Indicated  by  Trefftz,  has  been  given  by  Kappus  [10]  1  He  derives  the  equations  for 
neutral  equilibrium  from  the  general  equations  of  equilibrium.  It  appeara  along  with 
this,  that  the  equilibrium  state  is  neutral  in  the  sense  of  Southwell  and  Biezeno- 
Henoky  when  the  stability  limit,  as  defined  by  Trefftz,  is  reached. 

Also  Biot  [11-14]  has  derived  equations  for  neutral  equilibrium  from  a  theory  of 
elasticity  for  finite  deformation.1  For  simplicity  he  introduces  a  new  way  to 
desarlbe  the  deformed  state,  With  this,  he  suooeeds  in  bringing  the  stability  equa¬ 
tions  to  such  a  form  that  it  is  possible  to  render  a  meohanloal  meaning  of  the  various 
terms  in  the  equations.  This  Improved  lucidity  can  be  of  muoh  value  in  the  search 
for  those  terms  whioh  may  be  neglected  in  the  application  of  these  equations  to  a 
speoial  problem. 

The  stability  couside rations  whioh  have  so  far  been  established  and  which  were  dis¬ 
cussed  in  the  foregoing,  are  restricted  to  the  analysis  of  neutral  equilibrium.  They 
aim  in  particular  at  the  determination  of  the  stability  limit.  The  phenomena  which 
occur  as  this  limit  is  reached  or  possibly  exceeded  were  not  considered.  This 
limitation  of  the  extent  of  the  investigations  was  oaused  by  two  circumstances.  First, 
the  great  mathematical  difficulties  should  be  mentioned  whioh  obstruct  the  theoretical 
treatment  of  the  elastic  behavior  beyond  the  stability  limit.  While  it  is  still  possible 
to  analyze  the  neutral  equilibrium  Btates  with  linear  differential  equations,  the  equa¬ 
tions  describing  the  elastic  behavior  beyond  the  stability  limit  are  no  longer  linear. 

In  addition,  for  a  long  time  engineering  science  was  satisfied  with  the  knowledge  of  the 
stability  limit  (buckling  load)  alone.  The  point  of  view  had  been  adopted  that  for  safety 


1Neither  Kappus  nor  Blot  seem  to  have  been  acquainted  with  the  older  literature  about 
finite  deformations  of  an  elastic  body.  Already  in  1839  Green  expressed  the  assump¬ 
tion  of  the  existence  of  an  elastic  potential  for  finite  deformations;  by  use  of  this 
assumption,  Kirchhoff  [16]  andThomson  [2]  derived  the  equilibrium  equations.  Other 
publications  in  the  field  of  finite  deformations  are  of  minor  importance  for  Che  stability 
analysis  following  here,  but  those  by  Hamel  [17]  and  Murnaghan  [IS]  should  still  be 
mentioned. 
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reasons  the  load  on  the  structure  should  always  be  kept  below  this  limit,  so  that  an 
Investigation  of  what  occurs  beyond  tills  limit  seemed  superfluous,  However,  it  has 
been  known  for  some  time  that  certain  structures  are  able  to  withstand  loads  aiiroifi- 
oantly  above  the  buckling  load,  and  this  without  stresses  in  excess  of  the  elastic 
limit  of  the  material.  (For  instance,  the  flat  plate  simply  supported  along  its  edges 
and  subjected  to  an  inplane  thrust. )  Indeed,  in  modern  engineering  -  especially  in 
aeronautios  where  economy  of  weight  is  of  primary  importance  -  loading  in  excess 
of  the  buckling  load  has  already  been  tolerated.  The  theoretical  treatment  of  this 
plate  problem  is  presented  by  Marguerre  and  Trefftz  [19,20] .  The  agreement  of 
their  results  with  experimental  results  is  very  good  if  the  loads  are  not  too  far  In 
exoess  of  the  buckling  load.  On  the  other  hand,  it  has  been  established  that  experi¬ 
mentally  determined  buckling  loads  of  several  shell  structures  (suoh  as  axially 
compressed  thin-walled  cylinders)  are  considerably  below  the  theoretical  stability 
limit.  Moreover,  the  experimental  results  show  much  scatter.  An  explanation  for 
this  given  by  Fliigge  [21)  and  by  Donnell  [22]  has  been  questioned  by  Cox  [23J  and  by 
Von  Karman  and  Tsien  [24] .  The  explanation  is  based  on  the  initial  deviation  of  the 
tost  model  geometry  from  that  of  the  perfect  cylinder ,  which  deviations  will  cause 
stresses  beyond  the  yield  limit  at  moderate  loads.  The  last  two  of  these  authors 
remark  that  the  Initial  imperfections  must  be  several  times  the  wall  thickness  of  the 
cylinder  in  order  to  serve  as  an  explanation  of  the  law  experimental  values ;  such  a 
deviation  would  not  have  escaped  the  attention  of  the  investigators.  Further,  Cox, 

Von  Karman  and  Tsien  point  out  that  the  explanation  given  by  Fliigge  and  by  Donnell 
implies  a  gradual  occurrence  of  buckles,  while  experiments  have  shown  that  buckling 
takes  plaoe  in  a  sudden,  almost  explosive  manner.  Also,  the  great  scatter  in  the  test 
results  has  not  boon  cleared  up  satisfactorily  by  this  explanation.  On  the  other  hand, 
the  possibility  to  explain  the  behavior  of  the  cylinder  from  a  purely  elastic  point  of  view 
was  illustrated  by  Cox  [23] by  means  of  a  suggestive  bar  modol,  Von  Karman,  Dunn  and 
Tsien  also  proposed  this  model  but  in  a  somewhat  different  form  [26] . 

The  examples  mentioned  above  show  clearly  that  the  stability  theories  so  far  estab¬ 
lished  do  not  suffice.  They  should  be  supplemented  with  n  theory  which  describes  also 
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the  different  behavior  of  the  structure  at  loads  in  the  neighborhood  of  the  theoretical 
buckling  load.  The  present  treatise  intends  to  give  such  an  extension.  It  is  assumed 
that  the  loads  which  act  on  the  structure  can  be  represented  by  a  product  of  a  unit 
load  system  and  an  as  yet  undetermined  load  parameter  X .  One  seeks  equilibrium 
states  corresponding  to  a  given  value  of  X  as  well  as  the  stability  of  these  states. 

Of  particular  importance  in  engineering  are  those  equilibrium  states  which  are 
obtained  by  continuous  deformation  from  the  undeformed  state  as  X  is  monotonically 
increased  from  zero.  This  so-called  fundamental  state  is  always  stable  for  sufficiently 
small  values  of  X,  in  agreement  with  the  uniqueness  theorem  of  Kirchoff  (see  [39]  ,  and 
Sect.  31).  On  the  other  hand,  the  fundamental  state  in  many  cases  becomes  unstable 
as  X  exceeds  a  certain  critical  value  X^  .  The  load  corresponding  to  this  limit  value, 
(equilibrium  is  at  the  stability  limit  and  hence  also  neutral,  see  [10])  is  called  the 
buckling  load  or  critical  load.  Consequently,  apart  from  the  fundamental  state, 
infinitesimally  near  states  of  equilibrium  exist  at  the  buckling  load.  It  is  then  to  be 
expected  that  neighboring  equilibrium  states  also  exist,  which  are  obtained  by  small 
but  now  finite  displacements,  at  loads  slightly  differing  from  the  buckling  load.1 
Further,  the  suspicion  arises  that  the  difference  in  elastic  behavior  of  various  struc¬ 
tures  is  connected  with  the  different  nature  of  the  neighboring  equilibrium  states 
corresponding  to  these  loads.  From  a  preliminary  tentative  investigation,  it  appears 
that  the  character  of  the  equilibrium  states  is  essentially  dependent  on  the  stability 
of  equilibrium  at  the  buckling  load;  i.e. ,  on  the  question  as  to  whether  the  limiting 
case  of  equilibrium  should  still  be  reckoned  among  the  stable  or  among  the  unstable 
states  of  equilibrium.2 


^For  an  illustration  of  this  concept  see  figures  la-d  (page  93).  Here  (a)  is  a  measure 
of  the  displacements  from  the  fundamental  state  to  an  adjacent  state  of  equilibrium. 

2Some  possibilities  for  neighboring  equilibrium  states  are  shown  in  figures  la-d 
(page  93).  The  figures  la,b,d  relate  to  cases  in  which  equilibrium  is  unstable  at 
the  buckling  load,  fig.  lc  relates  to  the  case  in  which  equilibrium  is  stable  at  the 
buckling  load.  Ihe  characteristic  difference  is  that  in  the  cases  first  mentioned, 
adjacent  states  of  equilibrium  for  loads  smaller  than  the  buckling  load  do  exist,  while 
in  the  latter  case  such  adjacent  states  do  not  exist. 
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Therefore,  in  the  first  place,  equilibrium  at  the  stability  limit  should  be  examined 
more  closely.  However,  it  seemed  desirable  to  give  first  a  brief  summary  of  the  theory 
of  elasticity  for  finite  deformations  as  the  stability  analysis  belongs  essentially  to  the 
domain  of  the  nonlinear  theory  of  elasticity  (Chapter  1). 

In  Chapter  2  the  general  stability  theory  is  treated.  After  an  account  of  the  theory  of 
Trefftz  in  the  first  two  sections,  some  of  its  assumptions  are  examined  more  closely 
in  Sect.  23.  The  following  sections  consider  equilibrium  at  the  stability  limit 
(Sect.  24-27);  it  appears  that  "in  general"  this  equilibrium  is  unstable  (Sect.  26). 

In  Sect.  28  the  method  of  analysis  develo  ped  is  related  to  Mayer's  investigations  on 
the  minima  of  functions  of  a  finite  number  of  variables  [31] . 

In  Chapter  3,  the  equilibrium  states  at  loads  in  the  neighborhood  of  the  buckling  load  are 
investigated ;  the  approximate  method  used  for  this  purpose  yields  better  results  accord  - 
ingly  as  the  load  is  closer  to  the  buckling  load.  The  nature  of  these  states  of  equilibrium 
indeed  appears  to  be  governed  by  the  stability  of  equilibrium  at  the  buckling  load  (Sect.  35, 
36).  However,  a  restriction  should  be  made  with  respect  to  the  nature  of  the  problems 
treated  which  is  inherent  in  the  method  of  investigation  (Sect.  37).  By  this  method  one  Is 
only  able  to  treat  buckling  problems  corresponding  to  a  so-called  branching  point  of 
equilibrium;  consequently  the  so-called  snapthrough  problems  are  not  considered.  Finally 
an  extension  of  the  theory  is  possible,  with  loads  further  removed  from  the  buckling  load. 
This  is  treated  in  Sect.  38.  The  most  important  result  of  Chapter  3  is  that  for  stable 
equilibrium  at  the  buckling  load  (the  critical  state),  neighboring  states  of  equilibrium  can 
exist  only  for  loads  greater  than  the  buckling  load;  these  states  are  stable.  Therefore, 
disregarding  the  possibility  of  stresses  in  excess  of  the  elasticity  limit,  loads  above  the 
buckling  load  can  be  sustained.  For  an  unstable  critical  state  on  the  other  hand,  neighboring 
equilibrium  states  do  exist  at  loads  smaller  than  the  buckling  load;  these  states  are  unstable. 
It  is  true  that  in  some  cases  stable  equilibrium  states  also  exist  at  loads  greater  than  the 
buckling  load,  but  these  states  can  only  be  reached  by  passing  through  the  unstable  critical 
state,  so  that  their  practical  significance  is  to  say  the  least  doubtful. 
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The  theory  of  Chapter  3  does  not  yet  give  an  explanation  of  the  fact  that  for  some 
structures  the  experimental  buckling  loads  are  considerably  smaller  than  the  theo¬ 
retical  buckling  loads.  Such  an  explanation  is  obtained  in  Chapter  4  through  a  study 
of  the  Influence  of  small  imperfections  in  the  actual  structure  in  comparison  to  an 
idealized  model.  The  necessity  of  this  consideration  is  illustrated  by  the  example  of 
the  straight  bar  subjected  to  combined  bending  and  compression.  The  most  important 
result  of  this  analysis  is,  that  if  the  critical  state  is  unstable,  the  buckling  load  of  the 
structure  may  be  considerably  smaller  than  that  of  the  idealized  model  due  to  the 
presence  of  small  deviations;  consequently  the  difference  between  theoretical  and 
experimental  buckling  loads  can  in  principle  be  explained  under  purely  elastic  condi¬ 
tions  by  use  of  the  assumption  of  small  deviations  between  the  real  structure  and  the 
model.  It  goes  without  saying  that  the  collapse  of  the  structure  will  be  precipitated  if 
there  are  stresses  in  excess  of  the  elastic  limit.  This  complication  will  not  be  further 
considered. 

The  most  interesting  application  for  the  theory  developed  is  given  by  the  example  of 
an  axially  compressed  thin-walled  cylinder,  as  the  great  difference  between  theo¬ 
retical  and  experimental  buckling  loads  for  this  very  important  case  in  engineering 
has  never  been  explained  satisfactorily.  Ihe  application  of  the  general  theory  requires 
an  expression  for  the  elastic  energy  of  a  thin-walled  cylindrical  shell  undergoing  finite 
displacements.  In  view  of  a  possible  application  to  other  shell  structures,  a  general 
shell  theory  for  finite  displacements  is  given  in  Chapter  5.  This  theory  is  based 
on  the  assumptions  of  the  well-known  shell  theory  for  infinitesimal  displacements 
(Sect.  51).  After  calculation  of  the  deformations  and  the  elastic  potential  (Sect.  53 
and  54)  the  consequences  of  these  assumptions  are  studied  more  closely  in  Sect.  55. 
The  most  important  consequence  is  that  the  elastic  energy  is  the  sum  of  the  mem¬ 
brane  and  bending  energies,  finally,  In  Sect,  57  consideration  is  again  given  to  the 
influence  of  small  imperfections . 

As  the  analysis  of  the  thin-walled  cylinder  is  already  rax  r  -  aolicated,  it  seemed 
desirable  to  treat  first  some  simpler  cases  for  illustrate  \  of  'he  general  theory 
(Chapter  6)  The  first  example  chosen  is  the  well-known  ;.x  :!jlem  of  the  elastlca 


(Sect.  61).  Further,  in  Sect.  62  the  problem  of  Cox  is  dealt  with.  Chapter  6  is  con¬ 
cluded  in  Sect.  63  with  consideration  of  the  problem  of  the  simply  supported  flat  plate 
subjected  to  a  uniformly  distributed  in-plane  edge  thrust.  M  this  case  the  general  theory 
gives  a  justification  of  the  theory  of  Marguerre-Trefftz  [9]  which  was  based  on  more 
intuitive  assumptions.  As  a  last  application , the  axially  compressed  cylindrical  shell  is 
treated  in  Chapter  7.  The  "classical"  result  for  the  buckling  load,  as  is  well  known 
from  the  literature,  is  found  if  boundary  effects  are  neglected.  For  this  case  the  equi¬ 
librium  is  unstable  in  the  critical  state  (Sect.  75).  The  equilibrium  states  at  loads  in  the 
neighborhood  of  the  buckling  load  are  investigated  in  Sect.  76.  It  is  found  that  all  neighbor 
ing  states  of  equilibrium  are  unstable.  The  results  obtained  are,  as  far  as  possible, 

/  A 

compared  to  these  published  by  Von  Karman  and  Tsien  (52)  which  became  available  during 
the  preparation  of  this  treatise.  As  the  displacements  assumed  by  these  writers  are  less 
general,  their  results  are  less  accurate,  at  least  for  loads  in  the  neighborhood  of  the 
buckling  load.  The  influence  of  small  deviations  from  the  true  cylindrical  form  are 
investigated  in  Sect.  77.  As  this  analysis  is  rather  complicated,  the  evaluation  remains 
restricted  to  one  form  of  imperfection.  It  is  found  that  a  very  marked  decrease  of  the 
buckling  load  occurs  even  for  small  imperfections.  Although  it  is  of  course  desirable  to 
extend  the  analysis  to  other  forms  of  imperfections,  at  present  it  can  already  be  con¬ 
cluded  that  the  theory  presented  gives  an  explanation  for  the  large  discrepancy  between 
theoretical  and  experimental  results ;  also  the  great  scatter  of  the  experimental  results 
is  satisfactorily  explained  by  the  sensitivity  of  the  buckling  load  to  small  differences  in 
the  magnitude  of  the  imperfections. 
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Chapter  1 

THEORY  OF  ELASTICITY  FOR  FINITE  DISPLACEMENTS 

11.  DEFORMATIONS  BY  FINITE  DISPLACEMENTS 

Li  this  section  a  short  summary  will  be  given  of  the  theory  of  deformations 
[26,  27]. 

The  cartesian  coordinates  x.^ ,  xg ,  x3  of  a  point  in  the  undeformed  body  are  intro¬ 
duced  as  independent  variables. 

Every  point  P(Xj)  is  subject  to  a  displacement  with  components  u.  in  the  direction 
of  the  coordinate  axes.  Hence,  the  coordinates  of  this  point  in  the  deformed  state 
’will  be  Xj  +  Uj .  The  deformations  in  the  immediate  neighborhood  of  the  point  P 
are  completely  described  by 


+  9x.  2j  9x,  4 

1  h*l  1  ■  J 


1,2,3. 


1,2,3. 


(11.1) 


The  new  length  df  *  of  a  line  element  through  P ,  which  originally  had  the  length  df,  and 
whose  orientation  in  space  is  given  by  the  angles  ,  can  be  expressed  by 

(df1)2  =  (df)2  |(1  +  Y11)  cos2  +  (1  +  y22)  cos2  a2  +  (1  +  y33)  cos2  ag 

+  2y12  cosa1  cosa2  +  2yzg  cosa2  cos  «3  +  2ygi  cosag  cosa^J,  (11,2) 

The  number  e  =  (df1  -  df)/d£  corresponding  to  the  direction  of  df  is  called  the 
specific  strain.  If  this  direction  is  parallel  to  one  of  the  coordinates  axes,  it  follows 
that 
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ei  =  V1  +  y„  -  1.  (11. » 

In  the  deformed  state  the  line  elements  which  originally  were  parallel  to  the  coordinate 
axes  x.  and  x^(i  *  j)  will  enclose  the  angles  <p^  =  ip^  determined  by 

y 

cos  <PiK  -  -  -  -1J" -  (1  ^  J) .  (11.4) 

J  V*1  +  V*1  +  YjJ> 

The  relations  (11. 3)'  and  (11.4)  describe  geometrically  the  components  of  deformation. 

In  the  literature  mentioned  before,  proofs  are  given  that  there  existB  at  least  one 
system  of  mutually  perpendicular  directions  at  the  point  P  for  which  among  the  six 
deformation  components  the  quantities  ^(h  *  k)  are  identically  zero.  These  axes 
are  called  principal  axes  and  the  corresponding  deformation  quantities  Tj.  =  0  for 
h  *  k  and  determine  the  principal  extensions  .  The  latter  quantities 

are  determined  by 

Eh  =  V1  +  rh  ‘  lf  (11.5) 

while  the  represent  the  three  real  roots  of  the  cubic  equation 

Y11  -  r  Y12 
Y21  Y22  “ 

Y31  Y32 

The  magnitude  of  the  principal  strains  is  independent  of  the  choice  of  the  coordinates. 
This  leads  to  the  conclusion  that  the  following  three  invariants  exist 


'13 


'23 


Y33  "  r 


(11.6) 
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11  "  yU  +  y22  h  V33  ri  +  r2  +  r3‘ 


l2  yuy22  4  y22yaa  +  yaayn  ~  (^2  +  ^3  +  ^ai) 

rir2  +  r2r3  +  r3ri’ 

*3  =  yUy22V33  +  2y12y23y31  "  {y11^23  +  y22^\  4  Y33^i) 


12.  THE  ELASTIC  POTENTIAL 


I 

Y  (11.7) 


rir2r3  •- 


In  general,  the  law  of  elasticity  offers  a  relation  between  the  deformation  and  the 
internal  stresses.  However,  it  can  also  be  formulated  in  an  indirect  way  by  means 
of  the  Introduction  of  the  elastic  potential.  It  is  assumed  that  eaoh  volume  element 
of  the  body  possesses  a  potential  energy  which  depends  on  the  local  state  of  deforma¬ 
tion.  As  the  state  of  deformation  is  completely  described  by  the  components  of 
deformation  (11. 1),  the  elastic  potential  energy  per  unit  of  volume  can  be  v/ritten  as 

A  =  A(YiJ)  (12.1) 

where  thermo-elastic  phemonena  are  left  out  of  consideration. 


Experiments  have  shown  that  the  elastic  behavior  of  most  construction  materials  is 
described  with  sufficient  accuracy  by  an  elasticity  law  of  the  form  (12. 1).  For 
infinitesimal  deformations,  A  is  a  homogeneous  and  positive  definite  quadratic 
function  of  its  arguments.  With  some  exceptions,  for  instance  cast  iron,  for 
small  but  finite  deformations  it  has  so  far  not  appeared  that  terms  of  order  higher 
than  the  second  play  a  significant  role;  this  should  not  be  surprising  as  in  the  elastic 
range  the  components  of  deformation  are  very  small  for  most  materials  (order  of 
magnitude  0. 001).  Consequently,  in  the  following  it  will  be  assumed  that  the  elastic 
potential  is  a  homogeneous  and  positive-definite  function  of  the  deformation  compo¬ 
nents.  It  follows  from  (11. 1)  that  it  will  be  a  function  of  the  fourth  order  of  the 
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displacement  derivatives,  Alternatively  to  the  UBeof  the  deformation  components 
Ty ,  the  deformed  state  can  be  completely  described  by  the  direction  and  magni¬ 
tude  of  the  principal  stresses.  IW  mi  isotropic  material,  the  elastic  potential  must 
be  independent  of  the  directions  of  the  principal  strains.  Furthermore,  the  magnitude 
of  the  principal  stresses  is  fully  determined  by  the  invariants  (1. 7),  which  leads  to 
the  proposition 


A  =  A(llfI2,I3). 


(12.2) 


The  only  homogeneous  quadratic  function  of  the  deformation  components  of  the  form 
(12.2)  is  given  by 


A  =  Vl+  V2* 


(12.  3) 


in  which  and  ot^  are  material  constants  in  the  case  of  a  homogeneous  material. 
If  the  material  is  inhomogeneous  the  quantities  and  will  generally  be  func¬ 
tions  of  the  coordinates  Xj .  By  use  of  (11.  7),  it  is  possible  to  write  (12.  3)  in  the 
form 


2,a  +  a 

A  =  «lI1  +  r2  +  r3  +  <rir2  4  r2r3  +  W  • 


This  expression  is  positive  definite  if  and  only  if  1 33] 


2a.  +  a„ 

“l  >  9  ’  ~  -  <  2’ 


from  which  follows  that 


a.  >  o  ,  0  >  a.-  >  -  30  . 

1  *U  1 


(12.4) 
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For  infinitesimal  deformations,  (12. 3)  must  reduce  to  the  elastic  potential  of  the 
linear  theory  of  elasticity.  Comparison  of  (12. 3)  with  [34]  yields  with  the  usual 
definition  oi  the  constants  of  elasticity  G  and  m 


*L  = 


It  follows  then  that  with  G  >  0  and  m  >  2  inequality's  (12.4)  are  satisfied.  Thus, 
the  elastic  potential  takes  the  following  form 


A  “  IGS^2(<"  -  td?-  2<“  -  2> '2  • 


(12.  5) 


13.  HAMILTON'S  PRINCIPLE  AND  THE  EQUATIONS  OF  MOTION 


The  equations  of  motion  can  be  derived  from  Hamilton's  principle  [2] ,  Following 
this  principle,  the  natural  motion  of  holonomic  mechanical  system  between  the 
time  points  t^  and  t1  is  determined  in  such  a. '"ay  that 


fiWdt  = 


0. 


(13. 1) 


This  variation  corresponds  to  the  variation  of  the  natural  motion  to  a  neighboring 
motiolc  which  differs  from  the  original  one  in  an  infinitesimal  sense  and  which  yields 
the  real  configuration  at  the  p  ints  tQ  and  t^  .  The  neighboring  motion,  as  well  as 
the  natural  One',  should  satisfy  the  klnematical  conditions  imposed  on  the  mechanical 
system.  The  quantities  T  and  V  are  the  kinetic  and  potential  energy  of  the  system 
respectively;  AW  is  the  work  that  would  have  been  done  by  the  external  forces  at  the 
time  t  if  the  mechanical  system  were  brought  into  the  corresponding  state,  which 
differs  from  the  original  state  in  infinitesimal  sense. 
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“Hie  kinetic  energy  of  the  elastic  body  is  given  by 


dx2dx3  1 


(13.2) 


In  this  expression  p  stands  for  the  mass  density  of  the  undeforzned  body  and  integra¬ 
tion  should  be  carried  out  over  the  volume  of  the  undeformed  body. 

According  to  (12.  l)l  the  elastic  potential  energy  is  determined  by 


V  =  ///A<V  dxldX2dx3  • 


(13.3) 


where  integration  should  be  carried  out  over  the  volume  of  the  undeformed  body. 

If  pXi  are  the  components  of  body  forces  in  die  deformed  Btate  which  are  related  to 
the  volume  elements  of  the  undeforzned  body,  then  the  work  done  by  these  forces  on 
transition  to  the  neighboring  state  is  given  by 


*W1  =  Iff?  £  X16u1dx1dx2dx3 . 


(13.4) 


In  this  expression  6u.  represents  the  variation  of  the  displacement  to  the  neighboring 


It  is  assumed  that  surface  tractions  are  working  on  a  part  0  of  the  surface,  of  which 
the  components  p.  are  related  to  the  surface  elements  of  the  undeformed  state.  On 
the  remaining  part  O'  of  the  surface  the  displacements  are  supposed  to  be  prescribed. 
During  transition  to  a  neighboring  configuration  the  surface  tractions  perform  the 
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(13.5) 


6W2 


PjfiUjdf . 


Hie  work  done  by  the  surface  tractions  acting  on  the  part  O'  of  the  surface  is  zero 
because  the  displacement  variations  ouj  of  that  part  of  the  surface  are  zero. 


Hamilton's  principle  is  now  formulated 


/  dt///  dxldx2dx3  -  /  dt  jff  I  ft  6T/ijdxldx2dx3  + 

t„  i  =  l  ti  i.J  0 


1  3  1  3 
+  /  dt///p  £  Xi6uidx1dx2dx3  +  f  dtjj  i: 
tft  1-1  t„  0  1-1 


p^Ujdf  =  0.  (13.6) 


In  the  second  integral,  summation  should  be  carried  out  over  the  six  combinations 

of  i  and  J . 

After  the  use  of 

fiUj  =  0  for  t  =  tQ  and  t  =  t^ 
and  of  integration  by  parts,  the  first  integral  reduces  to 


/  -  ‘  /  d‘///P2  ^  Suid3tldx2dx3  ' 

t*\  t*  i  1 


(13.7) 


Here  use  was  made  of  the  interchangeability  of  the  sequence  of  the  operations  6  and 
9/0t. 
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For  the  reduction  of  the  second  integral  the  following  expression  is  derived  from  (11. 1) 


9u,  9u.  ^  /dm  bu.  am  8m  \ 

.  A-i  +  A— 1  +  'S  I  — —  A  — -S  +  — -S  A  — £  I 

ij  t>Xj  ox^  yax<  0Xj  ax^  axj  y 


Next,  all  terms  with  variations  of  the  derivatives  of  um  are  lumped  together, 
m  =  1  these  are 


BA 

0y21 

BA 


1  + 


BUj 

Bx, 


87. 


31 


1  + 


BUj 

BjT 


.  SA  0U1  BA  *1 

Bu, 

aV12  0X2  dyi3  0X3 

6  BXj 

2  BA  ^1  BA  0U1 

Bu, 

6  + 

ey22  ax2  sv23  0x3 

°Bx2 

SA  8ul  .  ,  8A  “l  | 

0y32  0X2  0y33  0X3  1 

0X3  ’ 

For  m  =  2  and  m  =  3  similar  forms  are  found. 
For  brevity  is  introduced 


BA_  _  1  ,  _8A_  _  jBA 

8YU  "  2  Kii  *  BVjj 


bYji  =  kU  =  kJi  (i*J) 


Expression  (13.  8)  oan  now  be  written 


v  /  v  0ui\  0ui 

jiV1  +  h4>~sK 


It  follows  that  the  second  integral  of  (13,6)  oan  be  written 


For 


(13.8) 


(13.9) 
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(13.10 


If  the  normal  to  the  surface  is  denoted  by  n ,  where  the  outward  direction  is  assumed 
to  be  positive,  then,  after  interchanging  the  sequence  of  variation  and  differentiation 
and  after  application  of  Gauss's  theorem,  (13. 10)  becomes 

h 

f  dt  Iff  lit  fi7i)dXldX2dx3  = 

tQ  i,i  13 

=  J  “  //I  1  fji  +  1  kjh  C0£  (xj  *u>  ^i"  + 

tQ  i  - 1  j  - 1  \  h  —  1  / 

'  /  dt}j[  2  1  +  1  VSt)  aUidXldX2dX3 '  <13  U 

i0  JJJ  =  l  >  \  h-1 

With  (13.7)  and  (13.  ii)  equation  (13.6)  reduces  to 


Since  (13- 12)  should  be  satisfied  for  arbitrary  variations  <5u^  the  coefficients  of  <5u{ 
in  the  integrals  must  be  equal  to  zero. 

For  the  points  in  the  interior  of  the  body  it  follows  that 

1  ik  *  t  kt»  +  ^  ’  4- " 0  • 1  -  ’•2'8-  il31s> 

j=l  1  h-1  ' 

and  for  points  on  the  part  of  0  of  the  surface  the  boundary  conditions 
3  /  3  \ 

2(kji  +  ^  kjh ltify08<xyn)  -  Pi  =  0  »  1  =  i*2*3-  <13-14> 

On  the  part  O'  of  tlie  surface 


ui  =  prescribed  (13.15) 

Equation  (13.13)  and  (13. 14)  should  of  course  agree  with  the  equations  of  Kappus  [10] , 
which  were  derived  by  consideration  of  the  equilibrium  of  tensile  and  inertial  forces 
acting  on  an  infinitesimal  element  of  the  body .  Indeed  the  principal  equations  and 
boundary  conditions  of  Kappus  for  his  stress  components  kij  are  formally  identical 
to  equations  (13.13)  and  (13.14).  At  the  same  time,  in  order  to  ensure  the  exist¬ 
ence  of  an  elastic  potential ,  Kappus '  stress  compon  ents  should  satisfy  conditions 
which  are  expressed  by  equations  of  the  form  (13.9).  .The  elastic  potential  is  then  also 
the  specific  energy  of  deformation. 


The  equations  governing  die  elastic  equilibrium  can  be  obtained  from  (13. 13)  if  one 
equates  to  zero  the  derivatives  with  respect  to  time;  they  read 


1,2,3.  (13.16) 


The  boundary  conditions  remain  identically  valid. 
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Chapter  2 

STABILITY  OF  EQUILIBRIUM 

21.  THE  STABILITY  CRITERION 

For  the  analysis  of  the  stability  of  a  mechanical  system,  the  method  of  Bmall 
vibrations  or  the  enorgy  method  are  commonly  used.  The  method  first  mentioned 
consists  of  the  derivation  of  equations  of  motion  for  small  displacements  from  the 
equilibrium  state.  The  smallness  of  the  displacements  makes  it  possible  to  take  into 
account  only  terms  which  are  homogeneous  and  linear  in  the  displacements  or  their 
derivatives.  The  homogeneous  and  linear  equations  derived  in  this  manner  have 
solutions  whose  dependence  on  time  is  characterized  by  their  common  factor  . 

The  equilibrium  state  under  consideration  is  stable  if  and  only  lfr  for  all  solutions 
of  this  form,  the  real  part  of  p  Is  nonpositive  (the  possible  complication  of 
multiple  roots  of  the  characteristic  equations  are  herewith  disregarded).  The  stability 
analysis  by  Southwell  [4]  and  Biezeno-Hencky  [5)  can  be  related  to  this  method;  they 
investigate  under  which  circumstances  the  quantity  p  becomes  zero. 

The  energy  criterion  states  that  an  equilibrium  configuration  of  a  mechanical  system 
is  stable  if  and  only  if  the  work  done  by  the  external  loads  during  transition  to  a 
neighboring  kinematically  possible  configuration  is  not  greater  than  the  increase  of 
the  internal  potential  energy.  The  application  of  this  criterion  is  considerably  simpli¬ 
fied  if  the  assumption  is  made  thaC  tee  external  forces  also  possess  a  potential  energy. 
In  that  case,  the  work  done  by  these  forces  is  given  by  the  difference  between  the 
potential  energy  of  the  forces  in  die  state  of  equilibrium  and  that  of  the  neighboring 
state.  Then,  the  energy  criterion  demands  that  for  stability  the  total  energy,  con¬ 
sisting  of  the  sum  of  internal  and  external  energies,  should  possess  a  minimum  in  the 
equilibrium  state. 
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In  the  case  of  an  elastic  body  for  which  the  potential  energy  consists  of  a  sura  of  one 
or  more  integrals,  whose  integrands  are  functions  of  the  displacements  and  their 
derivatives,  this  minimum  condition  require**  v«t.  more  nreniae  definition.  If  the 
displacements  of  the  equilibrium  state  are  denoted  by  Uj  and  those  of  neighboring 
state  by  +  Uj  ,  the  potential  energy  F (v^)  possetiHeB  a  minimum  for  v^  = 
if  and  only  if  it  is  possible  to  find  two  positive  constants  g  and  h  such  that  from  the 
inequalities 


<  g 


<  h 


which  are  valid  throughout  the  body,  it  follows  that 

F(Ut  +  ut)  If  P(Ut)  .  (21.1) 

The  methods  for  the  determination  of  the  stability  limit  [4,  5,  7,  8]  as  developed 
from  the  theory  of  small  vibrations  and  from  the  energy  criterion  are  basically 
identical  [10  ]  .  Nevertheless,  when, in  the  following,  preference  is  given  to  the  energy 
criterion,  it  is  because  of  the  possibility  offered  by  this  criterion  of  an  extension  of 
the  analysis  to  a  closer  inspection  of  the  stability  at  the  stability  limit. 

22.  APPLICATION  OF  THE  STABILITY  CRITERION 


In  the  application  of  the  energy  criterion  the  assumption  will  be  made  that  the 

integrands  of  P(U^  +  u^)  maybe  expanded  into  a  power  series  in  the  displacements 

and  their  derivatives  according  to  Taylor's  formula.  If  the  sum  of  the  integrals,  (the 

integrands  are  complete  homogeneous  functions  of  the  m^1  order  in  u.  and  their 

2  * 
derivatives)  are  denoted  by  Pm[u]  ,  then  the  stability  criterion  is 

P^  +  Uj)  -  P(Uj)  sp[u]  =  P^u]  +  P2[ul  +  P3[u]  +  ...  i  0  .  (22.1) 


1In  the  following  the  subscript  i  of  the  coordinates  x^,  the  displacements  Uj  and 
Uj  etc.  are  left  out  for  as  far  as  ambiguity  can  be  excluded. 
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Besides,  it  is  also  assumed  that  the  kinematic  conditions  to  which  the  extra  displace¬ 
ments  are  subjected,  are  linear  homogeneous  relations  for  the  displacements  ut  and 
their  derivates.  ThlB  assumption  Is  satisfied  If  the  kinematic  conditions  are  linear 
In  the  total  displacements  U  +  u  .  Every  linear  combination  of  kinematically  pos¬ 
sible  displacements  1b  In  Itself  ngntn  n  kinematically  possible  system  of  displacements. 
Consequently,  every  possible  configuration  of  U  +  v  can  be  understood  as  a  sample 
from  a  bundle  of  possible  configurations  U  +  au  ,  in  which  a  represents  a  param¬ 
eter  Independent  of  the  coordinates* .  Then  condition  <22.1)  requires  that  It  must  be 
possible  to  find  a  positive  number  k  for  every  kinematically  possible  system  of  dis¬ 
placements  u,  such  that  from  the  Inequality  )<*  |  <  k  it  follows  that 

Pj[aul  +  P2[au]  +  Pglau]  +  ...  s  aP-Ju]  + 

+  a2P2[u]  +  o3Pg[u]  +  ....  %  0  .  (22. 2) 

This  requirement  leads  to  the  following  necessary  conditions 

P^u]  =  0  ,  (22.3) 

P2[u]  *  0  .  <22.4) 

Relation  (22.3)  is  identical  to  the  principle  of  virtual  work  applied  to  the  equilibrium 
state.  For,  according  to  this  principle,  the  first  variation  of  the  potential  energy, 
l.e. ,  the  first  term  of  the  Taylor  expansion 

PfUj  +  «Ut)  -  P^)  s  P[6U]  =  P^ftJ]  +  P2[  6U]  +  . . .  , 

is  zero  for  all  kinematically  possible,  Infinitesimal  displacements.  It  is  equivalent 
to  requirement  <22. 3)  because  of  the  homogenulty  of  the  condition 

$P  s  P1[6U1  =0 

In  the  displacement  variation  <5U  . 

1  The  cases  for  which  this  assumption  has  not  been  satisfied  require  a  closer  inspection. 
This  could,  for  Instance,  result  from  consideration  of  an  arbitrary  kinematically  pos¬ 
sible  configuration  U  +  v  as  a  cample  of  a  system  of  possible  configurations  U  +  u(a). 
Here  a  is  a  parameter  Independent  of  the  coordinates. 
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Condition  (22 . 4)  requires  that  the  seoond  variation  of  potential  energy  dess  not 
become  negative  for  any  kinematically  possible  system  of  functions.  As  it  appears 
from  its  derivation  condition  (22.4)  can  for  the  time  uei""  only  be  appreciated  as  a 
necessary  condition  for  stability.  The  question  how  far  it  can  at  the  same  time  be 
considered  as  a  sufficient  condition  will  be  investigated  in  See.  23. 

For  the  analysis  of  the  second  variation, Trefftz  [7]  writes  the  integrand  of  P2(u] 
as  a  difference  between  two  homogeneous  positive  definite  quadratic  forms  of  its 
arguments.  P ^  lu)  is  understood  to  be  a  homogeneous  quadratic  form  in  which  all 
arguments  are  the  displacements  u  and  their  derivatives  appearing  in  tue  integrand 
of  P[u]  .  In  general,  this  separation  shall  be  different  at  different  points  of  the 
body.  If  the  corresponding  integrals  are  denoted  by  [u]  and  Ty  [u]  ,  then  it 
follows  that 


The  sign  of  the  second  variation  is  governed  by  the  second  factor  so  that  the  determina¬ 
tion  of  this  sign  leads  to  die  analysis  of  the  minimum  problem 


\  =  Min 


T^[u] 

T”[u]  • 


Naturally,  instead  of  this  problem  it  is  possible  to  consider  the  modified  problem 


Cl) 


Min 


Ty'[u] 

TyM 


i 


» 


or  when  written  in  another  form 


u 


Min 


P2[u] 
T2  [u] 


(22'.  5) 
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Here,  for  simplicity  in  notation,  T  Ju]  is  written  in  the  place  of  T"[u]  .  For  this 

&  ‘  til 

problem  let  be  the  solution  which  is  obtained  for  the  function  u  =  uw  .  Then 
it  ioiiows  that  i*2  [u]  is  positive  definite  if  is  positive;  on  the  other  hand,  if 
is  negative  P2  [uj  posseses  negative  values.  According  to  Trefftz,  in  the  first  ease 
equilibrium  is  stable,  in  the  socond  case  unstable.  According  to  Trefftz  the  limiting 
case  0^=0  corresponds  to  the  stability  limit.  In  that  case  no  decision  about 
stability  can  yet  be  made  because  with  P2  [u^J  =  0  nothing  can  yet  be  said  about 
the  sign  of  the  lefthandslde  of  (22.2).  By  use  of  a  kinematically  possible  but  other¬ 
wise  arbitrary  system  of  functions  t  and  an  arbitrary  constant  e  ,  the  minimum 
condition  for  the  functions  can  be  expressed  as 


U»)  +  £$ 

U-P4 

T2 

u(1)  +  ft 

* 

T 

12 

or 


pju*1*  +  «*]  -  ^1T2[u<1)  +  ft]  ^  0  .  (22.6) 

In  general,  for  an  integral  Sm[u]  whose  integrand  is  a  complete  homogeneous  function 
of  order  m  in  the  arguments  u  and  their  derivatives,  the  following  expansion  for 
u  =  v  +  w  holds 

Smfv  +  w]  =  Sm[v]  +  Sm_M[V,w]  +  Sm_2,2[v,w]  +  ....  + 

+  Sl,m-llv’w]  +  Sm^  •  (22.7) 

In  this  expression  8  [v,w]  is  the  integral  of  all  terms  which  are  obtained  through 

m-n,  n  ^ 

development  of  the  integrand  of  S  [  v  +  w]  ,  and  which  is  homogeneous  of  the  n 

ill  i/L. 

order  in'  the  functions  v  and  their  derivatives  and  homogeneous  of  the  (m  -  0)*“ 
order  in  the  functions  w  and  their  derivatives.  The  integrals  and  Sqp  are 
interchanged  when  v  and  w  are  interchanged.  Besides,  the  following  also  holds 
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sm-n,»l,’vl  =  Sn,n,-»lv’T>  '  (m  -  n)  Vv!  ’  (I)  S-Jvl  •  <2au> 
In  which  (  m  .)  =  represents  eb  ubuhI  a  binomial  coefficient.  By  use  of 

Mil  -  ii/  x  u  / 

this  notation  and  of  the  relation 


(22 . 6)  becomes 

c{  pn[u(1),t]  -  a>1Tn|u(1) .t] }  +  €2{p21£]  ”  Vs1*1!  *  0  • 

This  relation  can  be  satisfied  for  arbitrary  values  of  e  only  if  u  =  and 
0)  =  co^  satisfy  the  equation 

I’ljlu.C]  -  wTu[u,£]  *  0  .  (22.9) 

If  in  addition  the  second  derivatives  of  the  functions  are  assumed  to  be  continuous, 
then  it  follows  that  (22. 9)  is  equivalent  to  a  system  of  differential  equations  and 
boundary  conditions  for  the  /unctions  u  .  This  system  can  be  derived  in  the  Bame 
manner  as  was  described  in  Sec.  13.  Because  these  equations  and  boundary  conditions 
are  homogeneous  and  linear  in  the  funotions  u  and  their  derivatives,  they  possess,  in 
general,  non-zero  solutions  for  u  (the  so  called  eigenfunctions)  only  for  special 
values  of  oj  (the  so  oailed  eigenvalues);  these  solutions  contain  an  undetermined 
constant.  The  smallest  eigenvalue  determines  the  stability. 

23.  FURTHER  CONSIDERATION  OF  THE  THEORY  OF  TREFFTZ 

Two  points  in  the  theory  of  Trefftz  as  discussed  in  the  foregoing  section  need  further 
consideration. 

In  Hie  first  place, it  has  been  assumed  that  the  minimum  problem  (22.5)  indeed  possesses 
a  solution,  which  is  by  no  means  an  established  fact.  On  the  other  hand, it  can  be 
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established  that  Use  ratio  Pg[u)  /T^[u]  possesses  a  lower  bound  since,  as  it  is  the 
difference  between  T^uj  /T'£[u]  and  unity,  it  can  never  become  smaller  than  -1. 

If  this  lower  bound  is  denoted  by  d  ,  then  it  follows  that  every  kinematically  possible 
function  u  should  satisfy  the  inequality 


V*) 

t2IuT 


*  d  , 


while  for  every  arbitrarily  small  positive  number  e  ,  it  should  be  possible  to  find 
yet  another  kinematically  possible  function  v  ,  for  which  the  inequality 


p,M 


<  d  +  e 


holds.  However,  the  existence  of  a  minimum  cannot  yet  be  concluded  from  the 
existence  of  a  lower  bound,  sinoe  it  is  not  certain  that  the  lower  bound  will  correspond 
to  a  kinematically  possible  function.  This  difficulty  Ip  the  energy  criterion  about  the 
existence  of  the  minimum  is  bypassed  through  the  replacement  of  cOj  by  the 
lower  bound  d  .  Equilibrium  is  stable  or  unstable  depending  on  whether  d  Is  posi¬ 
tive  or  negative;  in  the  11ml ting  case  d  0  0  the  second  variation  P2[u]  is  at  least 
semi- positive  definite,  but  further  conclusions  about  the  stability  cannot  be  drawn 
for  the  time  b^ing.  The  sighif loanee  of  this  sharper  formulation  should  not  be  over¬ 
estimated.  the  practical  application  of  the  energy  criterion  would  meet  grave  diffi¬ 
culties  If  the  bound  d  is  hot  also  equal  to  the  minimum  .  Therefore,  the  application 
of  the  stability  'analysis  is  dependent  on  Traffic's  method  whereby  the  existence  of  tbe 
minimum  bos  been  assumed;  in  cases  for  which  Buoh  a  minimum  is  nonexistent, 
the  method  is  bound  tc  fail. 


The  second  point  which  demands  a  more  extensive  consideration  concerns  the  use  of 
the  criterion  >  0  as  a  sufficient  condition  for  stability  (that  =  0  certainly 
is  not  a  sufficient  condition  was  mentioned  already  inSect.  22).  For  concerning 
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condition  (22.4)  it  was  remarked  in  Sect.  22  that  this  condition, on  the  basis  of  its 

derivation, can  only  be  acknowledged  0 8  ft  nAnaaauwr  44*4 _  .4,«l  itii-  »*m  •» 

*-  —  - - - — wm«*wvu  tv*  autunity  ,  XJU&  HppU" 

cation  of  the  criterion  ^  >  o  which  ia  baaed  on  (22. 4)  then  needs  a  further  motiva¬ 
tion.  This  motivation  can  be  given  without  many  difficulties  as  the  partition  of  the 

integrand  P2[u]  in  two  positive  definite  homogeneous  quadratic  forms  is  carried  out 
in  such  a  way  that  the  positive  definite  integrand  of  T«[u]  *  T  [u]  contains  ail  the 
arguments  appearing  in  the  integrand  of  P[u]  (22.1)  (in  addition  derivatives  of  the 
function  u  should  be  considered  as  separate  arguments). 

The  Taylor  expansion  of  the  integrand  F  of  P[u]  with  respect  to  its  twelve  arguments 

ui  and  dUj/dXj  which  now  for  simplicity  will  be  called  y.  (  A  =  1,2, ...  ,12)  ,  can  be 
written  as  * 


12  /  x  12 
=  Y  fe-1  „  +  I  V  /  <92F  \ 

y"  2  v,  » 


(23.1) 


whereby 


!(*4 y"  ■ rsiui  *  *  fcf,te)0 


are  the  integrand®  of  P^u]  and  P„[u]  respectively,  snd 


jj uyv  <23-2) 


l  if 

J-,  V,P)=1  \ 


>  a3F  \ 

w 


12  12  .  v 
2  6  I  ($y~ww) 

i,  *)=ll  u-1  XyPQyvyp/ 


Vx7']*7' 


12  . 

2  w* 

(p*v  )*1 


(23.  3) 
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i*r-  - 


The  indices  0,  attached  to  the  derivatives  of  F  with  respect  to  its  arguments 

iuuiuatv  that  the  derivative!?  ?’’*  meant  for  the  values  0  and  fl.y,  (0  s  (L  s  l; 

r*  . 

X  =  1,2, ...  ,12)  of  these  arguments.  For  an  assessment  of  the  magnitude  of  the 
remainder  (23. 3)  the  greatest  absolute  value  A  1c  considered.  It  can  take  the  form 


12 

A=  £  vyi*  y» 

(/i.vH 


(23.4) 


subject  to  the  side  condition 


12 

£  y„  y„2  -  1 .  (23.5) 

H=1 


In  which  Y,(X  =  1,2 . 12)  are  positive  constants.  As  the  absolute  values  of  the 

A  1 
quantities  ,  under  the  restriction  (23. 6),  cannot  become  greater  than  j== ==  ,  A 

will  satisfy  the  inequality 


12 

A  t  y  I  A 

Aw  *  I 

(M.  v)"l 


'*v  1  JvTyV' 


As  A  la  at  the  same  time  the  greatest  absolute  value  which  the  quotient 


12 

2  Vypyv 

(M» _ 

12 

2  W 

m=i 
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can  acquire  without  restriction  (23.  5),  It  follows  from  here  that 


12 

12  I  A  1  1 

12 

si  - 

V  . 

1  “ 

V  1  AM>»  1 
^  -J  >uyP 

V  2 

\  ....  *  /o4  a\ 

rH  ’  ' - ' 

(i*. 

1 

l(M.  »*>1  M 

/XBl 

The  positive  definite  Integrand  of  Gju]  and  Tglu]  is  given  in  the  form 

12 

GIu|"  I  C„V»'  i2*-7) 

(h.»')a* 

The  positive  minimum  C  of  (23.7)  under  the  side  condition  (23.5)  is  at  the  same  time 
the  minimum  of  the  quotient1 


12 


2  W>, 


— rnr 


IT - 

V  2 

Z  Vn 


without  this  restriction,  so  that 

12 


12 


=  i  y»sc  ^  w 

(n,  v)=i  ^=i 


(23.8) 


Gombination  of  (23.6)  and  (23.8)  leads  to  the  inequality 


I  R  i  <  £ 


12 

I 


tiv 


(fi,  u)-l 


U  (u] 


(23.9) 


^The  fact  that  C  is  positive  is  essentially  based  on  the  circumstance  that  the  positive 
definite  integrand  of  T2fu)  possesses  all  the  arguments  whioh  appear  in  the  integrand 
of  P[u]  (see  Sect.  22). 


The  absolute  value  of  the  coefficient  A  can  be  made  arbitrary  small  if  the  quan¬ 
tities  y  are  chosen  sufficiently  small  (see  23. 3).  Consequently,  it  is  alwayB 

A. 

possible  to  choose  the  quantities  g  and  h,  introduced  in  Sect.  21,  so  small  that 
from  the  inequalities  for  the  arguments 


it  follows  that 


I  I  <  e  . 


c/u. 


5x. 


<  h 


J, 

C 


I 


(IV 


£  c 


in  which  c  is  an  arbitrarily  small  positive  constant.  It  follows  from  (23. 9)  that 

I  R  I  £  cG  [u]  .  (23.10) 

This  inequality  for  the  remainder  of  the  integrand  of  P[u]  leads  to 


P  [u]  *  P1  [u]  +  P2  [u]  -  cT2  [u]  . 


If  in  addition  use  is  made  of  (22. 3)  and  of  the  inequality 

P2  [u]  i  n>1T2  [u]  , 

then  it  is  found  that 

P  [ul  s  (eux  -  c)T2  [u]  .  (23.11) 

Finally,  it  follows  from  (23.11)  that  the  condition  cjj  >  0  is  indeed  a  sufficient  condi¬ 
tion  for  stability  since  c  can  be  made  arbitrarily  small  by  the  choice  of  sufficiently 
small  values  for  g  and  h. 

The  proof  given  here  is  based  on  the  assumption  that  the  integrand  of  T„[u]  is  posi- 

It 

tive  definite.  This  assumption  is  unnecessarily  restrictive.  For,  an  integrand  of 
T*(uj  which  is  not  necessarily  definite,  but  whose  integral  should  of  course  be  definite, 
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positive  solution  <o*  of  the  minimum  problem  (22.5)  is  already  sufficient  for  stability 
provided  that  (22.5)  possesses  also  a  solution  for  an  integral  Tg[u]  whose  integrand 
is  definite.  That  the  latter  nuluiiuu  also  is  positive  toaows  easily  from  the  assumption 
of  the  opposite.  If  it  were  zero  or  negative,  P2[u]  for  the  corresponding  function  and 
consequently  also  the  solution  coj  of  (22.5)  belonging  to  T|[uj  should  be  zero  or  nega¬ 
tive  respectively,  which  is  in  contradiction  with  the  assumption  >  0.  This  greater 
freedom  in  the  choice  of  T^fu]  is  useful  for  applications. 

24.  THE  STABILITY  LIMIT 


At  the  stability  limit; the  solution  of  the  minimum  problem  (22. 5)  is  w.  -  0.  In  this 

1  /1\ 

case, the  integral  P2(u]  will  become  zero  at  least  for  the  vector  function  u'  so 
that  (22. 2)  is  not  immediately  satisfied  by  all  functions  u.  Before  entering  upon  the 
derivation  of  the  criteria  which  govern  stability  in  this  caae,  it  is  important  to  know 
whether  the  integral  Pglu]  can  also  become  zero  for  functions  other  than  u^. 


For  investigation  of  this  question,  it  is  remarked  in  the  first  place  that  for  every 
kinematically  possible  vector  function  u  can  be  written  [29] 


u  -  guW  +  uwithTjjfu^,  u]  =  0, 


(24.1) 


in  which  a  represents  a  constant.  For,  it  follows  from  the  identity 

Tll[l,(1)>  Q]  "  Tll[u(1>*  U~5U(1)1  =  Tu[u(1),  u]~  aTn[u(1),  u(1)], 
that  the  condition 


Tnru(1),  u3=  0 


is  satisfied  provided  that  the  constant  a  in  determined  by 

T^<«u].sTu[ua,  2^]. 


(24.  2) 
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Next,  the  integral  P2[u]  *e  written  as 

P2[u]  =  P2|^au(1)  +  uj  =  a2P2Ju^]  +  aPu  ju*1*,  uj  +  P2  [u)  . 

the  first  term  of  this  development  is  identically  zero;  with  use  of  (22. 9)  for  u  = 

«  -  £  =  u,  and  use  of  (24. 2),  the  second  term  can  be  written  as 

apii[u(1),  u]  =  au>1,  Tu[oW,  u]  =  0, 

so  that 

P2  [u]  =  P2  [au(1>  +  uj  =  P2  [uj  (24.3) 

remains. 


Consequently,  the  integral  P2N  can  only  become  zero  if  it  is  zero  for  a  vector  func¬ 
tion  u  that  satisfies  (24. 2).  In  order  to  investigate  whether  the  integral  p2[tl]  can 
indeed  become  zero  under  the  condition  (24. 2),  the  following  problem  will  be  considered 


£> 


Pju] 

Min  T2(ul 


under  the  side  condition  1' 


(24. 4) 


Let  u  =  u<2>  be  the  function  for  which  this  minimum  a>2  has  been  established. 1 
Then,  for  every  function  ij  satisfying 


(24.5) 


and  for  an  arbitrary  constant  e,  it  follows  that 

P2Cu(2)  +  fctj]  P2[b»] 

t,L«>  »  „] 5  '  “2  or 

p2Cu(2)  +  erj  -  <u2T2Iu^  +€tj]  *  o. 


From  this  it  follows  in  a  manner  analogous  to  the- derivation  leading  to  (22.6), 

Pll[u(2),7j]  -  w2Tll[u(2)'T,J  "  °-  <24.6) 

Vust  as  for  the  analysis  of  P?  [uJ  in  Sect.  22,  the  existence  of  a  solution  will  be 
assumed  here  and  in  all  the  following  minimum  problems. 
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This  equation  is  derived  under  the  restriction  (24.  5)  for  the  functions  tj  .  Yet,  it  is 
also  valid  for  functions  £  which  are  not  restricted  by  (24.  5).  In  order  to  show  this, 
an  arbitrary  function  £  is  written  as 

£  =  tu*1*  +  V  with  Tn[u(lj  ,»]]  =  0  . 

The  possibility  of  this  decomposition  has  already  been  explained.  After  replacement 

ill 

of  the  vector  function  ij  by  a  vector  function  £  =  tu'  ;  +  rj  ,  the  left  hand  side  of 
(24.6)  becomes 


Here 


Tn|u<»  ,  u<21  -  Tn[u<2>  ,  u'1*)  -  0  , 

r 

on  account  of  the  side  condition  (24.4).  After  application  of  (22.9)  for  u  =•  , 

w  =  Wj  and  £  =  u^  ,  it  follows  from  this  condition  that 

Pli[u<2>  ,  u«]  =  o. 

By  use  of  these  relations  and  of  (24.6)  it  follows  that  u  =  u^  ^  and  w  =  u>2  satisfy 
(22.  9) 

Pn[u  >£]  -  wTn[u  =0  , 

so  that  the  solution  of  the  problem  (24.4),  as  well  as  ,  appear  to  be  an  eigen¬ 
function  of  (22.9). 
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Since  the  set  of  admissible  functions  u  is  more  restricted  for  the  problem  (24.4) 
than  for  the  problem  (22. 5),  a>2  *  should  always  hold.  If  co^  becomes  positive 
at  the  stability  limit  for  which  =  0  ,  the  investigation  of  P^uJ/T^u}  can  be 
abandoned  because  in  that  case  P2[u]  cannot  become  zero  for  functions  other  than 
u'~'  ;  neither  is  the  knowledge  of  the  functions  u^  necessary  in  that  case.  However,  if  also 
Wp  *  0  ,  then  the  question  arises  if  Pgf**!  can  also  become  zero  for  functions  other 
than  u<A>  and  u^  .  In  the  same  manner  as  is  described  above  it  can  be  shown  that 
this  can  only  be  the  case  if  can  be  zero  under  the  Bide  conditions 


The  posed  question  will  in  that  case  be  answered  by  the  solution  of  the  problem 


co  =  Min 


p2w 


under  the  side  conditions 


(24. 7) 


On  the  same  manner  as  is  described  in  the  above,  it  is  proved  that  the  function  u^  , 
for  which  the  minimum  <o 3  of  (24. 7)  is  obtained,  is  an  eigensolution  of  equation  (22. 9) 
belonging  to  the  eigenvalue  a>3  .  The  analysis  of  the- minima 


(O 


under  the  side  condition 


0) 

I 


■] 


=  00  =  1.2 . h  -  1) 


(24.8) 


should  be  continued  until  a  positive  minimum  has  been  found. 

The  eigenvectors  u^  ,  u^  ....  all  contain  a  constant  still  undetermined  factor 
since  they  are  the  solutions  of  the  homogeneous  equation  (22, 9).  The  conditions  (24. 8) 
do  not  determine  this  factor.  It  is  assumed  that  this  factor  is  available,  for  instance 
by  enforcement  of  a  normalization  condition  of  the  form 
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T2[»(h)]  "  c  • 


(24. 9) 


in  which  C  is  a  positive  constant.  It  follows  from  (24. 8)  that 


(24. 10) 


Further,  from  relation 


Tll[u<h)  •  u(k)]  =  0  for  h  ^  k  (24.11) 

and  by  application  of  (22. 9)  for  u  =  ,  u)  ■  and  t  -  ,  it  follows  that 

Pll[u(h)  ,  u«]  =0  for  h  .  fi  k  .  (24.12) 

In  some  cases,  the  complete  set  of  eigenfunctions  belonging  to  Eq.  (22.9)  and  to  the 
minimum  problem  (24. 8)  respectively,  can  easily  be  determined.  Although  not  neces¬ 
sary,  the  knowledge  of  all  eigenfunctions  can  be  of  advantage  for  the. execution  of  the 
calculations.  For  this  purpose,  the  set  should  be  complete  and  such  that  an  arbitrary 
kinematically  possible  vector  function  f  can  be  developed  in  terms  of  the  eigenvectors 


f  “  £  chu<h)  •  (24.  !3) 

h=l 


whereby  the  operations  carried  out  on  f  may  be  applied  to  each  term  of  the  series 
separately. 

In  general,  the  eigenvalues  ^  and  the  eigenvectors  depend  on  the  form  which 
was  chosen  for  the  integrand  of  Tg[u]  .  However,  if  an  eigenvalue  zero  has  been 
found,  then  also  for  other  forms  of  the  integrand  of  Tg[u]  the  eigenvalue  zero  will  be 
found  as  well  as  corresponding  eigenfunctions.  (See  also  Sect.  23).  The  correctness 
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of  this  nnsertion  follows  immediately  from  the  variational  equation  (22.91.  which  for 
an  eigenvalue  =  o  transforms  into  the  form 

Pn[u,f]  --  0  (24.14) 

which  is  independent  of  T  [u]  .  This  equation  is  identical  with  the  equation  for  neutral 
equilibrium  as  derived  by  Kappus  [10] 

6P2[u3  =  0  ; 

consequently,  equilibrium  is  neutral  in  the  sense  of  Southwell  and  Biezeno-Hencky  as 
soon  as  at  least  one  eigenvalue  is  equal  to  zero.  Conversely,  the  existence  of  a 
solution  of  (24.14)  results  into  at  least  one  eigenvalue  equal  to  zero.  It  is  generally 
true  that  if  n  eigenvalues  are  zero,  equation  (24. 14)  will  possess  n  independent 
solutions.  Conversely,  it  follows  from  the  existence  of  n  linearly  independent 
solutions  of  (24. 14)  that  n  eigenvalues  are  zero.  As  a  proof  of  this,  it  is  noticed 
that  the  n  solutions  of  (24.14)  axe  also  n  solutions  of  (22.9)  for  the  case  that  w  =  0  . 
By  means  of  linear  combination,  n  new  linearly  independent  solutions  of  (22. 9)  can  be 
constructed  which  solutions  also  belong  to  a)  =  o  .  The  solutions  last  mentioned  can 
always  be  chosen  in  such  a  way  that  they  satisfy 

Tn[u(i)  ,  u<b>]  =  0  ,  i  t  h 

so  that  they  can  be  identified  with  the  n  eigenfunctions  u^  ,  i  -  1,2,...,  n  which 
correspond  to  the  n  eigenvalues 


For  details  of  tills  so  called  orthogonalization  process  see  [48]  . 
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25.  STABILITY  AT  THE  STABILITY  LIMIT 

This  section  concerns  the  investigation  of  the  stability  at  the  stability  limit.  At  first 
it  is  assumed  that  is  positive;  how  the  foil  wing  considerations  must  be  changed 
in  the  case  that  is  zero  will  be  shown  in  Sect.  27 . 

A  set  of  necessary  conditions  for  stability  ‘an  immediately  be  derived  from  (22.2), 
Because  of  P2[u^]  “  0  .  for  sufficiently  small  absolute  values  of 

0!3P3[u(1)]  +  a4P4[u(1)|  +  ...  £  0  , 


should  hold,  which  can  only  be  satisfied  with 

p3[u(1)]  *  0  ;  P4[u(1)]  *  0  , 

and  if  in  the  last  relation  the  equality  sign  holds,  with 

p6[u(1)]  “  0  ‘  P6[u(1>]  *  0  •  “d 


(26,1) 


so  on 


It  already  appears  from  (25. 1)  that  equilibrium  at  the  stability  limit  shall  "in  general" 
be  unstable. 


For  the  derivation  of  necessary  and  sufficient  conditions  of  stability,  In  agreement 
with  (24.1),  an  arbitrary  kinematically  possible  vector  function  is  put  equal  to 

u  =  au^  +  u  with  T11[u^1^  ,  u]  =  n  . 

For  stability  is  required  that  two  positive  constants  g  and  h  exist  such  that 

(22.1) 
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P[uj  =  pjau(1)  +  u]  =  PjJW1*  +  u]  + 


+  P2[au(1)  +  u]  +  Pg[?u^  +  if]  +  ...  6  0 


<25. 2) 


follows  front  the  isfyualitics 


N  <  R 


8U. 


Bx. 


<  h 


(22.1') 


Instead  of  this,  It  can  be  required  that  there' should  exist  three  positive  constants  A, 
g  and  h  such  that  (25.2)  follows  from  the  inequalities 


a  <  A  , 


uil  <  *  * 


8u. 


0X. 


<  h 


(25.2’) 


That  this  modified  condition  is  a  necessary  condition  follows  immediately  from  tine  faot 
that  (22.1*)  results  from  (25. 2'). 

That  It  la  also  a  sufficient  condition  follows  if  it  is  shown  that  in  reverse  (25. 2') 
follows  from  (22. 1').  From  the  relation 

Tn[u(1)  ,  u] 

2T2(«<1>)  ’ 

it  follows  that  a  is  bounded  if  u  and  its  derivatives  are  bounded;  the  same  holds  true  for 


u  and  its  derivatives  beeause 
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Evaluation  of  the  Integrals  in  (25. 2)  by  use  of  the  symbols  introduced  in  (22.7)  yields 


J1V  9  /IV  /IV  __ 

P[u]  =  aP1fu'  'j  +  Pjluj  +  a-'Pglu'*7]  +  §P11[u'i/*  u]  + 

+  P2tuJ  +  §3P3[u(1)]  +  a2P21[u(1),  u]  +  aP^Iu^.u]  + 

+  P3[u]  +  a4P4[u(1)]  +  a3P31[u(1),  uj  +  ft2P22(ua),  u]  + 

+  aP13tu^\  u]  +  P4[u]  +  . . .  , 

or  somewhat  differently  arranged 

Pfu]  =  aPjIu^1^  +  a2P2lu(1l|  +  g3Pg(u(1)]  +  &4P4[u(1)J 

+  P1IuJ  +  aPj^jtu^1),  u]  +  a2P21[u^\  u]  +  a3P31Iu^,  u]  +  ..,+ 
+  P2[u]  +  aP12[u(1),  u]  +  _a2P22[u{1),  u]  +  . . .  +  Pglu]  + 

+  §P13lu(1),  u]  +  . . .  +  P4[OJ  +  . . .  (26.  3) 

In  these  expressions, the  integrands  of  the  terms  following  after  P2[H]  are  either  of 
the  second  order  in  u  and  contain  in  that  case  one  or  more  factors  a  ,  or  they  are 
of  higher  order  in  u  and  its  derivatives.  It  is, therefore,  to  be  expected  that  these 
terms  are  of  minor  significance  in  comparison  to  P2(u]  .  To  prove  this  supposition, 
again  the  Taylor  expansion  of  the  integrand  F  of  P[u]  with  respect  to  its  arguments 
will  be  considered.  When,  for  brevity,  these  arguments  are  denoted  by 

y\  =  2yA(1)  +  y\<X  =  1.  2,  ...  12), 
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this  expansion  can  be  written 


u*c» 


M 


pjaa^1^ 


+  u 


=  /FI 


(i» 


V  fjz\ 

AAV»»,l> 


v„ 

'  H 


+ 


12 


2 

(H,v)  =1 


1 

2 


12 

*  2 
(p.v.pH 


yMy„yp  .  (o  £  ex  £  i)  . 


Just  as  in  Sect.  23,  the  Indices  of  the  derivatives  of  F  indicate  with  respect  to  which 
argument  these  derivatives  are  taken.  The  coefficients  of  the  second  order  terms  in 
can  once  more  be  expanded  in  a  Taylor  serieB  with  respect  to  a 


(O-<0£l)  . 


so  that  the  expansion  of  F  can  also  be  written  in  the  form 


(25.  4) 
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in  which 

12 

»-  I 

(M,  *»)“! 


12  <1  v 

Ia  V  /  -  a  -F  \  V  (1)  + 
\dy^dyveyp)m(DyP 

r 


1  V  /  d3F  \ 

«  Z  \ay;ay„ey0/|iy;(i)+ 


yP 


y  y 

Jv 


12 

z  v^v'25'1 

(M»  P)“l 


By  a  mutual  comparison  of  the  order  of  the  functions  u  and  their  derivatives,  the 
contributions  in  (25,4) 

,!  («■),»’. 

can  be  identified  as  the  integrands  of 

aP1  [u<l>]  +  a2P2  [u<X)l  +  aSP3  [u(1)]  +  fl4P4  lu(1)]  +  ....  and 

Pj  [u]  +  aP21  [u(1),  u]  +  S2P21  [u(1).  u]  +  a3P31  (u^),  ul  +  .  ,  . 

in  (25.3)  respectively.  By  comparison  to  (23. 2), it  appears  that 

12 


V  I  /  dZF  \ 
^  2  ley.  &yv  1 
(a*,  y )-i  \  M  r 


yM  yv  "  F2  ^ 


l-'fl 


i  9 


is  the  integrand  of  Pglu]  in  (26.3).  Consequently,  the  remainder  R  must  be  equal 
to  the  Integrand  of  the  remaining  part  of  (26.3) 

aP12  [u(1),  u]  +  a2P90  [u(1),  u]  +  .  .  .  .  +  Pq  (u)  +  aJP19  fl)  + 
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13 


+  .  .  .  .  +  P,  u  + 


; 

\ 


1 


The  coefficients  A^p  can  be  made  arbitrarily  small  by  the  choice  ot  sufficiently 
small  values  for  A,  g  and  h  (the  bounds  of  the  absolute  values  of  a,  u  and 
\ 

_ Lj .  Hence  it  can  be  shown  in  exactly  the  same  way  as  in  Sect.  23 ,  that  for  an 

OAj  / 

arbitrarily  small  positive  constant  $  the  remainder  must  satisfy 

|h|  s  pG  [ul , 

in  which  GluJ  stands  for  the  integrand  of  T2[u].  For  the  integrals  in  that  case  it 
fallows  that 

|aP12  [u(1\  u]  +  a2P22  1“^.  «]  +....+  P3  [ul  +  aP13  [u^\  u]  + 

+  .  .  .  +  P^  [u]  +  .  .  .  .  |  S  Tg  [u]  . 

Ab 

P2  [5]  £  0)2T2  [ul 

and  with  u>2  >  0  another  arbitrarily  small  positive  constant  y  =  /3/w^  can  be 
defined  such  that 

|aP12  [u*1*.  u]  +  a2P22  [u(1),  u]  +  ....+  Pg  [ul  +  aP13  [u(1),  u]  + 

+....+  P4  [u]  +  .  .  .  .  |s  yP2  [u].  (25.6) 

Inequality  (25.6)  gives  the  confirmation  of  and  exact  formulation  of  the  conjecture 
stated  earlier,  that  the  terms  following  P2lu]  in  (25.3)  are  only  of  minor  importance. 
In  (25.3)  several  simplifications  can  yet  be  introduced.  Due  to  (22.3) 

P1  [u*1*]  =  Px  [5]  =  0 

and  as  =  0  (see  (22.5))  it  follows  that 

P2  [u(1)]  =  0. 
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After  use  of  the  side  condition  for  the  functions  u  it  follows  from  (22.9) 


P„  |u(1).  ul  =  &J.T. .  fu(i).  ul  =  ft  ; 
while  in  (25.1),  the  requirement  already  was  imposed  that 

Pg  [u(1>]  =  0  . 

With  these  simplifications  and  with  use  of  (25.6)  for  P[u] ,  the  following  inequalities 
hold 

P[u]  £  a4P4(u^j  +....+  a2P21  (u^1^  u)  +  a3P31  [u^\  u]  + 

+  ....+  (1  — V)  P2  [u]  ,  (25. 7) 

P[u]  *  a4P4[u(i)]  +....+  a2P21  [u(1),  u]  +  *3P31  [u(1>,  u]  + 

+  ....+  (1  +Y)  P2(u]  .  (25.8) 

For  the  derivation  from  (25.7)  and  (25.8)  of  the  necessary  and  sufficient  conditions  for 
stability,  the  minimum  will  be  determined  of  the  expression 

a2p21[u(1),  u]  +  a3p31[ua),  u]  +....+  ap2  [0]  (25.9) 

Here ,  a  is  a  constant  and  due  consideration  must  be  given  to  the  side  condition 

T11[u(1),  u]  =  0  ,  (25.10) 

whereas  a  is  a  positive  constant  which  replaces  1  -  y  in  (25. 7)  and  1  +  y 
in  (25.8). 

Let  u  =  ^  be  the  vector  function  for  which  the  minimum  is  obtained.  Then,  with  an 
arbitrary  kinematically  possible  vector  function  tj  which  satisfies 

Tn  tu(1),»l]  -  0,  (25.11) 
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and  an  arbitrary  constant  e  the  inequality 


4 


a2P21  [u(1),  $»  +  €T)]  +  a3P31[u(1),  ?  +  +....+ 

+  aP2  [9+eij]  *  a2P21  [u(1),?l  +  [u(1),  +  .  .  .  .  +«Pft  [$j, 
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should  be  satisfied.  After  development  of  the  left  hand  side 

e  |  -2p21  lu^^»  n  1  +  93p3i  +«*n[?,ii]|  +  e2tfP2  • 


This  inequality  can  only  be  satisfied  for  arbitrary  values  of  e,  if  for  every  function 
t),  u  =  p  satisfies 

a2P2i  lu(1),tj]  +  a3P31  JuW.nJ  +....+  aPH  [u,  ij]  =  0  .  (25.12) 

However,  this  condition  is  also  sufficient  as  P2  [tj]  »  0. 


Due  to  the  restriction  (25. 11)  for  the  functions  r),  (25.12)  is  not  yet  equivalent  to  a 
system  of  differential  equations  and  boundary  conditions  of  the  functions  u.  In  order 
to  obtain  this  equivalence,  the  left  hand  side  of  (26. 12)  is  calculated  by  means  of  a 
replacement  of  the  functions  tj  by  the  kinematically  possible  functions  £  not  sub¬ 
jected  to  the  restriction  (25.11).  For  these  latter  functions  it  can  again  be  stated  that 


£  =  tu<l>  +  with  Tn  [u(1),r?J 


0  and  t  = 


Tn[u(1),£] 

2T2fu(1)] 


Substitution  in  the  left  hand  side  of  (25.12)  yields  after  some  development 


[ua),  tl  +  a3P31  [u(1),  £]  +  . . . .  +  flCPu  [u,  £]  = 

t  |  a2P21  [u^,  u«]  +  a3P31[u(1),  u(1)]  +  +  apn  [5,  u(1)] 

+  a2P21(u^\t)l  +  a3P31[u^\  tj]  + - +<*pi1[u,  rj]  . 


+ 

(25. 13) 
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In  agreement  with  (22.8)  the  following  identities  exist 


P21  |U<1)’  U<1>)  =  3P3lu(1)l  •  P31lu<1)*  u(1)’  “  4p4lu(1))  etc- 
Application  of  (22.9)  for  u=u^,  and  f  =u  yields  with  use  of  (25.10) 

Pn[u(1),u]=  [u(1),  u]  =0. 

Yet,  if  use  is  made  also  of  (25. 12),  it  follows  from  (25.13)  that 

-2p21[u(1)’  £]  +  a3p31lu(1),  +  ....  +  aPuIQ,  t’  + 

-  t  |  3a2P3  [u(1)  ]  +  4a3P4  [u(1)  ]  +  .  . .  .|  =  0  , 

or  after  elimination  of  the  value  t  and  use  of  (25.1) 
a2P21Iu(1),  t]  +  a3P31[u(1),  t] +  + 

4‘  - Tn[u(1),  i]  +  «Pn[u,  f]=  0.  (25.14) 

2T2(u'1,j  11  11 

From  equation  (25.14)  a  system  of  differential  equations  and  boundary  conditions  can 
be  derived  in  the  same  manner  as  the  equations  of  motion  could  be  derived  from  Hamil¬ 
ton’s  principle  in  Sect.  13.  These  equations,  together  with  condition  (25.10),  possess 
at  most  one  solution.  For,  if  <P 1  and  <P”  were  two  different  solutions,  (25. 10)  and 
(25.14)  would  both  be  satisfied  by  <P'  as  well  as  by  ip".  Subtraction  then  yields  the 
relations 


pui  <p\  t]~  Pui^”.  n  =  o, 

Tn[u(1\  ?']-  Tn[u(1),  ?>"]  =  Tn[u(1),  r  -  V"\  =  0  , 
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from  which  with  (22.8)  and  £=  <?'  -  <p "  it  should  follow  that 


P2[ <P'  -  <t>"  )  =  0  and  Tn[u(1),  <?'-<?"]  =  o  , 


which  contradicts  the  assumption  u>„  >  0  (see  (24.4)).  That  the  solution  of  naoatlnnn 
(25.14)  and  (25.10)  indeed  determine  a  minimum  was  already  stated  above. 


Equations  (25.14)  and  (25.10)  are  linear  in  the  unknown  functions  u,  so  that  its  solu¬ 
tion  can  be  written  in  the  form 


*=I(aV2>  +  _aV3>+  ...), 

in  which  <p^  etc.  are  the  solutions  of  the  equations 


P21[u(1),  t\  +  .... 


+  Pu  [a.  M  “  o  ; 

Ta(u(1\  u]  «=  0  . 


(25. 15) 


(25. 16) 


4P  [u(1)] 

r3iiu(1),  :i-  f  1“  o  •, 


2T,  (u'^] 


T11Iu(i)'  -  0 


(25.17) 


The  functions  ?(2),  ^(3),  etc.  are  independent  of  a,  so  that  there  is  always  a  possi¬ 
bility  to  choose  the  constant  A  so  small  that  the  inequality  |a|  <  A  leads  to  the 
Inequalities  |?J  <  g;  and  <  h;  with  this  it  has  been  proved  that  the  func¬ 

tions  <P  also  belong  to  the  class  ^of  functions  U  which  are  admitted  for  the  analysis 
of  P[u] . 


The  calculation  of  the  minimum  of  (25.9)  can  still  be  simplified  if  use  is  made  of 
(25.14)  for  £=? 

•*?*[»«/*]  +  a3P31lu(1),  *]  +  ....=-  “Pu[?,  ?]  =  -2Qp2m, 


46 


so  that  the  desired  minimum  is 

~aP2[*]  =  \  a2P21(u(1),  ?j+  a3P3ifu(1)..  5j  + . 

By  use  of  (25. 15)  this  expression  can  be  written  as 

-  «P2  [♦]  -  -  aP2  I  \  (aV2)  +  aV3)  +  ...))  - 

—  J  a4P2(,<2>]  +  aSPn[V<2\  ,<3h  +  a6  (P^^,  »<*>]  + 

+  P2t^(3>])  + .  (26.18) 

Substitution  of  the  minimum  (26.18)  in  the  inequalities  (25. 7)  and  (25.8)  yields 
P[»l  *  54  P4  [u(1)J  -  P2(^(2)J  + 

+  a6  P5  (u(1>  J  -  y~7  Pn{*><2),  +  . . . .  (25.13) 

Min  P  [u]  (with  3  =  const. )  £a4  P4fu^J  -  Pg  [^]  + 

+  a5  P6I“(1)J~  TTy  ipiif«,(2)»’,(S)]  +■••  (25.20) 

Here  1  +  7  and  1  -  Y  has  been  reintroduced  for  the  parameter  a  . 

If,  for  brevity 

P4fu(1)]  -  P2(?{2)]  =  A4(  (25.21) 

then  it  follows:  at  the  stability  limit  equilibrium  is 

stable,  if  A4  >  0 

unstable,  if  A4  <  0  (25:22) 
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which  contradicts  the  assumption  that  ?  0.  With  (26.24)  it  finally  follows  that 
A,  -A/  =  -  P,  lu)  +  P„  [u  -  cu^J  = 

**  i  *—  • 

=  -  P2 (u  3  +  P2lu]  -  cPnlu,  a*1*]  +  c2P2[u(1)]  =  0  . 

It  is  noticed  also  that  for  the  calculation  of  <P ^  and  A^  no  use  is  made  of  the  as¬ 
sumption  that  the  Integrand  of  Tglu  1  is  positive  definite.  Consequently  the  same 
result  will  be  obtained  for  if  this  assumption  has  not  been  made  provided  that  the 
integral  of  T2  [u  ]  is  still  positive  definite .  This  greater  freedom  in  the  choice  of 
T2fu  ]  shall  be  of  use  for  the  application  of  the  theory  (see  Sect.  23). 

26.  APPLICATION  OF  THE  CRITERION  (25.22) 

For  the  application  of  the  criterion  (25. 22)  only  the  knowledge  of  the  functions  is 

required,  so  that  only  the  system  of  differential  equations  and  boundary  conditions  re¬ 
sulting  from  (25. 16)  must  be  solved.  The  differential  equations  and  boundary  conditions 
again  can  be  derived  from  (25. 16)  in  a  manner  analogous  to  that  described  in  Sect.  13. 

When  the  complete  system  of  eigenfunotions  u^  is  known,  this  solution  can  most 
simply  be  carried  out  by  expansion  of  Q  ^  as  well  aB  t  in  cerles  of  these  eigen¬ 
functions.  In  this  way,  the  derivation  of  the  differential  equations  and  boundary  condi¬ 
tions  will  not  be  needed 

v<2>  =  S  °hu(h)*  t  =  2  dhu(h>-  (26-1) 

h=l  h=l 


The  second  relation  (25.16)  yields  after  use  of  (24.11) 

00 

TllIn(1)’  2  °hu(h)]  =  2ciT2^(1)]  =  0  or  cx  “  0  , 
h=l 
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However,  this  consideration  has  more  than  a  formal  significance  only  if  the  possibility 
of  the  series  expansion  and  the  admissibility  of  the  operations  applied  on  these  series 
has  been  established. 

In  many  cases,  the  system  of  eigenfunctions  is  not  completely  known  and  an  exact  solu¬ 
tion  also  in  a  different  manner,  will  appear  to  be  impossible.  An  approximate  solution 
at  least  must  be  possible  for  such  cases  since  (25.15)  represents  the  solution  of  the 
minimum  problem  (25.  9).  If  (25. 9),  after  substitution  of  (25. 15),  is  expanded  and  re¬ 
arranged  according  to  Increasing  powers  of  a  (this  expansion  starts  with  the  fourth 
power  of  a  ),  then  the  function  <p  ^  determined  by  (25.16)  appears  also  to  be  the 
solution  of  the  minimum  problem 

P2i  iu«.  u  ]  +  P2(  u]  -  minimum  under  the  side  condition 

Tn  [u*1*,  uj  =  0  .  (26.6) 

In  that  case  it  is  obvious  that  an  approximate  solution  of  problem  (26. 5)  can  be  found 
for  Instance, by  means  of  Rltz's  method  [30] .  It  is  inherent  in  this  method  that  the  ap¬ 
proximation  of  the  minimum  of  (26.5)  thus  found  is  greater  than  the  exact  minimum. 
For  the  exaet  solution,  it  follows  from  (25. 16)  for  f  ^  that 

P2l[u(1),  <P{2)  ]  +  P2(*(2)]  «  -P2t*<2>)  (26.6) 

Hence  the  approximate  minimum  of  (26.5)  is  at  the  same  time  an  approximation  (too 
large)  for  -P2[^2^]  .  The  expression 

P4[u<1)]  +  P21[ua),  5]  +  P2luJ>  (26.7) 

in  which  u  is  the  approximate  solution  of  (26.5),  then  also  yields  a  too  groat, 
approximate,  value  of  A^.  Therefore,  stability  will  always  be  overestimated  by  use 
of  (26.7)  Instead  of  (25.21).  If,  in  a  certain  case,  the  expression  (26.7)  would  turn 
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out  to  be  aegative,  i.  e.  .according  to  the  approximation  equilibrium  would  be  unstabief 


then  equiilui iutu  will  Ccitaiuly  unstable 


reality.  In  reverse,  s  po?!t^VA  vaIiia  of 


(26.7)  does  not  always  imply  that  equilibrium  is  stable. 


27.  SPECIAL  CASES 

In  the  foregoing,  stability  at  the  stability  limit  was  analysed  under  the  assumption 
that  the  solution  u>2  of  the  problem  (24.4)  is  positive.  Along  with  this,  as  necessary 
conditions  for  stability  were  found  to  be  that  (see  (25.1),  (25.22)  and  (26.6)) 

A3  s  Pglu^]  =  0  *,  A4  =  P4lua)]  -  P2E<p(2)]  - 

■  P4[u{1)]  +  P21[u(1)  ,  <P(2)]  +  P2r?(2)]*0  ,  (27.1) 

which  conditions  are  at  the  same  time  sufficient  if  in  the  second  condition  the  upper 
sign  holds.  It  has  yet  to  be  investigated  which  additions  to  these  conditions  will  be 
needed  if  A4  =0  or  =  0  . 

27.1  The  Case  A4  =  0 

For  the  analysis  of  this  special  case  the  assumption  0  will  be  maintained. 

According  to  the  considerations  of  Sect.  25 

u  =  au^  +  u  with  T^[u^  ,  .u]  =  0  . 

Thus  by  use  of  (25.16),  the  functions  u  presently  are  written 

u  =  aV2)  +  u  with  Tn[u(1)  ,  5]  =  0  .  (27.2) 

Introduction  of  (27.2)  in  (25.3)  yields  after  some  reduction 
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P[uJ  =  a 


PRlu(1)l  +  P31(u(1)  ,  <P(2)]  +  P15,[U(1)  ,  <P(2)] 


12l 


+  a6jp6tu(1)]  +  P41[u(1)  ,  V(2)]  +  P22{u(1)  ,  <P (2)]  +  P3(«P(2)] 


+....+  a 


P31(u(1)  ,  u]  +  Pnltu(1)  ,<o{2)  .  U] 


+  a 


P41tu<1)  ,  u]  +  P2Ufu(1)  ,<p2  ,  3]  +  P21{ <P(2)  ,  Si 


+....+  P2[u]  +  aP12(u(1^  ,  u]  +  a2 


P22[u(1)  ,  u]  +  P12[ <P(2)  ,  5] 


12 


+....+  P3tS]  +  aP13[u(1)  ,  u]  +....+  P4[5l  + . 


(27.3) 


in  which  use  has  been  made  of  the  identities 


Pjtu^b  *  PjM2*)  =  P1(u]  =  0  ,  P2[u{1)]  =  0  ,  P3fu(1)]  =  0  , 

A4  =  P4[u<1>j  +  Pal(u(l)  ,  <P{2))  +  P2[9»(2)]  *  0  , 

as  well  as  of  the  equation  (25. 16)  which  also  holds  for  E  =  u  .  -  The  Integrals 

belonging  to  the  development  of  P _ (u^1'  ,  ul  for  u  =  v  +  w  are  written  as 

n\  ™ 

Pm  n-q  q^u  ,v>  analogous  to  the  manner  described  In  (22.8).  The  integrands 
of  these  integrals  are  homogeneous  functions  of  the  order  n  -  q  in  v  and  Its 
derivatives  and  of  the  order  q  in  w  and  its  derivatives.  Again,  expression  (27.3) 
possesses  a  minimum  for  u  s  0  if  and  only  if  it  is  possible  to  find  a  set  of  positive 
quantities  A  ,  g  and  h  such  that  from  the  inequalities 


a  <  A  , 


l5tl<  i  I . 


9  u. 


9x. 


<  h 


(27.4) 
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It  follows  that 


P  [u]  2  0  . 

A  set  of  necessary  conditions  may  immediately  be  derived  by  the  specilization 
5  =  0,  As  all  integrals  depending  on  u  then  become  zero  it  follows  that 


A5  =  Pglu^'l  +  P31lu(1)  ,  <P(2)1  +  P12(u<1)  .^2)l  =  0  •  (27.5) 

Pgtu^]  +  P41(u<1)  ,^2)1  +  P22[u(1)  t  0  .  (27.6) 

Since  the  positive  definite  Integrand  of  T0[u]  can  again  be  assumed  to  be  of  the  form 
(23.7),  it  can  be  shown  in  exactly  the  same  manner  as  in  Sect.  25,  that  it  is  possible 
to  choose  the  quantities  A,  g  and  H  so  small  that  it  follows  from  inequalities  (27.4) 
that  the  terms  after  P2(u]  satisfy 

|  aP^lu^  ,  u]  +  a2  (P22lu(1)  ,  u]  +  P12[^2)  ,  u])+  . . ..  +  Pglu)  + 

+  aP13[u(1)  ,  u]  +....+  P4[u]  +  . . . .  |  syP2[5]  ,  (27.7) 

Here  y  is  an  arbitrarily  small  positive  constant.  By  use  of  (27.5)  and  (27.7)  the 
following  inequalities  follow  for  P[u] 

Pfu]  £  a6  (Pgtu^l  +  P41fu(1)  y2)]  +  P22[u(1)  ,  ^(2)1  +  P3(V(2)]  |  + 

+....  + 18 1  p31tu(i) .  u)  +  p^ntu(i)  y2),5j|  + 

+  »*  |P41l“(1>  .  +  P2U[U<1>  ’*m  *  51  +  P21^(2)  •  “1  |  + 

+  ....+  (1  -  y)  P2[u)  ,  (27.8) 
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P|u]  S  a0  |  Pgtu<1,l  +  P41[uU)  .  +  P22[uU>  •  +  p3^(2,l  I  + 

+  ....  +  a3 1  P31(u(1)  ,  3]  +  Pm[u(1)  ,  ♦(2),S1  !  + 

+  a4  |p41Iu(1>  ,  B]  +  P2ntu(1>  .  ^(2)  .  5)  +  p2i  f’,(2>  •  ®1  |  + 

+  ....  +  (1  +V)P2[B]  (27.9) 

For  the  derivation  from  (27. 8)  and  (27.9)  of  stability  requirements  sharper  than  the 
already  established  conditions  (27.5)  and  (27.6),  the  minimum  of  the  following  expres¬ 
sion  will, as  was  done  in  Sect.  25 ,  be  determined 

a3  (  p31[u(1)  .  5]  +  Pmfu(1)  ,  <P(2)  ,  5]  |  + 

+  >  (  p41[ua)  .  5]  +  Pallt«(1)  ,  v(2) ,  Bj  +  p21[t>(2)  ,  B]  |  + 

+  . . .  +  tfP  [fi]  (at  >  0)  ,  (27.10) 

with  due  consideration  of  the  side  condition 

Tn(u(1)  ,  3]  =  0  (27.11) 

and  with  a  considered  a  constant.  As  in  the  derivations  in  Sect.  25  it  is  shown  that 
the  function  B  =  for  which  the  minimum  of  (27.10)  has  been  obtained,  can  be 
written  in  the  form 


9  =  i<a¥3)  ♦  _a¥4) 


in  which 


etc.  are  the  solutions  of  the  equations 


(27.12) 
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. n  +  p...ru<X)  ,tj 

SI  ILL*  9  * 


+ 


Tll£u(1)  •  ®1  =  0 


(27.13) 


p^tu^.d  +  +  p21M2)  ' £i  + 

5P6[u<1>]  +  3Psl[u<1>y2»l  +  P12[u<I>,0<2>]  , 

7^1  T“‘"  ' 

+  Pn(S  ,  t]  =  0  ;  Tn[u(1>  ,  51  «  0  ,  (27.14) 

etc. 

By  use  of  the  identity  (26.8) 

4P4[u(1)]  +  2P21fu(1)  ,<P{2)]  =  4  Jp4[u(1)]  -  P 2[<P{2)]  |=  4A4  =  0  . 

Hence  the  set  of  equations  (27. 13)  can  be  simplified  to 

P31Ju(1)  ,  t]  +  PU1(«(1)  y2)  .  *]  +  Pnfa  .  t]  =  0  ;  Tu[u(1)  ,  I]  -  0  . 

(27. 15) 

Also,  the  minimum  of  (27.10)  is  determined  in  the  same  manner  as  described  in 
Sect.  25.  It  is  found  that 

-  aP2(PJ=  -  \  |  a6P2[^(3)J  +  |7P11^(3)  ,  ^(4)1  +  ....  ]  , 
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so  that  finally  from  (27.8)  and  (27. 9)  it  follows  that 


P[u]  &  a0  |P6[u(1)]  +  P41(u(1)  ,7»(2)]  +  P22[u(1)  ,V(2)]  +  Pgl«*(2)]  + 


(27.16) 


Min  P  [u]  (with  a  *  const.)  £  a6  j  Pgfu^]  +  P41  [u(1)  ,<P(2*]  + 

+  P22[u(1>  ,<P{2)]  +  P3[<f>(2)]  -  ~^P2W(3>]|  '  +  a7  |  .... 

(27.17) 

If,  for  brevity 

p6[u(1)]  +  P41[ua)  ,  *(2)]  +  P22[»(1)  y2)]  +  Pg[?(2)]  -  P2i0(3)]  =  A6 


(27.18) 

then  it  follows,  again  analogous  to  the  derivations  in  Sect.  25,  that  equilibrium  is  stable 

or  unstable  depending  on  whether  A„  is  positive  or  negative.  Only  if  A.  =  0  does  the 

b  b 

form  (27. 18)  fails  to  yield  a  final  decision  about  stability.  In  that  case  the  Investigation 
must  be  continued ;  this  can  be  done  by  the  introduction  of 

u  =  aV3)  +  u  with  Tn[u(1)  ,  u  ]  =  0  . 

Then,  the  analysis  proceeds  further  analogous  to  the  foregoing. 
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27 . 2  The  Case  of  =  0 


*'cr  the  ulutlynis  Vi  UUO  D|AiV iUi  UOOC  II  YV Ill)  IUI  UlO  IllUilldllij  UtJ  (IUU Uin fc? U  U1UI  U>g  IS 

positive.  If  one  writes  =  v^  in  behalf  of  a  more  symmetrical  notation  then  for 
an  arbitrary  kinematically  admissible  function  u ,  it  is  possible  to  set 


u  “  au^  +  bv^ 


+  u  with  T11[u^1^  ,  u]  =  T31[v(1^  ,  Q]  =  0 


(27. 19) 


in  a  manner  analogous  to  (24.1).  The  possibility  of  this  separation  again  can  be  shown 
by  calculation  of  the  constants  a  and  b  .  Substitution  of  (27.19)  in  (22.1)  with 
Pj[u]  =  0  yields 

P[u]  ■  p2[-u(1*  +  bv<1*  +  +  p3[*“(1)  +  bv<1>  +  u]  + 

+  P4feu(1)  +  bv(1)  +  u)  ....  (27.20) 


In  general,  for  an  integral  Sm[z]  the  following  expansion  holds  for  z  =  u  +  v  +  w 


8m[“  +  v  +  w]  ■  ^  sa,  (3ty  tu»  v*  W1  1  (27.21) 

at +P+y=m 

where  the  integrand  of  Sm  [z]  is  an  homogeneous  and  complete  function  of  the  order  m 
in  the  argument  functions  z  and  their  derivatives. 

Sa  0y[u»  v,  wl  is  the  integral  of  all  terms  which  arise  from  the  development  of  the 
integrand  of  Sm[u  +  v  +w]  and  they  are  homogeneous,  of  the  order  a  ,  p  and  y 
in  the  functions  u,  v,  w  and  their  derivatives  respectively.  For  brevity  the  following, 
notations  are  used 

So,0,Y[U’  V*  Wl  *  SP,r  [V’  W]  5  So,o,nJu*  v’  WJ  =  SmW  ' 
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Furthermore  the  symmetry  relations 


Sa,0,y  fu*  v’  wl  =  SP,a,y  <v*  w]  etc. 


hold  together  with  the  relations  corresponding  to  (22.8) 


Sa,0,7  fu’ 


S*+fi,y  fu’  wl  ’ 


(a  +  p\/a  +  fi  +y\ 

u]  =  l  8  /\  y  )sa+0+yM  - 


m!  „  ,  , 
alplyl  SmM 


By  use  of  (27.21),  (27.20)  can  be  written 

P[u]  =  a3P3(u(1)]  +  a\p21[u(1)  ,  v(1)]  +  ab2P12[u(1)  ,  V(1>1  + 

+  b3p3[v(1)]  +  ^4fu(1)  ]  +  _a3bP31{u<l>  ,  v{1>J  +  aVp22[u<1>  ,  v^J  + 
+  ^3Pu[m(1)  ,  v(1)  ]  +  b4P4(v(1>]  +  .. . .  +  §2P21[u^  ,  u]  + 

+  abPjua)  ,  v«  ,51  +  b2P21lv<1>  ,  u)  +  a3P31Iu(1)  ,  5)  + 

+  a2bP2U(u(1>  ,  v«  ,  u]  +  ab^gjju^* ,  v<X>  ,  5]  +  b3P31[v(1>  ,  u]  + 

+  ' '  •  +  P2[51  +  ^12[u(1)  •  “1  +  bP12(v(1)  •  5]  +  *\2[*{l)  ,  u]  + 

+  abPii2fua>  - y(1>  *  +  b2p22fv(1) .  + . . . .  +  p3[u]  + 


+  aP^tu*1*  ,  U]  +  bP13[v<1)  ,  51  +  . . . .  +  p  [u]  +  . . . . 


(27.22) 


59 


In  this  expression  (24.10)  and  (24.12)  have  already  been  utilized  ior  the  eigentunctions 
uW  and  v<4>  as  well  as  the  relations  below  which  from  (22.9)  and  (27,19) 

Pnlu(1),  u]  =  ^1T11lu(1)  ,  u]  =  0  ,  Pnlv(1)  ,  n]  =  w2Tn[v(1)  ,  u)  =  0 

Expression  (27.22)  again  possesses  a  minimum  for  u  =  0  if  and  only  if  it  is  possible  to 
find  a  set  of  positive  quantities  A ,  B ,  g  find  h  such  that  from  the  inequalities 


<  A  ,  !b|  <  B  ,  |5t|  <  g  , 


8u, 


8x, 


<  h 


(27.23) 


it  follows  that 


P[u]  t  0 


A  set  of  necessary  conditions  may  be  derived  immediately  by  the  specialization  u  e  0 
As  all  integrals  depending  on  a  become  zero,  for  all  values  of  a  and  b  the 
relation 


!3P3[» 


(1) 


]  + 


a2bF, 


21 


1“ 


(1) 


v(1)]  +  jjfc2P 


12 


[«(1)  , 


,«]  +  byi]  - 


should  hold.  It  follows  that 


P3[u(1)]  =  P21[u(1)  ,  v(1)]  =  P12(u(1)  .  V<1)1  =  P3[v(1)]  =  0  .  (27.24) 

In  addition  the  following  inequality  should  be  satisfied  for  all  values  of  a  and  b 
a4P4[u(1)]  +  a3bP31[u<2)  ,  v(1)  ]  +  a2b2P22[u(1)  ,  v(1)]  + 

+  _ab3P13(u(1)  ,  v(1)  ]  +  b4P4[v(1)]  t  0  .  (27.25) 


Since  the  integrand  of  T2[u]  again  can  be  assumed  to  be  of  the  form  (23. 7),  it  may  be 
shown  in  the  same  way  as  in  Sect.  25,  that  it  is  possible  to  choose  the  quantities  A  , 
B  ,  f  and  Ti  so  small  that  from  Inequalities  (27.23),  ior  the  terms  following  Pgtul 
in  (27.22)  it  follows  that 
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|aP12[u(1)  ,  n]  +  bP12[v(1)  ,  u]  +  a2P22[u(1)  ,0]  +  ....  +  P3(u]  + 

+  s'?13[u(1)  ,  H]  +  ....  +  P4[uJ  +  ....}  s  rP2{s]  ,  (27.28) 

In  which  y  is  an  arbitrarily  small  positive  constant.  By  use  of  (27.24)  and  (27.26) 
for  P[u] ,  the  following  inequalities  are  established 

P[u]  *  a4P4(u(1)j  +  a3bP31[u(1)  ,  va)]  +  a2b2P22[u(1)  ,  v(1))  + 

+  ab3P^3[u^  ,  v^]  +  b4P4[v^^J  +  .  +  a^PrjjJu^  ,  u]  + 

+  abPm(u(1)  ,  v{1)  ,  uj  +  b2P21|v(1)  ,  u]  +  a3P31[u(1)  ,  il)  + 

+  a2bP211[u(1)  ,  v(1*  ,  u]  +  sd32P121[u^  ,  v(1*  ,  u]  +  b3P31[v(1*  .  u]  + 

+  ....+  (1  -  y)P2[u]  ,  (27.27) 

P[u]  $  a4P4[u{1)]  +  a3bP31[u(1)  ,  v<2)  ]  +  a2b2P22[u<1)  ,  v(1>)  + 

+  ab3P13[u(1)  ,  v(1)]  +  b4P4(v(i)]  +  ....  +  a2P21[u(l)  ,1]  + 

+  abPin(u<1)  ,  v(1)  ,  u]  +  b2Pzl[v(1)  ,  u]  +  a3P31[u(1)  ,  H]  + 

+  _a2bP2n(ua)  ,  v(1)  ,  u]  +  _ab2P121[u(1)  ,  va)  ,  «]  +  b3P31[v(1)  ,  u]  + 

+  ....+  (1  +  7)P2[u]  .  (27.28) 

For  the  derivation  of  stability  conditions  sharper  than  conditions  (27.24)  and  (27.25) 
in  analogy  with  derivations  in  Sect.  25,  the  minimum  of  the  expression 
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+ 


a2P21[u(1)  ,  a]  +  abPm[u(1)  ,  v(1)  ,  u]  +  t^PgjJv^  ,  u|  +  a3P31[u(1)  ,  u] 

+  a2bP2Utu(1)  ,  v(1)  ,  B]  +  ab2P121[u<1}  ,  v{1)  ,  D]  + 

+  b3P31tv(1)  ,  u]  +  ....  +  «P2[u1  (a  >  0)  (27.29) 


will  be  determined  for  constant  values  of  a  and  b  under  the  side-conditions 


Tn[u(1)  .  ul  =  0  ,  Tu[v(1)  ,  u]  =  0 


(27.30) 


Likewise  analogous  to  derivations  In  Seot.  25, it  is  shown  that  the  solution  of  this 
problem  can  be  represented  by 

9  -  i  |  aV20)  *  Jb/1'  *  bV02'  *  aV30)  +  sV21)  + 

+  !bV12>  +  bV°3>  ♦  ,...|  .  (27.31) 

in  which  u  ■  for  arbitrary  kinematically  admissible  functions  £  satisfies  the 

equations 


PpqlW(1>  •  V<1>  .  *)  - 


<P  +  1)PP+l,qtu(1)  ’  v<1>) 


2T2lu(1)] 

to  +  J)pp  q+ltu<1>  •  v(1>^ 
2TJv(1)] 


Tu[u(1)  ,  t] 


tu[vCL)  ,f]  +  Pn[M]  =0, 


Tu[a<l>  ,.u]  -  0  ,  Tu  (v(1)  ,  u]  -  0  . 


(27.32) 


For  p  +  q  =  2  ,  and  after  use  of  (27. 24)  these  equations  are  amplified  to 
P21[U(1),  f]  *  Pll(u,  £J  =  0  ,  TjjIuMuJ  .  0  ,  TjjlvW, 5]  .  0  . 

V^’.vN.tl  +Pnta,£)  -0,  Tul„W,5l»0.  TjjItW.S]  =0. 

p2l(v<1). tj  *PUP.£]  -0  ,  TjjIuM.S]  =  0  ,  Tu[,<l>,ti]  =o. 


The  oaloulatloa  of  the  minimum  (27.29)  ie  carried  out  in  the  same  manner  ae  1. 
described  In  Sect.  25.  Introduction  of  the  result  Into  (27.27)  and  (27.  28)  yields 


PN  t  Bl 


+  a3b 


+  aV 


+  ab 


+  b’ 


HtP2^20)1 

P3lt“a).  v(1)]-r47p/°>1f(11)] 
p22l“(1>.  »#))  -  rh,  Pu  I*'20’.  -  Ti7P2(e<“)j 

v(l>)  -rA_Pu[»(H)i  »(02), 
p4[v<1)3  -  i4yp2[,9(02>] 


(27.33) 


(27.34) 
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MtnP[u]  (with  a  =  const,  and  b  ■  const.) 


s  a4 

l_  .  m.  1 

r4i>"  I'm 

py20>il  - 

+  a3b 

|p31[u<1>,»<1>]- 

r4_Pii„(20)i  ,(11),  |t 

+  a2b2 

|pm(.».*WI- 

1;rpI1i»w.'mi-T^v,u>i| 

+  ab3 

|PuSw.»w]- 

j  !  y  P11[^1).  P(02)]  |  + 

+  b4 

1  p  [,<*>  1  -  1 

1  4l  J  i  +  y 

P2[-P(02)]  |  +  .... 

Finally^  after  the  following  shorthand  notation  is  introduced 


C40 

-  p4[“<1))  - 

p/20)]  . 

C31 

-  Paxi-91  • 

v«]  -  Vn[^  ,  fl 

C22 

-  P22[-a)  • 

V(1>]-  Pu[»wy 

C13 

-  P18l“a’  ■ 

V*1*]  -  Pjjt^11^  ,<7>' 

C04 

-  P4[v«>  ]  ■ 

■  p2^(02)] 

it  follows  that  equilibrium  will  be  stable  if  the  quartic  form 


°«54  *  °3li3b  +  °32!V  +  +  C04»4 


(27.35) 


(27.36) 


(27.37) 
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is  positive  definite;  for  in  that  case  it  will  always  be  possible  to  choose  V  so  small 
that  the  quartic  form  in  the  right  hand  side  of  (27.34)  also  is  positive  definite. 
Conversely,  if  (27.37)  can  be  negative,  equilibrium  will  be  unstable  since  in  that  case 
V  can  be  made  sufficiently  small  to  make  the  quartic  form  in  the  right  hand  side  of 
(27.35)  to  be  negative.  Only  when  (27.37)  is  semipontive  definite  this  form  cannot 
give  a  decisive  conclusion  about  stability.  This  very  special  case, which  is  of  little 
practical  significance,  will  not  be  further  discussed. 

The  treatment  of  the  cases  ^  3  =  0  etc.  does  not  offer  new  difficulties.  If  the  first 
u  >  0  is  given  by  w  h  then  for  the  displacement  field  u  it  can  be  stated 

h-1 

u  =  V  a.u^  +  u  with  T..[u^  ,  u]  =  0  (j  =  1,2 -  h-1)  . 

“  J  (27.38) 


After  this  the  analysis  proceeds  in  complete  analogy  with  the  foregoing,  but  with 
considerably  more  labor.  Again,  necessary  conditions  for  stability  are  that  the  form 
of  the  third  order  obtained  by  substitution  of 


u 


V 


(J) 


(27.  39) 


in  P  [u]  is  identically  zero  and  that  the  form  of  the  fourth  order  which  is  obtained  by 

a 

substitution  of  (27. 39)  in  P^[u]  shall  not  admit  negative  values. 

28.  CORRELATION  WITH  THE  INVESTIGATIONS  BY  MAYER 

The  theory  of  stability  at  the  stability-limit  aB  developed  in  the  foregoing  can  be 
connected  with  the  investigations  of  Mayer[31]  about  the  minima  of  a  function  P  of  n 
independent  variables  A  =  1,2, ....  n)  in  the  case  that  the  second  variation  of 
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this  function  1b  semidefinite.  Without  loss  of  generality  the  origin  of  the  independent 
coordinates  x^can  be  chosen  at  the  point  where  the  existence  of  a  minimum  is 
analysed.  From  the  Taylor  expansion 


n  n  n 

=  F(0)  +  £  +  2  VpV^P  +  = 

p=l  (p,u,p)=l 

-  F(0)  +  Fj(x)  +  F2(x)  +  F3(x)  +  ....  (28.1) 

it  can  be  concluded  in  the  well  known  way  that  a  minimum  can  only  be  present  if  the 
first  variation  satisfies 


Fj(x)  =  0  , 


(28.2) 


and  if  the  second  variation  satisfies 


F2(x)  s  0  (28.3) 

for  all  values  of  the  variables  x^.  Besides,  if  the  lower  sign  in  (28. 3)  holds  only  when 
all  are  zero,  i.  e.,if  the  second  variation  is  positive  definite,  then  conditions 
(28. 2)  and  (28.3)  are  also  sufficient  for  a  minimum.  In  order  to  obtain  an  understand¬ 
ing  of  the  conditions  governing  the  existence  of  a  minimum  in  the  case  of  a  semi¬ 
definite  second  variation,  Mayer  sets 
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c,  =  *  th  w  +  tv<3>  - . 


<28.41 


where  the  coefficients  (J  =  1,2, . . . ,)  are  arbitrary.  If,  after  introduction  at 
(28. 4)  the  function  F  is  expanded  in  terms  of  increasing  powers  of  t,  it  is  a  neces¬ 
sary  and  sufficient  condition  for  a  minimum  of  this  function  that  the  first  term  of  this 
expansion  is  of  even  order  and  is  positive  (provided  all  values  of  the  coefficient 
are  not  being  simultaneously  zero).  Mayer  has  left  no  doubts  about  the  necessity  of 
this  condition.  He  has  also  in  every  respect  demonstrated  the  likelihood  of  this  condi¬ 
tion  being  sufficient,  although  he  did  not  succeed  to  prove  this  conjecture  rigorously. 
The  application  of  this  method  yields  criteria  for  the  ordinary  minimum  problem  analo¬ 
gous  to  those  of  (25.1),  (25.21),  (27.24),  and  (27.37). 


Without  difficulty,  Mayer’s  method  can  formally  be  applied  to  the  variational  problem 
(21.1)  of  stability.  For  this  purpose  an  arbitrary  kinematically  possible  vector  func¬ 
tion  is  written  as 


u  =  tr«  +  tV2)  +  t8v(3)  +  ....  (28.5) 

and  subsequently  the  left  hand  side  of  (22. 1)  is  expanded  in  increasing  powers  of  t. 
For  stability  it  is  a  necessary  and  sufficient  condition  that  for  all  kinematically  pos¬ 
sible  functions  the  expansion  starts  with  a  positive  term  of  even  order  in  t. 

That  this  condition  is  actually  sufficient  is  less  evident  than  it  is  in  the  case  cf  the 
ordinary  problem  of  the  minimum  of  a  function  of  a  finite  number  of  variables.  For, 
as  in  contrast,  a  positive  definite  second  variation  of  a  variational  problem  is  not 
always  a  sufficient  condition  for  the  existence  of  a  minimum  [32] .  For  this  reason  no 
use  was  made  in  the  foregoing  of  the  seemingly  obvious  extension  of  Mayer's  theory 
to  variational  problems.  On  the  other  hand,  Mayer's  results  can  be  motivated  in  a 
rigourouB  way  by  considerations  analogous  to  the  theory  developed  here. 
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29.  APPLICATION  TO  THE  THEORY  OF  ELASTICITY 


For  application  of  the  stability  theory  to  the  elastic  equilibrium ,  the  knowledge  of  the 
Taylor  expansion  of  the  total  potential  energy  {22. 1)  is  required.  As  far  as  the  elastio 
potential  energy  is  concerned,  this  can  easily  be  given  if  the  elastic  potential  accord¬ 
ing  to  Section  12  consists  of  a  positive  homogeneous  quadratic  function  of  the  strain 
components.  Expressed  in  the  displacement  v,  this  potential  can  be  written 

A  (v)  =  A2  (v)  +  A3  (v)  +  A4  (v),  (29.1) 

where  expression  A^(v)  stands  for  a  homogeneous  polynomial  of  the  order  q  in  the 

o 

derivatives  of  v.  Expression  A  (v)  corresponds  to  the  elastic  potential  of  the  lin¬ 
ear  theory  of  elasticity.  It  is  a  positive  semidefinite  function  of  the  derivatives  of 
the  displacements  that  is  zero  only  if  the  linear  contributions  of  the  displacement  de¬ 
rivatives  in  the  strain  components  9Vj/0Xj  +  8vj/8x,  all  vanish  simultaneously.  The 
elastic  potential  in  the  equilibrium  configuration  for  the  displacements  v  =  U  follows 
immediately  from  (29.1).  In  a  configuration  v  =  U  +  u 

A  (U  +  u)  =  A2  (U  +  u)  +  A3  (U  +  U)  +  A4  (U  +  u) . 

From  this,  by  expansion  with  respect  to  the  derivatives  of  U  and  u,  it  follows 

A  (U  +  u)  *  A2  +  A3  +  A4  +  aJ  +  A2  +  A3  + 

+  A3  +  Ag  +  A2  +  Ag  +  Ag  +  A3  .  (29.2) 

Here  Ap  is  the  sum  of  all  terms  that  are  homogeneous  of  the  order  p  in  the  deriva¬ 

tives  of  U  and  homogeneous  of  the  order  q  in  the  derivatives  of  u.  Thus,  this 
form  is  obtained  through  expansion  of  A^^(U-Hi).  The  symbol  Ap  in  (29.2)  is 
apparently  equivalent  to  the  symbol  Ap  in  (29.1).  By  interchange  of  U  and  u  the 
terms  Ap  and  A^  are  also  interchanged  so  that  Ag  represents  a  semi-positive 
definite  function  of  the  derivatives  of  u.  This  function  will  become  zero  only  if  all 

gUt  »Uj 

the  relations  -gjj  +  =  0  are  simultaneously  satisfied.  If  in  addition 
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(29.3) 


Vl  =  f/K  *1  ^2  <*3  * 


then  the  Taylor  expansion  for  the  elastic  potential  energy  reads 

V  (U  +  u)  -  V  (U)  =  V-  (ul  +  V„  ful  +  V„  ful  +  V,  [u] 

J.  u  o  ** 

with 

V,  [u]  =  V*  .  V,  +  vf  , 

V2  [ul  -  V°  +  V*  *  V*  , 

v3  M  -  v3  *  v3  • 

V4  t"l  =  •. 


(29. 4) 


(29.  5) 


The  stability  analysis  by  use  of  the  energy  criterion  can  be  carried  out  in  a  simple  way 
only  if  there  exists  also  a  potential  for  the  external  loads,  which  in  that  case  iB  repre¬ 
sented  by  (the  negative  of)  a  work  function  W.  If  it  is  assumed  that  the  increment  of 
this  function  corresponding  to  the  transition  of  an  equilibrium-configuration  U  to  a 
configuration  U  +  u,  can  be  expanded,  then 

W  (U  +  u)  -  W  (U)  =  Wx  [u]  +  W2  [u]  +  W3  [u]  + .  (29.6) 


is  obtained,  in  which  series  W^[u]  is  the  sum  of  the  integrals  whose  integrands  are 
homogeneous  functions  of  the  order  q  in  the  displacements  u  and  their  derivatives. 
In  the  frequently  occurring  case  of  loads  given  by  magnitude  and  direction  with  respect 
to  volume  and  surface  elements  of  the  undeformed  state,  the  following  holds 


3 

v<‘: 


Iff  PX i  ttj  dXj  dx2  dx3  +  fj pt  U.  df 


for  q  =  1, 
for  q  >  1. 


(29. 7) 
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Finally,  after  use  of  (29. 6), it  follows  that 


Chapter  3 

EQUILIBRIUM  STATES  FOR  LOADS  IN  THE 
NEIGHBORHOOD  OF  THE  BUCKLING  LOAD 

31.  THE  BUCKLING  LOAD 

In  the  preceding  chapter  the  stability  of  a  supposedly  known  equilibrium  state  has  been 
investigated.  However,  in  engineering, stability  problems  are  usually  posed  in  a 
somewhat  different  form.  It  is  a  question  hero  of  the  stability  of  an  equilibrium  con¬ 
figuration  occurring  under  Influence  of  a  given  load  system.  Hence, the  state  of  equi¬ 
librium  corresponding  to  this  system  of  loads  must  first  be  determined  before  the 
stability  theory  can  be  applied.  For  this  purpose,  differential  equations  (13.13)  with 
boundary  conditions  (13. 14)  or  the  variational  equation  (22.3)  may  be  utilized. 

In  principle,  aside  from  the  difficulties  connected  with  the  solution  of  non-linear 
differential  equations,  the  problem  of  such  a  nature  appears  to  lead  to  a  peculiar  diffi¬ 
culty  which  is  related  to  the  determination  of  the  loads.  A  necessary  condition  for  a 
possible  state  of  equilibrium  Is  that  the  loads  constitute  a  self  equilibrating  system. 

In  the  framework  of  the  linear  theory  of  elasticity,  this  requirement  is  satisfied  if  the 
loads  which  act  on  the  undeformed,  supposedly  fixed  body  constitute  an  equilibrium 
system;  the  conditions  lor  the  loads  which  result  from  this  can  be  written  down 
explicitly.  However,  as  soon  as  finite  deformations  are  taken  into  account  the  loads 
must  satisfy  the  requirement  of  equilibrium  with  respect  to  the  deformed  state  of  the 
body;  as  long  as  this  state  is  unknown,  the  conditions  for  the  load  system  cannot  be 
formulated  explicitly. 

Fortunately,  this  fundamental  difficulty  has  little  significance  in  most  important  technical 
problems.  A  structure  is  usually  supported  in  such  a  way  that  in  any  state  of  small  (but 
finite)  deformations  in  which  the  body  is  held  fixed,  an  infinitesimal  displacement  of  the 
body  is  excluded.  Consequently,  the  equilibrium  conditions  fof  the  body  as  a  whole  can 
always  be  satisfied.  Besides,  in  the  following  it  is  assumed  that  the  support  reactions 


dc  no  work;  the  total  potent!**1  »n«rjy  of  the  system  is  then  the  sum  of  the  elastic  energy 
of  the  applied  loads. 


The  following  considerations  will  be  restricted  to  cases  in  which  the  given  loading 
contains  a  still  undetermined  proportionality  factor  X ;  in  that  case  it  can  be  represented 
as  a  product  of  X  and  a  unit  load  system.  For  different  values  of  the  supposedly  posi¬ 
tive  load  parameters  X  ,  existing  equilibrium  states  are  sought.1  The  question 
of  the  stability  of  these  states  is  also  posed.  The  general  solution  of  this  problem, 
i.  e,  the  determination  of  all  possible  equilibrium  configurations  for  a  given  value  of  X  , 
is  almost  always  impossible.  However,  in  many  Important  oases  in  engineering  it  1b 
possible  to  find  one  solution  that  continuously  approaches  the  undeformed  state  aB  the 
value  of  X  approaches  zero.  This  equilibrium  state  and  corresponding  displacement 
U(X),  the  so  called  fundamental  state,  is  assumed  to  be  known  in  the  following.  More¬ 
over,  for  the  range  of  X  under  consideration  this  fundamental  state  is  assumed  to  be 
uniquely  determined.  In  general  the  following  can  be  observed  about  the  stability  of 
the  fundamental  state.  If  the  body  is  supposed  to  be  fixed  in  the  deformed  state, any 
infinitesimal  uniform  displacement  or  rotation  can  be  excluded.  This  means  that  the 
additional  displacements  from  the  fundamental  state  Uj  cannot  satisfy  the  six  relations 


138] 


8u 

; 

8x 


8u. 


i  +  n 


8x. 


i 


0  throughout  the  interior  of  the  body.  In  that  case,  as  was  shown 


in  Section  29,  v£[u]  is  positive  definite.  The  remaining  contributions  in  P2[u] 
approach  zero  together  with  X  and  U(X)  (see  Section  29) .  Accordingly  it  is  assumed 
that  it  is  possible  to  find  a  positive  value  for  Xj  such  that  P2  [u]  is  positive  definite 
for  X  <  Xj  .  The  solution  tdj  of  the  minimum  problem  (22 . 5) 


u  =  Min 


T2[u] 


(31.1) 


1lf  it  is  necessary  to  take  negative  loau  into  consideration  as  well,  this  can  most  simply 
be  done  by  substitution  of  the  unit  load  system  by  its  opposite;  X  is  then  also  pos;  ve. 
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whose  existence  again  is  assumed,  is  then  also  positive,  which  means  that  the  equilib¬ 
rium  is  stable  for  \  .  This  reasoning  follows  closely  the  uniqueness  theoreih  of 

Kirchhoff  139],  In  some  cases,  for  instanoe  the  bar  under  pure  tension,  the  solution  of 
(31.1)  is  positive  for  all  positive  loads.  In  other  cases  becomes  negative  after 
the  load  parameter  exceeds  a  critical  value  .  Equilibrium  in  the  fundamental  state 
becomes  unstable  after  the  load  corresponding  to  A^  is  exceeded,  and  thus  the  funda¬ 
mental  state  has  no  practical  sigi * flcance  for  A  >  A^  .  Of  particular  importance  is 
the  determination  of  the  limit  value  Aj  ,  beyond  which  the  fundamental  state  becomes 
unstable.  This  is  determined  as  the  smallest  value  of  X  for  which  the  solution  co, 

i 

of  (31.1)  is  zero.  Equilibrium  in  the  fundamental  state  corresponding  to  X  is, 
therefore, at  the  stability  limit.  In  vuat  case  the  homogeneous  variational  equation 
(24.14)  possesses  a  non  zero  solution.  The  load  corresponding  to  X1  is  called  the 
buckling  load;  the  corresponding  fundamental  state  U(X1)  is  called  the  critical  state. 

The  existence  of  equilibrium  states  infinitesimally  near  the  fundamental  state  for 
loads  equal  to  the  critical  load  gives  rise  to  the  expectation  that  there  are  also  neigh¬ 
bouring  equilibrium  states  for  leads  slightly  different  from  the  critical  load,  which 
can  be  derived  by  consideration  of  small  but  still  finite  displacements  from  the  funda¬ 
mental  state.  The  stability  of  the  critical  state  at  the  stability  limit  is  of  decisive 
significance  for  the  character  of  the  neighbouring  states.  These  adjacent  equilibrium 
states  are  the  subject  of  the  following  considerations. 

32.  THE  POTENTIAL  ENERGY 

It  is  assumed  that  in  the  neighbourhood  of  A  =  A1  the  displacement  U(X)  and  its 
derivatives  may, according  to  Taylor's  formula,  be  expanded  into  a  series  with  increas¬ 
ing  powers  of  A  —  A^  .  This  implies  that  for  parameter  values  of  X  >  Xx  the 
existence  is  assumed  of  the  fundamental  state  also  in  the  neighbourhood  of  the  buckling 
load.  The  consequence  of  this  assumption  with  respect  to  the  nature  of  the  problems 
under  consideration  will  be  dealt  with  in  Sect.  37. 


AIt  is  in  principle  not  excluded  that  the  fundamental  state  becomes  stable  again  after 
the  load  parameter  has  considerably  exceeded  A^in  this  case  the  solution  of  (31. 1) 
should  become  zero  also  for  a  larger  value  of  X  .  This  case  can  occur  when  a  coil 
spring  is  subjected  to  axial  compression  (see  [53]  ). 
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In  the  following,  the  integrals  Introduced  In  (22.1)  will  be  denoted  by  P^fu]  for  the 
general  fundamental  state  U(A)  .  They  can  now  also  be  expanded  in  terms  of  \  - 


P*  !»!  -  Pm  (a!  *  (>•  -  -V  rja  M  +  (A  -  Aj)2  P'm  [uj  .  . 


(32. 1) 


In  the  following,  the  symbol  Pm(u]  exclusively  refers  to  the  critical  state  U(A.)  , 
In  agreement  with  (22,3),  P^[u)  is  equal  to  zero  for  all  values  of  \  . 

If,  for  the  time  being  it  is  assumed  that  the  solution  o>2  of  the  minimum  problem 
(24.4)  is  positive  for  the  critical  state,  then  the  general  solution  of  (24. 14)  reads 
(see  also  sect.  25,  in  particular  (25.23)  and  (25.24)) 


u  -  «W  . 


(32.2) 


The  additional  displacements  of  equilibrium  states  infinitesimally  near  to  the  funda¬ 
mental  state  correspond  to  infinitesimal  values  of  a .  The  displacements  from  the 
fundamental  state  to  neighboring  states  for  loads  slightly  different  from  the  critical 
load  will  presumably  differ  somewhat  from  the  form  (32.2),  so  that  it  is  expedient 
to  write  them  In  the  form  (24. 1)1 


u  =  aUj  +  u  with  Tj^fu^ti)  -  0  ; 


(32.3) 


consequently  it  Is  expected  that  the  functions  u  will  be  Bmall  compared  to  au^  . 

After  use  of  (32.3),  the  energy  increase, on  transition  from  the  fundamental  state  U(A) 
to  another  state  U(A)  +  u,  is  written 


LSlnce  there  can  be  no  confusion  with  the  indices  i  used  for  the  distinction  of  the  dis¬ 
placement  components,  the  Indices  of  the  eigenfunctions  will  in  the  following  also  be 
written  to  the  right  and  below  the  symbol. 
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PX  [u]  =  PX  [u]  +  PX  [u]  +  PX[u]  +  .  .  .  e 

-  P2  [u]  +  (X  -  xp  P.J  [u]  +  (X  -  Xj)2  Pg  [u]  +  .. .  + 

+  Pg  fu]  +  (  A  -  Xj)  Pg  [ul  +  .  .  .  +  P^  [ttl  +  .  .  .  = 

=  a2P2  [u1J  +  aP11[u1,ul+  P2(u]  + 

+  (X  -  Xp  |a2Pg  [uxl  +  a%[ultu]  +  P2[ul|  + 

+  (X  -  XL)2  |a2P2  [uxl  +  aP^  [Uj.ul  +  P2  lull  + 

+  a3Pg  [u^  +  a2P21fu1,u]  +  aP12  (Ug^.ul  +  Pg  [ul 

+  (X  ~  Xt)  |  a3Pg  |ux]  +  ...  +  Pg[ul|  +  ...  + 

+  a4P4  [ux]  +  a3P31  [uru ]  +  . . .  +  P4 [ul  +  . . . 

By  use  of  the  relations  which  follow  from  «  0 

P2(uil  “  0  and  P1X  [uj.ul  «*  0 


it  follows  in  a  somewhat  different  arrangement  that 


PMul  =  a?  (X  -  Aj)  P2  LUjj  +  a 9  (X  -  Pg  iUjj  +  . . .  1- 

+  aaP3  [uxJ  +  a3  (X  -  Xj)  Pg  [ux]  +  . . .  +  a4P4  [uj  +  ...  + 

+  a  (X  -  Xj)  PJX  [ultu]  +  a  (X  -  X^2  p"x  [u^u]  +  . ..  + 

+  a2P21  lu1,ul  +  a2  (X-  Xj)  P21[u1(u]+  ...  + 

+  a2P31  tuj^.u  1  +  . . .  +  P2  [u]  +  (X  -  Xj)  P2  tul  + 

+  (X-Xx)2  Pg  [u ]  +  aP12  lultul  + 

+  a(x-  Xx)  Pj2[u1,u]+  ...  +  a2?22  [^.u]  +  . ..  + 

+  Pg  lu]  +  ( X  -  Xj)  Pg  lu]  +  , . .  +  aP13  [ultu]  +  . . .  + 

+  P4tu]+...  (32.4) 

From  this  expression  of  the  energy  the  equilibrium  equations  are  derived  in  conven¬ 
tional  manner  by  application  of  the  principle  of  virtual  displacements.  This  applica¬ 
tion  can  most  readily  be  carried  out  in  two  steps .  First,  the  stationary  values  of 

(32.4)  are  determined  for  arbitrary  constant  values  of  a.  By  this  condition  the 
dependence  of  the  functions  u  on  the  parameter  a  is  determined.  By  substitution  of 

(32.4)  the  energy  will  then  be  known  as  a  function  of  a,  P*(a).  The  values  of  a 
for  which  stationary  values  of  this  function  are  obtained  and  the  corresponding 
functions  u  then  yield  the  displacements  for  the  equilibrium  configuration. 

The  exact  execution  of  this  method  encounters  great  difficulties  due  to  the  nonlinearity 
of  the  equations  for  u .  In  order  to  obtain  at  least  an  approximation,  the  terms  in 

(32.4)  which  follow  Pg[u]  are  neglected;  with  this  the  equations  for  u  are  artifically 
linearized.  The  following  is  intended  as  a  motivation  of  this  approximation. 
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The  integrands  of  the  terms  in  (32.4)  which  follow  Pgfu]  are  of  the  second  order  in 
u  and  contain  one  or  more  factors  X  -  X,  or  a  ,  or  they  are  of  higher  order 
in  u  and  its  derivatives.  If  the  considerations  are  restricted  to  small  displacements 
from  a  fundamental  state  whlnh  differs  slightly  from  the  critical  State,  SO  that  .X  -  , 

a  and  u  are  small,  then  it  is  to  be  expected  that  these  terms  are  of  minor  impor¬ 
tance  in  comparison  to  Pg[u]  •  As  a  proof  of  this  supposition  the  Integrands  of  the 
terms  which  follow  P^tu]  are  combined  into  one  homogeneous  quadratic  form  of  u 
and  its  derivatives.  The  coefficients  of  this  form  are  functions  of  a  -  ^  ,  a  ,  u 
and  its  derivatives,  and  they  all  approach  ^ero  as  X  -  A1  ,  a  ,  u  and  its  deriva¬ 
tives  approach  to  zero.  In  analogy  with  the  content  of  Section  25,  it  follows  then  that 
for  sufficiently  small  absolute  values  of  X  -  X^  ,  a  ,  u  and  its  derivatives  the 
absolute  value  of  the  terms  which  follow  P2  [u  ]  is  smaller  than  an  arbitrarily  small 
fraction  of  Pglu]  .  Consequently,  the  smaller  |  X  -  X 1 1  ,  | a |  and  |u|  are  the  better 
is  the  approximation  of  the  potential  energy  obtained  by  omission  of  the  terms  following 
P2[u]  .  The  approximation  of  the  energy  is 


P*  [U]  =  p*  [gu(1)  +  u]  =  a2  (\  -  X2)  Pg  luj  +  a2  (X  -  Xj)2  P^  fu^  + 

+  .. .  +  a3P3  [Ujl  +  a3  (X  -  Xj)  Pg  [Uj]  +  . . .  +  a^lu^  + 

+  ...  +  a  (X  -  Xj)  PjX  tu^,u]  +  a  (A  -  Xx)2  p'1'1[u1,u]  + 

+  ...  +  a2p2i  +  a2  (X  -  Xj)  P21  [Uj.u]  +  . ..  + 

+  a3P31tu1(u]  +  ...  +Pg[u].  (32.5) 

It  is  important  for  what  follows  to  notice  that  the  principal  neglected  terms  are  given  . 
by 

(X  -  Xx)  Pglul,  aP12  luj.uJ,  Pglul  .  (32.6) 
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33.  CA  LC  U  LA  i  luss  OF  TKS  FL’NCTJDN  U. 

The  application  of  the  equilibrium  condition  to  the  energy  approximation  (32.5)  1*  also 
carried  out  in  two  steps .  For  the  determination  of  the  stationary  values  corresponding 
to  a  constant  value  of  a  ,  the  energy  increment  is  calculated.  This  increment  is  due 
to  the  transition  of  the  function  u  to  a  kinematic pHy  admissible  function  u  +  r?  which 
also  satisfies  (32. 3) 

Tii  =  0  •  (33,1) 

After  expansion  of  the  integrals  depending  on  u  +  tj  ,  it  is  found  that 
P^fauj  +  u  +  tjJ  -  Px[aUi  +  u]  =  a  (X  -  tUj , ^ I  + 

+  a(X  -  Xj)2  PiilUj.ij]  +  ...  +  a2P21(ullT}]  +• 

+  a2  (X  -  Xx)  P^ilUi^l  +  ...  +  ^PgilUj.q]  +  .  .  + 

+  Pnlu,T|]+ P2  [ij]  .  (33.2) 


The  first  variation,  given  by  the  terms  of  (33. 2)  wMch  are  linear  in  tj  ,  must  always 
be  zero  for  a  stationary  value  of  (32.5).  As  P2  [tj j  is  positive  under  condition  (32.1) 
the  sought  stationary  value  ie  a  minimum. 

By  analogy  with  Section  25,the  condition  obtained  by  equating  \  ^riation  to  zero 

ie  made  equivalent  to  a  system  of  differential  equations  with  i:ou>  *  .j  equations.  For 
this  purpose,  an  arbitrary  kinematically  possible  function  t  ,  not  subjected  to  restric¬ 
tion  (33.1),  Ie  written  as 


t  ■  fi*!  +  *?  with  In  £ui,t?  J  =  0  and  t  = 


T11 

2T2  [Ul] 
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With  due  COTUliHArflt.inn  tn  Hia  iijanHtl.. 

Plllol'ul1  -  2P‘  lujl  .  P2i  (Ui,Ull  =3P3lUll  etc., 
it  is  then  possible  to  write 

a(X  -  \x)  p’x  [Ul,t]  +  fi(X-  x/  [ux,t]  +  ...  + 

+  S2p21  [ul*fl  +  aV  -  p;x  lu vt)  +  ...  +  a3p3i  [Ui,tJ  + 

+  ...  +  Pn[u,t]  =  t  |a(X  -  Xx)  2Pg  [uxl  + 

+  a(X  -  xx)2  2P^  [uxJ  +  ...  +  a23P3  [uxJ  + 

+  a2<X  -  Xx)  3P3  [uxJ  +  . . .  +  a34P4  [u^  +  . . .  +  P^  [u.Uj]  |  + 

+  a(X  t  Xx)  PX1  [ultT}]  +  a(X  -  x/  P^  [u^ij]  +  ...  + 

+  A21  tui,T,J  +  »V  -  Pgl  +  • ..  + 

+  ?3p3l  +  •••  +  Pnlu,t?J  . 

In  this  expression  the  terms  which  depend  on  rj  are  identical  to  the  terms  linear  in 
V  of  (33.2),  and  thus  the  sum  of  those  is  zero.  With  use  of 

P11  =  0 
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and  after  substitution  of  t.it  follows  that 


,  2P„  luJ  | 

a(A  -  Aj)  Pn  lurt]  -  2T^  [u^j  T1X  [ul(t]  + 


o  I  it  ^1 

+  a(A  -  Aj)  "  2Tg  lujl  T11  tui’  +  ,,,+ 

2  3Pt  K1 

+  -  P21  ^ui*^  ”  2T2  luJ]  T11  tui,fl  + 

2  I  ,  3p'  tu,] 

+  a  (A  -A^  jP21  lu1(f]  -  2T^  [u^  TX1  [ulft]  +  ...  + 

,  4P,  lu  ] 

+  -  P31  ful,£l  “  2T2  luj  T11  [ui,£1  +  •••  + 

+  P1X  lu,  £1  -  0. 


(33.3) 


Similarly,  analogous  to  Sect.  25,  it  can  be  shown  that  this  equation,  together  with 
the  condition 


T11  ^l’^1  “  0 


(33.4) 


possesses  at  most  one  solution.  Due  to. the  linearity  of  (33.3)  and  (33.4),thiB  solution 
can  be  written 

u  =  a(\  -  Aj)  4^  +  a(A  -  Aj)2  +  ...  +  a2<?2  + 

+  a2(A  -  Aj)  +  •••  +  ft3^3  +  •••  >  (33.5) 
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r  it 

where  ,  <p^  ,  ?>2  etc*  ar8  ^e  solutions  of 


_  f 

2Pp. 

Iu,l 

‘'ll 

f  m  •-  1 

IU,  i  1 

-t- 

‘'ll 

[*1 

-  2T2 

V? 

rii 

iu1(fcj 

“ 

0  i 

Tn 

,ul  « 

11 

TSJI 

P11 

[u,£] 

+ 

II 

P11 

[U1 

,n 

2P2 

-  2T2 

Tii 

[u1(£] 

= 

0  ; 

T 

A11 

*1 

,ul  = 

3P„ 

(uJ 

P11 

[u,£] 

+ 

P21 

'U1 

,£] 

o 

-  2T2 

X 

T 

11 

(Ul,£] 

= 

0  ; 

T 

11 

[U1 

,u]  = 

4P, 

[u.l 

P11 

lu,£l 

+ 

P31 

[U1 

,£] 

"  2T2 

T5? 

T 

‘ll 

[Uj.t] 

= 

0  ; 

T 

11 

(U1 

,u]  = 

(33.6) 


(33.  7) 


(33.  8) 


From  (33.5)  follows  the  confirmation  of  the  expectation  expressed  in  Sect.  32  that  for 
small  values  of  X  -  X1  and  a  the  functions  u  are  small  compared  to  aUj  .  From 
comparison  of  the  first  equation  (33.7)  with  (25.16),  it  also  follows  that  if  P„  luj 
is  zero,the  functions  <P2  are  identical  to  the  functions  <P'  '  introduced  in  Sect.  25. 

The  minimum  of  (32. 5)  is  calculated  by  application  of  (33.3)  for  £  =  u  (see  also 
Sect.  25,  in  particular  (25.18)).  By  use  of  (33.5)  it  is  found  that 
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aV  -  Xx)  Pg  [uj  +  a2<X  -  X^2  Pg  (u^  +  ...  +  a3P3  [u^  + 

+  a3(X  -  Xj)  P3  (Uj]  +  . . .  +  a4P4  luj  +  . . .  -  Pg  t  ul  = 

=  a2(X  -  \±)  Pg  [ux]  +  a2(X  -  Xx)2  {Pg  [uj  -  Pg  \<p[\  j  + 

+  •••  +  ?3p3  [U1]  +  ?3<X-  *1>  )P3  [U1]  *  P11  K*^2||  + 

+  ...  +  a4  |P4  [Uj]  -  P2  [<P2j|  +  ...  (33.9) 

Here  in  accordance  with  (32.6)  and  (33.5),  the  following  terms  have  already  been 
neglected 


2  3'fM3  ft  i  |  •  1 

a  {X  -  X^  P2  [^1  ,  ad(X  -  XJ*  Pn  \<PV<P2\  , 

a  (x  _  X^)  Pg  f^9gj  ,  a  Pi2  ^ui’^2^  * 


Hence  it  would  be  meaningless  to  include  any  terms  of  the  fifth  or  higher  order  in 
X  -  Xj  and  a  .  If,  for  brevity 


Pg  (Ujl  =  Ag,  Pg  (U^  ~  Pg  ^  j  =  A^,  Pg  l^]  =  Ag  , 
P3  ,U1]  "  P11  [V^]  =  A3  ’  p4  ful^  "  P2  [<?21  =  A4 


(33.10) 


then,  as  a  first  approximation  for  the  minimum  of  the  energy  for  a  constant  value 
of  a  ,  it  finally  follows 
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it  lollows  from  (33.10)  that  only  the  terms  quadratic  in  X  -  Xj  and  a  of  (33.5), 

(  a(X  -  Xj)^  ,  and  a *<p0) ,  are  significant  so  that  the  corresponding  approximation 
of  the  function  u  is  given  by 

a  =  a(X  -  Xj)  <? +  a 2<P2  .  (33.12) 

It  is  seen  from  (33.10)  that  the  constant  is  identical  to  the  quantity  which  in  the 
first  place  is  decisive  for  stability  (see  (25 . 1)) .  If  it  is  zero ,  then  it  follows  from  the 
identity  of  the  functions  y>2  and  ,  that  (33 . 10)  is  identical  to  the  quantity 
introduced  in  (25.21  y,  which  in  that  case  governs  stability  of  the  critical  Btate. 

34,  IMPROVEMENT  OF  THE  APPROXIMATION 

As  already  has  been  remarked  in  Sect.  32,  expression  (32.5)  represents  an  approxi¬ 
mation  of  the  energy  which  becomes  more  accurate  with  values  of  decreasing  X  -  X ^  , 
a  and  u .  Consequently,  (33.11)  yields  an  approximation  of  the  stationary  value 
of  P*(a)  for  small  values  of  X  -  X1  ,  a  and  u  ,  which  1b  a  better  approxima¬ 
tion  the  smaller  x  -X1  and  a  are;  the  required  smallness  of  the  function  u  is  in 
that  case  automatically  ensured  by  (33.5)  or  (33. 12).  However,  it  Is  desirable  to 
know  in  what  manner  the  approximation,  when  necessary,  can  be  improved.  For  this 
purpose,  it  is  noted  that  (33. 12)  yields  an  approximation  for  the  function  u  which 
determines  the  stationary  value  of  (32.4).  This  approximation  is  again  more  accurate 
the  smaller  X  -  Xx  and  a  are  taken.  Now,  if 

u  =  a(X-  Xj)^  +  a29>2  +  u  with  T^  =  0  ,  (34.1) 

then  as  a  consequence,  u  is  expected  to  be  small  in  comparison  to  the  first  two 
terms. 

Introduction  of  (34. 1)  in  (32.4)  yields  after  expansion  and  after  arrangement  of  the 
terms  according  to  increasing  order  in  u  and  its  derivatives 
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+ 


+  a2(  A  -  A  j)2 
+  PU^\ 


lP21  Iul,u3  +  Plll  {UX*V1,®1  +  p21  K.'u| 

*  •••  +  IP31  +  Pm  [ui^2‘Sl| 


+ 


+  a^(  A  -  A  j)  (P^  [urG]  +  P211  [Uj.^.S]  + 

+  Pln  lVV*l  +  piiiK*V5l|  +---  + 

+  *  |P41  fUl’Sl  +  P2U  tUl’V5l  +  P21  ^2'SJ|  +  •••  + 

+  P2  f  u]  +  ( A  -  A  j)  Pg  fu]  +  ...  + 


+  &12  ful’Sl  +  5<*-xi>  jpi2  ful*51  +  **12  i  +  •••  + 

+  - 2  {P?,2  +  P12  ^2’“^  )  +  •  •  •  +  P3  fu]  +  • .  •  (34.2) 

Here  use  has  been  made  of  the  properties  of  the  function  <»»  and  <p2  through 

combination  In  expression  (33,11)  of  all  the  terms  which  are  independent  of  u 

and  which  are  of  the  third  or  fourth  order  In  A  -  ^  and  a  .  Further,  due  to 

the  first  of  equations  (33.6)  and  (33.7)  which  hold  for  <p\  and  <pn  respectively, 
a  1  “  9 

the  terms  linear  in  u  and  its  derivatives  with  coefficients  a(A  -  )  and  a 

are  omitted. 


In  the  same  manner  as  in  Sect.  33,  it  can be  shown  that  the  terms  which  follow  PgluJ  for 
small  values  of  A-  A^  ,  a  and  Q  and  its  derivatives  are  small  in  comparison  to 
Pgtal  and  that  they  consequently  can  be  neglected.  Next,  the  stationary  values  of  the 
remaining  approximation  of  the  energy  are  determined  for  constant  values  of  a  . 
Since  this  analysis  proceeds  completely  parallel  to  Sect.  33,  it  will  suffice  here  to 
indicate  the  results.  Again,  the  required  stationary  value  appears  to  be  a  minimum, 
while  the  uniquely  determined  function  u  for  which  this  minimum  is  obtained  can  be 
written 


u 


a  (A-  ax)Vj  +  a2  <  A-  Ax)^2  +  *\  +  ••• 


(34.3) 
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Terms  of  the  fourth  and  higher  order  in  X-Xj  and  a  have  no  significance  in  this 
expression.  They  yield  a  contribution  to  the  minimum  whose  lowest  order  terms  are 

m  4.1.  .  _ _ At. 1 ...LJl  j>  a#  /O  A  Oi  4m  4Ua  nimlnn^ail  tawma  rtf  /Qd  9.\ 

U1  UiC  DOVOUUi  u&  uoi  I  TTUUV  ouwomiimmvm  v*  yv-««  V/  •**  „»'■ - -  \ “/ - 

II  t 

to  terms  of  the  same  order  in  (  X  -  \^)  and  a  .  The  functions  ip  ^  ,  ip  2  »  ™  ^  3 
are,  respectively,  the  solutions  of  the  equations 


pn  lu.tt  +  pn  +  pn  I  ^1’ £]  + 

2Vul!  4  Plllyl‘ul 


w 


Tn  [Uj.f]  -  0  ;  Tn  lurul  =  0  .(34.4) 


pu  is,  ti  +  p31  (uj.ei  -  pnl  h.v£|  +  pn  k»2.h  + 


ap3  [uj]  +  2P„  |u,,»l|  +  p’,,  |»„«J 


2inri 

^2^ 


11  ir2  ’  l1 


TU  tuj.tl 
Tu  [Uj.u] 


0  ; 

0  .  (34.6) 


pn  [5,  c)  +  p31  rur  ti  +  pm  pv*2.ti  + 

4p4[Ul]  +  2P21  [uv<P2] 


TT^JUj] 


Tu  ["ra  =  0;  T11  lul,u5  =  0  •  (S4*6) 


A  comparison  of  (34.6)  with  (27. 13)  reveals  that  the  identity  of  the  function  4>2  and 
<p  ^  for  Ag  =  0  also  results  in  the  identity  of  the  functions  ^  to  the  functions  >P 
which  were  introduced  In  Sect.  27. 


(3) 
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After  introduction  of  the  notations 


_»  '  -  ,  HI  I  1  '(•]  HI 

p2  |ui>  +  pn  |vpil  +  p2hl  =  A2  • 

•I  II  ,  ,  II*  f  l  I  li  r  i  I  r  ft  I  II  II 

P2  '“l1  +  P1X  K'»ll  +  P2  Kl  -  P2  Kl  ■  A2  , 

Ps  'V  +  hi  |vi  I  +  P12  h-  hi  +  pi'i  'Va  1 + 

+  pu  Ivhl  -  Ai'  • 

h'  iui> +  pai  hhl +  pi.s  K-hl  *  p3  Kl  + 

+  p'u  +  pj'i h>2|  -  pu  -  a" ■ , 

P4  '"l1  +  P31  lul'  VI  +  P23  Ill'll  ♦  *m  K-h-l’al  + 


+  vv  -  v 


P4  (U1>  +  P3.l  K-hl  *  p22  K-hJ  +  *21  '“r^l  + 

-  pu  K-^l  -  p2 141  -  <  • 

Pg  lUj]  +  P31  +  P12  lul*  ^2’  *  A5  ' 

*5  '“ll  *  P41  l“l ■  h.  1  *  P31  ,ur  V  *  *2 11  K-h-’al  + 

+  4  ‘“i-V  *  pi2  IV  V  -  *u  K^al  -  \  ■ 

P6  IU1>  +  *41|ul-,’aI  +  P22  IU1  ’  *  *3  I V2 1  -  Vy  ■  A0 
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the  minimum  of  the  approximation  of  (34 . 2)  becomes 


—  X  t  o  o  it  o  'into 

P  (a)  -  ( A  -  X ,)  A„a  +  (X-X/A  V  +  (X-X/An  bT  + 

"  A  «**  A'  ii“  X  ^  - 

il  lilt  0  Q  10 

+  (X-X^Ag  aT  +A3ad  +  (X-X^Aga3  + 

+  (X-Xj)  Aga  +  (X-Xj)  Ag  aJ  +  A^4  +  (x-X^A^4  + 

+  (  X  -  X  x)2  A^a4  +  A5a5  +  (  X  -  X  J  A^a5  +  AgS*  .  (34.8) 

la  this  expression  terms  of  an  order  higher  than  six  are  consistently  left  out. 

It  appears  from  (34.7)  and  (34. 8)  that  by  inclusion  of  tenra  of  the  fifth  order,  it  is 

n  i 

even  possible  to  improve  (33. 11)  without  the  knowledge  of  the  functions  jJl  ,  and 
ip3 .  Further,  if  Ag  is  equal  t.  zero,  the  coefficients  Ag  and  Ag  are  identical  to 
the  quantities  (27.5)  and  (27.18)  introduced  in  Sect.  271,  which  successively  govern 
stability  in  the  critical  state  if  Ag  as  well  as  A4  are  zero. 


It  requires  no  proof  that  the  described  process  of  Improvement  can  be  continued  by 
writing  the  functions  u  as 

u  -  a  (  X-Xj)2^  +  a2  (  X  -  X  x)  +  a3</ig  +  u  with  [u^u]  =  0  . 

This  manner  yields  for  small  values  of  X  -  X  ^  and  a  a  power  series 

for  the  stationary  value  of  (32.4).  Of  course  in  general  nothing  can  be  said  about  the 

region  of  convergence  of  this  series . 

35.  THE  EQUILIBRIUM  STATES 

In  this  section  the  stationary  values  of  P^(a)  as  functions  of  a  will  be  determined 
in  the  case  that  P*(a)  is  given  by  the  expressions  (33.11)  and  (34. 8)  as  a  first  and 
second  approximation  respectively.  The  corresponding  values  of  a  and  the 
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functions  u  (33.12)  and  u  (34.3)  yield  in  that  case  an  approximation  for  the 
displacements  in  the  equilibrium  states.  The  analysis  of  the  stability  involves 

11!vtnr4nn  «a  *44  ffl  mil  44  a  a  a«n/in  oVtYMofi  /  QQ  11  \  owl  /QA  Q\  n»ft  VtAftt 

Now,  if  the  stationary  value  of  P*(a)  as  a  function  of  a,  is  again  a  minimum, 
then  the  approximation  of  the  energy  (32.4)  or  (34.2)  also  possesses  a  minimum 
with  respect  to  varied  functions  u  or  u  and  simultaneously  varied  values  of  a . 
Equilibrium  in  the  corresponding  displacement  configuration  is  then  stable,  hi 
reverse,  the  approximation  of  the  energy  does  not  possess  a  minimum  if  the 
stationary  value  of  P^(a)  is  not  a  minimum,  and  in  that  case  equilibrium  is  unstable. 


For  the  derivation  of  a  first  approximation  expressions  (33 . 11)  and  (34. 8) ,  representing 
respectively  the  first  and  second  approximation  as  proposed  in  Sect,  34,  may  be  con¬ 
siderably  simplified.  For  this  purpose  it  is  noted  that  equilibrium  In  the  fundamental 
state  is  stable  for  X  <  X  ^  ,  so  that 

P2X[u]  =  P2  [u]  +  (\-X2)  P2  [u]  +  ....  *0 

should  hold.  Because  P0  (uj  =  0  it  follows  that 

(X-Xx)  p2  fUl].+  ....  SO  , 

This  relation  can  be  satisfied  for  X<X,  only  if  the  constant  A*  (33. 10)  is  non  positive. 
The  limiting  case  in  which  A„  is  equal  to  zero  does  not  occur  in  applications  thus  far 

"  I 

considered,  so  that  in  the  following  it  is  assumed  that  Ag  is  negative.  For  small 

absolute  values  of  X  -  X  j  and  a  all  terms  containing  at  least  one  factor  X  -  X  ^ 

are  small  in  absolute  value  compared  to  the  absolute  value  of  the  first  term 
i  o 

(X-Xj)  •  A2a  ,  and  in  a  first  approximation  they  may  be  neglected.  Further, 
among  the  terms  which  contain  no  factor  of  X  -  X  the  term  of  the  lowest  order  in  a 
is  the  dominant  term.  Let  this  term  be  A^a11  (in  which  case  the  stability  of  the  critical 
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state  Is  governed  by  the  quantity  AQ)  .  Then  (33.  ll)and  (34. 8)  lead  to  the  expres¬ 
sion 

PX(a)  =  (  x-X  x)  A^a2  +  Aqb£i  .  n  *  3  .  (35.1) 


A  simple  procedure  for  the  construction  of  (35.1)  can  now  be  given.  By  use  of 
Chapter  2,  stability  of  the  critical  state  is  analysed.  The  quantity  AQ  which  governs 
stability  appears  in  (35. 1)  as  a  coefficient  of  an  .  Calculation  of  A^  which  coefficient 
is  given  fy  (33. 10), does  not  offer  any  difficulties. 

The  states  of  equilibrium  are  characterized  by  stationary  values  of  (35 . 1) ,  i.  e.,  by 

— ^  -  2  (  A-A^  A2a  +  nAnan_1  =  0  .  (35.2) 

Stability  is  governed  by  the  second  derivative  of  (35.1) 


2  (  X-  \x)  A2  +  n  (n  -  1)  AQan"2  . 


(35.3) 


Equation  (35 . 2)  is  satisfied  by  the  solution  a  =  0  in  which  case  the  functions  u 
and  u  become  also  zero.  This  solution  yields  the  already  known  fundamental  state. 
The  second  derivative  (35.3)  is  positive  for  A<  Xj  and  negative  for  X  >X1  ,  so  that 
equilibrium  in  the  fundamental  state  is  stable  or  unstable  depending  on  whether  X  is 
smaller  or  greater  than  X  lt  (in  agreement  with  what  already  was  known).  The  other 
solutions  of  (35.2)  which  determine  the  neighbouring  states,  should  satisfy 

I 

fin-2  _  2  I  .  %  2  ji 

*  “  "  5;  (  A- A-])  j-  .  (35.4) 

n 
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By  substitution  in  (35.3),  it  follows  for  the  second  derivative  of  5*(a)  in  these  states 

that 


2  (n  -  2)  (  A  -  A  x)  Ag  .  (36*B) 

Consequently,  a  neighboring  equilibrium  state  la  always  stable  for  X  >X  i  ,  and 
always  unstable  for  X< X^  . 

In  a  discussion  of  possible  neighboring  states  of  equilibrium,  distinction  must  be  made 
between  even  and  odd  values  of  n  and,  in  the  latter  case,  between  negative  and  posi¬ 
tive  values  of  Aq  as  well.  For  odd  values  of  n,  Aq  can  always  be  taken  positive  since, 
according  to  (35.4)  and  (35. 5)  an  equilibrium  value  a  corresponding  to  positive  Aq 
corresponds  to  the  same  type  of  stability  behavior  as  does  -a  in. a  system  with 
negative  A  .  Consequently  (35. 4)  possesses  a  real  solution  for  both  positive  and 
negative  values  of  X  -  X^.  This  is  determined  by 


d2PA 

da2 


(35.6) 


and  it  follows  from  (35.5)  that  the  equilibrium  is  stable  for  X  >Xj  and  unstable  for 
\k  X^  . 

For  even  values  of  n  ,  (35.4)  possesses  real  solutions  only  for  negative  or  only  for 
positive  values  of  X  -  X  ^  ,  depending  on  whether  Aq  is  negative  or  positive  respectively. 
These  solutions  are  determined  by 


1  1 
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It  fc”c7,'c  frc™.  (35.5)  that  the  solution]?  first  »«An«nn«d  enrrnspond  to  unstable ,  the 
last  mentioned  to  stable  equilibrium. 

According  to  the  considerations  of  Chapter  2,  equilibrium  in  the  critical  state  is  unstable 
if  the  governing  quantity  Aq  corresponds  to  an  odd  value  of  n  or  if  it  is  negative  and 
corresponds  to  an  even  value  of  n  .  Equilibrium  is  stable  if  the  governing  constant 
Aq  corresponds  to  a  positive  n  and  is  even.  The  results  obtained  can  be  summarized 
as  follows.  If  equilibrium  in  the  critical  state  is  unstable,  and  stability  is  governed 
by  a  quantity  with  odd  subscript  (Ag.Ag  etc,),  neighboring  Btates  of  equilibrium 
exist  for  loads  greater  than  as  well  as  for  loads  smaller  than  the  bucklingload;  the 
equilibrium  states  for  loads  greater  than  the  buoklingload  are  stable  and  those  for 
loads  smaller  than  the  bucklingload  are  unstable.  If  equilibrium  in  the  critical  Btate 
is  unstable  and  stability  is  governed  by  a  quantity  with  even  subscript  (A^.Ag  etc.), 
neighboring  states  of  equilibrium  exist  but  only  for  loads  smaller  than  the  buckling  load; 
these  states  are  unstable.  If  equilibrium  in  the  critical  state  is  stable,  in  which  case 
stability  is  always  governed  by  a  quantity  with  even  subscript,  neighboring  states  of 
equilibrium  exist  but  only  for  loads  greater  than  the  buckling  load;  these  states  are 
Btable. 

The  relation  between  the  parameter  a  ,  which  represents  a  measure  for  the  dis¬ 
placement  from  the  fundamental  state  and  the  load  parameter  X  as  given  by  equations 
(35.6)  and  (35.7),  can  be  represented  in  a  diagram.  Fig.  la  gives  the  graph  for  a  posi¬ 
tive  value  of  Ag  (the  graph  for  the  negative  value  can  be  obtained  from  this  by  taking 
its  mirror  image  with  respect  to  the  X-axis).  Fig.  lb  and  Fig.  lc  respectively  give 
the  diagrams  belonging  to  the  negative  and  positive  value  of  A4  in  the  case  in  which 
Ag  «  0  .  Finally,  Fig.  Id  gives  the  diagram  for  the  case  in  which  Ag  ~  A^  =  0  and 
Ag  is  positive.  In  these  graphs  the  stable  states  of  equilibrium  are  represented  by 
heavy  lines,  the  unstable  equilibrium  states  by  dotted  lines.  The  boundary  between 
the  area  in  which  equilibrium  must  be  stable  and  the  area  in  which  it  must  be  unstable 
is  a  curve  obtained  by  equating  to  zero  the  expression  (35.3).  It  is  given  by  a  dash  dot 
line. 


At  the  critical  load  equilibrium  states  exist  which  deviate  from  the  fundamental  state 
in  an  infinitesimal  sense  and  which  are  determined  by  (32.2)  for  infinitesimal  values 
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of  a .  If  this  solution  is  conceived  as  an  approximation  valid  for  small  but  finite 
values  of  a ,  it  follows  that  its  image  in  the  diagram  is  given  by  the  straight  line 
X  *=  .  It  follows  from  (35.4)  that  this  approximation  determines  the  tangent  to  the 

curve  X  versus  a  of  the  neighboring  states  of  equilibrium  at  the  point  X  =  X^ ,  a  =  0 
for  n  >  3 .  In  these  eases .  already  the  first  approximation  leads  to  some  Insight 
into  the  character  of  the  neighboring  states  of  equilibrium.  However,  for  Ag  *  0  the 
method  fails  to  describe  the  real  behavior  even  approximately  (see  also  Fig.  la). 

It  la  noted  that  for  Ag  =  =  0,  the  use  of  approximation  (33.11)  also  leads  to  the 

straight  line  X  =  Xj  in  the  graph  X  versus  a;  for,  in  that  case  the  derivative  of 
expression  (33.11)  with  respect  to  a  contains  the  factor.  X  -  X1 .  Consequently, 
for  a  better  insight  in  the  real  behaviour,  it  is  necessary  to  consider  the  improved 
approximation  (34. 8)  or  what  amounts  to  the  same,  to  continue  the  analysis  of  the 
critical  state  until  a  nonzero  quantity  An  has  been  found . 

The  considerations  in  the  foregoing  are  based  on  the  simplified  expression  of  P  *(a) 
(35. 1).  hi  principle,  an  improvement  of  the  approximation  can.  easily  be  obtained  by 
use  of  the  unabbreviated  expressions  (33 . 11) ,  (34. 8)  respectively.  This  is  illustrated 
by  the  application  of  the  equilibrium  condition  to  (33 . 11)  for  the  case  A3  o 

dP  (a)  i  a  "  2 

__  a  2  (  X  -  Xj)  A2a  +  2  (  X-  X  A2a  +  3Ag a*  + 

+  3  (  X-X  x)  Aga2  +  4A4a3  -  0 

hi  addition  to  the  trivial  fundamental  state,  the  following  solution  exists 


94 


a  =  - 


3A.  +3  /X  -  A. 
o  l  a 

IS" 


,2 

9[A3  +  <X  -Xt)  A3) 
64A? 


(X-Xj)  a3  +(x-x1)2a3 
2TI 


I 


3A„  ■ 

SAT  1  +  (X-Xi>a7  + 


1  +  <X-X1>A? 


A  A  V'A 

_32  .  *2*4,.  32  a  _  .  2  A2A4 

r  ( VTH  (  xi}  “TT~ 

A3  A3 


3  A*i 

The  second  root  approaches  -j  ^  as  X  approaches  ^  ;  this  is  not  a  small  quantity 
in  the  neighbourhood  of  the  buckling  load  and  it  need,  therefore,  not  be  considered. 
Expansion'of  the  first  root  in  terms  of  X  -  X^  gives 


2  A2 

-a  =  --!4(A'Ai)  + 


Yl  V3  _  2^2  _  16  • 

\3A2  3A3  27  A3  /  (  1 


>2  + 


(35.8) 


Terms  of  third  and  higher  order  can  be  omitted  in  this  expansion  because  their  contri¬ 
butions  to  the  expression  (33.11)  are  at  least  of  fifth  order;  such  contributions  are 
already  neglected  in  the  improved  approximation  (34.8). 
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The  stability  ol  tne  equilibrium  states  determined  by  (S3 .  G)  arc  governed  by  the  second 
derivative  of  (33 . 11) .  Alter  substitution  of  the  value  of  a  as  given  by  (35.8),  this 
derivative  becomes 

(  X-  xx)2  . 

It  appears  from  (35.8)  that  approximation  (35.6)  determines  the  tangent  to  the  curve 
which  for  a  neighbouring  state  of  equilibrium  represents  the  relationship  between  X 
and  a  .  Furthei .  it  appears  from  (35.9)  that  for  not  too  great  valueB  of  |  X  -x  1  | 
the  conclusions  concerning  stability  as  deduced  from  (35.5)  remain  valid.  Therefore, 
the  improvement  leaves  the  character  of  the  first  approximation  unaltered.  In  cases 
for  which  is  equal  to  zero, corresponding  conclusions  hold.  Consequently,  the  first 
approximation  following  from  (35.1)  will  at  least  suffice  for  a  qualitative  analysis  of 
elastic  behaviour  in  the  neighborhood  of  the  buckling  load.  Such  a  restriction  can  also 
be  justified  on  another  basis.  As  mentioned  in  Sect.  34,  the  region  of  convergence  is 
unknown  for  the  series  expansion  obtained  for  p\a)  through  the  successive  approxima¬ 
tion.  Therefore,  in  general,  the  region  of  validity  of  the  approximate  solution  cannot 
be  extended  at  will  by  use  of  a  greater  number  of  terms.  Also,  this  improvement  has 
significance  only  for  a  region  of  X  values  in  the  neighbourhood  of  the  buckling  load. 

This  region  is  different  from  case  to  case.  As  has  been  said  above,  in  this  neighbour¬ 
hood  the  behaviour  in  the  large  is  described  by  the  first  approximation. 

36.  SPECIAL  CASES 

The  foregoing  considerations  were  based  on  the  assumption  that  ,  the  solution  of  the 
minimum  problem  (24.4)  for  the  critical  state,  is  positive.  Here  the  changes  will  be 
discussed  which  correspond  to  the  case  in  which  this  condition  is  not  satisfied;  for  the 
time  being  w  is  assumed  to  be  positive. 

O 


=  -aA^x-Xi)  -U"2 

\  A„  / 
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The  general  solution  of  the  variational  equation  (24. 14)  for  neutral  equilibrium  is  in 
that  case 


u  =>  aUj  +  bv1  .  (36.1) 

Here,  for  the  sake  of  a  more  symmetrical  notation  u^  =  v,  is  introduced.  If  (24. 14) 
would  possess  a  solution  differing  from  (36.1),  then  it  would  always  be  possible  to  write 
it  as 


u  =  aux  +  bvx  +  u  with  Tn  [u^u]  =  T  2  [Vj.u]  =  0  .  (36.2) 

Substitution  in  (24 . 14)  leads  to  the  following  conditions  for  u 

P11  =  °’  Tn  fui'“5  =  Tn  fVj.u]  =  0 

which  for  £=  u  contradict  the  assumption  o>3  >  0  .  On  the  basis  of  considerations 
identical  to  those  of  Sect.  32 ,  the  displacements  in  the  analysis  of  equilibrium  states 
in  the  neighbourhood  of  the  critical  state  are  written  in  the  form  (36.2).  Substitution 
in  (32.1)  gives,  after  use  of  the  relations  following  from  oJj  =  w2  =0  and  after 
expansion  and  arrangement  according  to  increasing  order  in  u 

pV]  =  a2  |(X-\1)P2  (u^  +  (A-X^p"  [Uj]  +  ...|  + 

+  ab  |(  X-  Aj)  PjX  [u1,v1]  +  (A-A^P'^  [Uj.Vj]  +  ...  |  + 

+  b2  |(  A-Ax)  P2  (Vj)  +  (  X  -  X  2)2  P2  [Vj]  +  ...|  + 

+  a3  jp3  [Ull  +  (  A-Aj)  pg  [u^  +  ...  j  +  a2b  |p21  [Uj.Vj]  +  ...  J  + 

*  ?b2|  P12  [«i.v,l  +  ...|  +bs|p3[v1l  *...|  + 

*  -4  K  [Ul>  +  -I  *  S3b  |P31  Iul’vl1  +  "  I  + 
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+  ab3  P13  IU1 . Vj]  +  ... 


+  ?2b2|p22  [ul*vll  +  •••  I 

+  b4|p4  [Vj]  +  ...  |+  ...  + 

+  a  |  (X-Xj)  Pn  lu^u]  +  (X-X^pJj  luvU]  +  ...  )  + 

+  b|(X-X1)P;i[v1,u]+(X-X1)2P’;i[v1.u]  +  ...)  + 

+  a2  j  P21  luru]  +  (X  -  Xx)  P;J1  [Uj.u]  +  . . .  J  + 

+  ab|  P1X1  +  (  X-  X2)  P^u  tu.,vrtl]  +  ...  ]  + 

+  b2  {  P21  [vltu]  +  (X-Xj)  P21  [v^E]  +  ...  }  + 

+  a3  |  P31  tUj.u]  +  . . .  J  +  a2b  |  P2n  [u^v^u]  +  . . .  J  + 

+  ab2  Jp121  +'  ...|  +  b3  jp31  [v^H]  +  ...  j  + 

+  ...  +  Pg  [u  1  +  (  X  -  X  ^  P2  t  u  ]  +  . . .  + 

+  -  jP12  +  •••  j  +  b  |P12  [Vj.TX]  +  ...  |  + 

+  ...  +  P3  [uj  +  ...  (36.3) 

For  the  application  of  the  equilibrium  conditions,  the  stationary  value  of  (36.3)  will 
first  be  determined  for  constant  values  of  a  and  b  in  a  manner  analogous  to  that  of 
Sect.  32.  After  that  the  stationary  values  of  the  functions  so  obtained  P*  (a,b)  will 
be  established  with  respect  to  a  and  b  .  In  this  process, omission  of  the  terms 
following  P2  [u]  in  (36.3)  are  justified  in  the  same  manner  as  in  Sect. 32.  The  ap¬ 
proximation  of  the  energy  thus  obtained  again  appears  to  have  one  stationary  value 
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for  constant  values  of  a  and  b  and  this  value  is  at  the  same  time  a  minimum.  The 
functions  u  for  which  this  minimum  is  obtained  nan  ha  written  the  ferns 

u  =  a(X- +  biA-Aj)^  +  a2v20  +  ab?n  +  b2  <pQ2  +  ... 

(36.4) 

■  i 

where  9  ^  ,  <P2 o  >  9  02  aro  ®*V0n  respectively  as  the  solutions  of  the 

equations 


,  ,  2P  [u  1 

pu[u,£)  +  pu  [urtj  -  afg'iu^  Tn  tui,£J  + 


pii  {ui’vi] 


STIyT'  tu  [Vf]  =  0  *  Tn  [Vul  “  Th  tvi,GJ 
«  1 


0  . 


Vv!i! 


Pjjlu,  t)  +  PJjIVj.t)  -  2T2  |UjI  TuI«j,£]« 


2P2  [Vjl 


arrTFTJ  Tul’'i'tl  *«•  Tn  *  Tu  'Vn' 

«  jL 


■  0  . 


3  w 


PllIu’  +  P21Iu1,£J  ■  2T 2  [Uj]  T11  [ul  ’  £I  + 


It  [v.]1  Tn  [vi’^  =  0  {  Tn  ^l’1^  “  Tn  [VttJ 

«  1 


=  o  , 
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2P  [u  ,v  1 

®  fn  v  ri  _  — . x- .  -■  t..  [u. ,t]  + 

ii '  ’  *  iii*  i'  i'  zi2  lUjj  ii  i* 

2p  r ..  i 

2T2  iv2l  1  Tn  lvi,tJ  =  0  5  Tn  {ui,ul  “  Tn  tvi,Tl1  = 
P19  [u-.v.) 

P11  lu,tl  +  p21  tvl,i:1  *  2T2  [Ujl  T11  Iul,tJ  + 

3P3  [Vj] 

"  2T2  t Vj]  T11  =  0  !  Tn  Iux»u]  =  Tn  [Vj.u]  = 


(36.5) 


Here  the  contribution  to  (36.4)  which  are  of  the  third  and  higher  order  in  (X-Xj), 
a  and  b  have  already  been  omitted  since  together  with  the  contributions  in  (33.5), 
they  are  of  no  significance  in  the  present  approximation.  The  derivation  of  equations 
(36.5)  is  completely  analogous  to  that  in  Sect.  272  and  in  Sect.  33,  so  that  its  execution 
can  be  omitted  here.  By  comparison  of  the  last  three  equations  of  (36. 5)  with  (27.33) 
it  can  be  shown  that  the  functions  (p^\  and  <^02^  as  defined  in  Sect.  272 

agree  with  the  functions  introduced  here,  provided  the  condition. (27. 24)  is  satisfied. 
Also,  the  calculation  of  the  approximate  stationary  value  of  P*(a,  b)  is  analogous 
to  the  preceding  analysis.  If  for  brevity  is  introduced 


>,V02 

1  -Plli 

1 

1 

^02  ] 

C03  ’ 

C40’ 

P3i  ^U: 

'll!  =  C12  ’ 


P22  lUl‘V  "  P2  l*lll  “  P11  "  C22  ’ 

P13  lUl,Vl^  _  P11  ^ll’^W  =  C13  ’  P4  "  P2  ^02^  =  C04 


(36.6) 
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P2  fulJ  "  C20  ’  P11  [ul,Vl}  C11  *  P2  fvlJ  “  C02  ’ 

P2  ^  "  P2  koj  =  C20  ’  P11  ful,Vl^  ”  P11  1^1©' VOlJ  “  C11  ’ 


P2  {V1J  "  P2  *01  =  C02  * 


P3  =  C3C  ’  P21  *U1,V1^  =  C21  *  P12  ^U1,V1^  =  C12*  P3  tvl* 
P3  ful^  "  Pll  [*10'f2ol  =  C30  ’ 

P21  f U1’V11  ■  P11  |*10’*li]  "  P11 l*01’*2oj  =.  C21  ’ 


C03  * 


this  approximation  becomes 

Px(a,b)  =  (  A- A^  (C^a2  +  C^ab  +  C^b2)  + 

o  ti  9  •*  2 

*<*■-  »!»  <c20f  *  °ll5b  +  C02b  >  * 

+  °30!3  +  Si*2"  ♦  C,2?b2  +  °03b3  + 

+  (»-»!» <cso?3  +  cii“2b  +  ci2?b2  +  cmb3>  * 

+  C40?4  +  C3l53b  *  C22-2h2  *  C13?b3  *  Co/  ' 


Terms  of  the  fifth  and  higher  order  in  A  ~  Aj ,  a  and  b  are  here  insignificant, 
even  more  so  then  in  Sect.  33 

From  (36.6)  it  is  seen  that  the  terms  of-  second  order  in  a  and  b  in  (36.7),  which 
contain  one  factor  A  -  ,  and  the  terms  of  third  order  which  do  not  contain  a 

factor  A  -  A  ^  ,  depend  exclusively  on  the  eigenfunctions  Uj  and  Vj  .  Further,  if 
the  conditions  (27 . 24) 


C30  “  C21 


C12  C03 


=  0 


(30.  6) 


(36.  7) 
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are  satisfied, then  it  follows  that  the  fourth  order  terms  in  a  and  b  of  (36.7)  are 
identical  to  the  form  (27.37)  which  governs  stability  in  the  critical  state. 

The  general  case 


W2  "  w3  =  *  ‘  ‘  =  wh-l  “  0  *  wh  >  0 


can  be  analysed  in  a  similar  manner,  by  use  of 


h-1 


U  =2  +  u  with  Tu  [Uj,u]  =  0  .  J  =  1,  2,  ...  h  -  1  .  (36.8) 

1  =  1 

In  this  case,  the  approximation  corresponding  to  (36.7)  can  be  written 


PX  (aj)  -  (X  -X  j)V2  (aj)  +  (X  -  Xj)*  PjJ  (aj)  +  P3  (Bj) 

+  (X-XjJPg  (a^  +  P4  (aj)  . 


2—11 

T, 


(36.9) 


_t 


In  this  expression,  P2  and  are  completely  determined  by  the  h-1  eigenfunctions 


P2 


rh-l 

2  a«u« 
a=j 


h-1  h-l 

=  i  I  2  aaa/3Pn  lu<*>u0)  • 

a=i  0=i 


(36.10) 


P3  ”  P3 


h-l 

2  aaua 
A=1 


h-1  h-1  h-1 

=  |  S  I  I  aayrpm 

a=i  0=1  y=i. 


(G6.il) 
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For  calculation  of  the  remaining  terms  in  (36.9),  the  aolut{on  is  required  of  a  set 

yi  o^uauuuo  cuuuuguuo  tO  \uv«0;«  u  \ou«  xo  luouvAwuay  toi w *  wiuvu  wuuimvu  aui 

the  present  case  corresponds  to  condition  (27.24)  for  the  case  with  o>3  >  0,  then 
P4(a^)  will  again  be  identical  to  the  expression  which  governs  the  stability  at  the 
stability  limit.  The  form  (36. 10)  can  never  assume  a  positive  value  because,  in 
analogy  with  Sect.  35,  it  would  otherwise  be  possible  to  conclude  that  the  fundamental 
state  can  be  unstable  also  for  X  <  , 

As  a  first  approximation,  in  (36.9)  the  Becond  and  fourth  terms  are  neglected  in  com¬ 
parison  to  the  first  and  third.  Besides,  if  (36.11)  is  not  identically  zero,  the  last 
term  will  be  neglected  in  comparison  to  the  third.  In  both  cases  the  result  is 


P  (aj)  -  (  X-X  x)  P2  (a.)  +  PQ  (a.)  .  n  =  3  or  n  =  4 


The  stationary  values  of  (36 . 12)  are  determined  by  the  equations 


;X.  8p'  8P 

"=  <X-X!>8lf+  5=f  =  °*  i= 


(36. 12) 


(36.13) 


while  the  stability  of  the  corresponding  equilibrium  state  is  governed  by  the  form 


h-1  h-i 


V  V  8  1 
Zj  2-1  8a. 

I  —  t  1  —  1  * 


i=l j=l 


2pX 

mi;  a,l  4l“j 


h-l  h-1  _2=. 

V  V  P2 


■  <*-*i>  1  1 5i^ra“ia“j  * 


i=l J-l 


82P. 


y  y  a  Aa 

2j  i  8a,  8a.  i  j 


i=l j=l 


(36. 14) 
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Although  the  solutions  of  (36.13)  cannot  be  given  as  easily  as  those  of  (35.2),  they  do 
admit  some  general  conclusions.  In  the  ft  rat  place  ,(36=  13)  possesses  the  solution 
aj  =  0  which  yields  the  already  known  fundamental  state.  It  follows  from  (36.14)  that 
the  stability  of  this  state  is  governed  by  the  form 


h-1  h-1 


<*-*!>  I  I 

1=1  j  =  l 


aV 

8a^9a.  ^ai^aj  “  2(  X-X  ^)  P2  (ASj)  . 


(36.15) 


Therefore,  the  fundamental  state  is  stable  for  X<\,  ,  unstable  for  X>X  ,  in 

1  1  A 

agreement  with  what  was  already  known. 


Furthermore,  it  appears  from  (36.13)  that  for  n  =  3  ,  the  existence  of  a  solution  a^ 
for  the  load  parameter  X  implies  the  existence  of  a  solution  -  for  the  load  param¬ 
eter  2Xj  -  X  .  Thus,  for  n  =  3  no  neighbouring  states  of  equilibrium  exist  at  all  or 
neighbouring  states  exist  for  loads  greater  as  well  as  for  loads  smaller  than  the  criti¬ 
cal  load. 

Multiplication  of  the  i^  equation  (36 . 13)  by  a^  and  summation  yields 


h1  aPg  bP 

1*  Z  ai  5a.  +  Z  ai  5a. 
i=  1  1  i  =  1  1 

2(  X-  Xx)  Pg  (aj)  + 

+  (aj)  =  0 

(36.16) 


Here  the  case  that  (36,10)  is  semi  negative  definite  is  disregarded;  although  it  is  in 
principle  not  excluded,  the  stability  decision  for  X  <  X.  is  then  not  sufficiently 
substantiated  by  (36.15),  1 
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When  n  =  4  and  (a.)  is  positive  definite,  i.e. ,  when  equilibrium  is  stable  in  the 
critical  state,  (36.16)  can  only  be  satisfied  for  A  >  A^  ;  therefore,  in  this  case, 
neighbouring  states  of  equilibrium  exist  only  for  loads  greater  than  the  buckling  load. 


If  the  solution  of  (36. 13)  is  substituted  for  A  ai  then,  after  use  of  (36.16),  (36.14) 
becomes 


h-1  h-1 

1 

i=i j=i 


92p2 

- -  a  a 

Ba^a.  di  j 


h-1  h-1 


♦2  2 
i = 1  4  =  1 


a2^ 

aaiaaJ  aiaJ 


=  2  (  A-  Aj)  P 2  <aj)  +  n  (n  -  1)  Pn  (a.)  »  -  2  (n  -  2)  (  A-  \)  pj,  (a.)  . 


This  expression  is  negative  for  A<A  .  Consequently, all  possible  neighbouring 
states  of  equilibrium  for  loads  smaller  than  the  buckling  load  are  unstable. 


37.  NATURE  OF  THE  PROBLEMS  DISCUSSED. 


It  was  pointed  out  in  Sect.  32  that  the  assumption  of  a  possible  Taylor  expansion  for 
the  displacement  U(A)  and  its  derivatives  with  respect  to  A  -  A^  implies  that  the 
fundamental  state  exists  for  loads  greater  than  the  buckling  load.  This  fundamental 
state  approaches  continuously  the  critical  state  as  A  approaches  Aj  .  In  addition 
to  the  fundamental  state  in  the  neighbourhood  of  Aj  other  equilibrium  states  appear 
to  exist  which  approach  the  critical  state  as  A  approaches  A  (See  Sect.  35).  The 
state  of  buckling  represents  a  so  called  bifurcation  point  of  equilibrium;  the 
significance  of  this  term  is  illustrated  for  instance  by  the  Fig.  1. 


Now,  the  question  arises  whether  under  the  assumption  mentioned  above  all  possi¬ 
bilities  are  exhausted  which  occur  in  practice.  This  question  must  be  answered  in  the 
negative.  There  are  structures  with  load  systems  for  which  no  equilibrium  states 
exist  which  can  be  obtained  by  gradual  increase  of  A  in  excess  of  a  critical  value  A  * 
and  which  when  A  is  monotonously  decreased,  pass  continuously  over  into  the  original 
fundamental  state  corresponding  to  A  *  (see  [40] ).  If  equilibrium  states  are  considered 
which  vary  continuously  with  A  in  the  neighbourhood  of  the  critical  value,  A  * 
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represents  »  maximum  of  ths  possible  X  values.  In  a  graph  of  a  displacement 
component  v  at  a  point  in  the  body  as  a  function  of  X ,  this  is  generally  indicated  by 
a  horizontal  tangent  to  the  \  versus  v  curve.  The  equilibrium  state  corresponding 
to  the  critical  value  >  *  represents  a  so  called  snapping  point.  In  particular,  Biezeno 
has  analysed  several  snap-through  problems  ([41]). 

A  snapping  point  has  In  common  with  a  bifurcation  point  that  equilibrium  is  neutral 
([40] )  and  thus  the  snapping  points  can  be  determined  by  use  of  the  conventional 
theory  of  neutral  equilibrium.  If  the  solution  of  the  minimum  problem  (22.6)  is 
positive  for  X  <  X*  as  X  is  gradually  Increased  from  zero  to  X*,  i.e.,  if 
equilibrium  is  stable  for  X  <  X* ,  then  it  follows  that  the  state  of  equilibrium 
determined  by  X*  is  at  the  stability  limit;  X*  coincides  with  the  parameter  value 
X^  for  the  buckling  load .  likewise,  the  considerations  given  in  Sect.  2  retain 
their  significance  for  the  analysis  of  stability  of  the  critical  state.  In  summary 
the  stability  theory  given  in  Sect.  2  is  generally  valid;  the  theory  discussed  in 
Sect.  3  dealing  with  states  of  equilibrium  for  loads  in  the  neighbourhood  of  the 
buclking  load  is  essentially  restricted  to  buckling  loads  corresponding  to 
bifurcation  points. 

38.  EXTENSION  OF  THE  THEORY. 

It  has  been  remarked  more  than  once  in  the  foregoing  that  the  developed  theory  is 
valid  only  for  loads  in  the  neighbourhood  of  the  buckling  load.  However,  in  engineer  - 
ing.one  cannot  always  be  satisfied  with  this  restriction.  Consequently,  for  some 
Important  plate  problems  .several  writers  already  have  developed  methods  which  yield 
useful  results  considerably  above  the  buckling  load  (see  [46] ) .  By  introduction  of 
some  simplifying  assumptions,  which  all  are  satisfied  for  these  plate  problems,  the 
methods  mentioned  above  can  be  combined  in  an  extension  of  the  theory  developed  in 
the  foregoing. 

The  first  assumption  concerns  the  external  loads;  the  direction  and  magnitude  of  these 
loads  are  assumed  to  be  known  with  respect  to  a  rigid  frame  of  reference.  The  energy 
of  the  loads  is  then  linearly  dependent  on  tk3  displacements  (see  Sect.  29). 
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Further,  the  displacements  in  the  fundamental  state  are  supposed  to  be  so  small  that 
quantities  of  the  second  and  higher  order  in  these  displacement,  U(A),  and  its  deriva¬ 
tives  may  be  neglected  in  comparison  to  quantities  which  are  linearly  dependent  on 
U(A)  and  its  derivatives.  A  first  consequence  of  this  assumption  is  the  linearization 
of  the  equations  of  equilibrium  for  the  fundamental  state  so  that  the  displacements  of 
this  state  are  proportional  to  the  loads 

U(A)  =  Au'  .  (38.1) 

In  the  increment  of  the  elastic  energy  (29.4)  corresponding  to  transition  from  the 
fundamental  state  (38. 1)  to  a  neighbouring  state  U(A)  +  u,  the  terms  whose  integrands 
are  of  an  order  higher  than  the  first  in  the  derivatives  of  U(A)  can  be  neglected. 

The  total  energy  increment  on  transition  from  U(A)  to  U(A)  +  u  then  is 

P*  lu)  =  Vj  [u]  -  W2  [ul  +  V°  [u]  +  V*  [u]  + 

+  V®  [uj  +  V*  [u]  +  vj  [u)  .  (38.2) 

The  sum  of  the  terms  linear  in  u  must  be  equal  to  zero  as  the  fundamental  state  is  an 
equilibrium  state.  Furthermore 

VL  fuI  "  lul  >  m  "  2*  3*  4 

and  after  use  of  (38 . 1) 

[u]  -  Ap^  (uj  ,  m  =  2,  3. 

Hence  (38.2)  becomes 

P*  [a]  -  P°  [u]  +  *P'2  [u]  +  P°  [u]  +  APg  [u]  +  P^  (u]  .  (38.3) 
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In  this  expression,  as  in  Sect.  31. 


P®  [u]  =  V°  [u] 


is  positive  definite. 

The  fundamental  state  (38. 1)  is  uniquely  determined  so  that  the  buckling  load  will  be 
determined  by  the  smallest  value  ^  of  the  load  parameter  X  for  which  the  homo¬ 
geneous  variational  equation  (24 . 14)  for  neutral  equilibrium 

P^tu.n  -  pji  M]  +xpj1[u,£]  =0  (38.4) 


possesses  a  non-zero  solution. 


This  equation  in  general  has  non-zero  solutions  for  a  sequence  of  increasing  X  values 
X1 ,  X2  ,  ...  139] ,  the  so  called  eigensolutions .  It  is  evident  that  the  solution  corre¬ 
sponding  to  X  j  is  identical  to  the  eigenfunctions  Uj  of  the  minimum  problem  (31.1) 
corresponding  to  the  buckling  load  X  ^  .  However,  the  remaining  eigensolutions  of 
(38 . 4)  can  be  correlated  with  the  eigenfunctions  u2  ,  ,  . . .  of  the  minimum  prob¬ 

lems  (24.8)  corresponding  to  the  buckling  load  X  ,  if 

T2  [u]  =  p£  [u]  .  (38.5) 


This  is  always  possible  as  P®  [u]  is  definite.  The  problems  (24.8)  in  that  case  are 
formulated 


o> 


h 


[u]  +Xp^  [u] 

A  M 


with  the  side  conditions 

P°  [u  ,u]  =  0.  j  =  1,  2  ...  h  -  1 

J 


(38.6) 
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The  homogeneous  variational  equation  (22 . 9)  for  the  eigenfunctions  Uj 
(1  -«)  P°n  [u.t]  +  \Pn  [u,t]  =  0  , 
which,  by  the  substitution  of 


then  becomes 


(38.7) 


becomes  identical  to  (38.4)  and  consequently  has  the  same  solutions.  The  sequences 
S  ’  ^2  ’  *3  ’  '  "  and  •  u2  ’  w3  ’  “  ‘  are  raonotonically  increasing;  this  is 
only  possible  if  (38.7)  is  valid  with  identical  subscripts  on  tu  and  X 


wh 


(38.8) 


Thus  the  eigensolution  of  (38.4)  corresponding  to  Ah  must  be  identical  to  the  eigen¬ 
function  ufa  corresponding  to  Wj,  . 1 


This  does  not  imply  that  the  set  of  eigensolutions  of  (38.4)  corresponding  to  positive 
values  of  A  are  identical  to  the  set  of  eigenfunctions  (22. 9) .  On  the  contrary, 
eigensolutions  of  (38.4)  corresponding  to  possible  negative  values  of  X  are  also 
represented  in  the  eigenfunctions  of  (22.9),  In  the  subsequent  considerations,  nega¬ 
tive  values  of  X  have  as  before  been  disregarded  since  these  cases  can  easily 
be  reduced  to  those  which  are  being  treated  by  replacement  of  the  unit  load  system 
by  one  with  opposite  sign. 
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Use  of  (38.5)  also  gives  the  advantage  that  a  vector  function  u  satisfying  the 
condition 


P°n  [uj(uj  =  0 

on  account  of  (38.4) ,  also  satisfies  the  relation 


Pu  [Uj ,  u]  =  0 


(38.9) 


(38.10) 


and  vice  versa. 

» 

The  integral  P2  [u]  can  also  assume  negative  values.  If  it  is  definite  negative  and 
of  a  more  simple  form  than  P®  [u]  ,  it  is  even  more  advantageous  to  set 

a 


T2  [u]  *  -  P2  [u]  .  (38.11) 

In  that  caset  the  identify  of  the  eigensolution  which  corresponds  to  and  the  eigen¬ 
functions  Ujj  of  (22.9)  can  again  be  shown  in  analogy  with  the  foregoing.  Also,  the 
equivalence  of  the  relations  (38.9)  and  (38.10)  remains  unchanged. 

For  the  analysis  of  the  equilibrium  states  at  loads  in  the  neighbourhood  of  the  buckling 
load  separation  (32.3)  has  successfully  been  utilized.  Again,  if  for  the  time  being  the 
solution  u)  of  the  problem  (38.6)  is  assumed  to  be  positive,  then  to  make  also  use 
the  usefulness  of  (32.3)  is  obvious  for  the  analysis  of  equilibrium  states  at  loads 
further  removed  from  the  buckling  load.  Introduction  of 

u  =  ai^  +TT  with  P®j  {u^,u]  =  0  (38.12) 
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In  (38.3)  yields  after  expansion  and  rearrangement 


PA[u!  =  a2  |p°  [uj  +\p'2  [Ul]  |  +  a3  |p®  [Ul]  +  XP3  (UlJ  |  + 

+  a4P°  [uj  +  a2  jp^  ruj.ul  +  XP21  [Uj  ,u] )  +  a3Pgi  [Uj.u]  + 

+  P°  [IT]  +  XP2  [u]  +  a  |pj2  [Uj.uJ  +  \p'12  fUj , uj  |  + 

+  a2P°2  tUl.u]  +  P°  [u]  +  XPg  In)  +  aP®3  [u^u]  +  pj  [n]  . 

(38.13) 

In  this  expression  use  has  already  been  made  of  (38.10)  which  follows  from  (38. 12). 
With  use  of  (38.12)  it  follows  from  (38.6)  that 

P°  [u]  +  [n]  »«aPj  [u]  , 


or  with  use  of  (38.8)  that 

^P®  [n]  .  (38.14) 

Consequently,  the  left  hand  side  of  (38.14)  is  always  positive  for  X<Xg  . 

Now,  if  it  is  assumed  finally  that  the  displacements  u  from  the  fundamental  state  are 

_  t 

small,  so  that  a  and  u  are  also  small,  then  omission  of  terms  which  lollow  XPg  [u] 
can  be  justified  in  the  same  manner  as  in  Sect.  32.  The  integrands  of  these  terms  are 
either  of  the  second  order  and  contain  in  that  case  one  or  more  factors  of  ja  ,  or  are 


P°  1=1 


+  *P 9  [u]  * 


(‘  'H 
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Ln  (38.3)  yields  after  expansion  and  'earrange.'nmt 


PXlu]  -  a2  |p°  [uxl  +XPg  [u1]  |  +  a3  |pj  [u^  +  XP3  [uj  |  + 

+  a4P°  [Uj]  +  a2  Jp®x  IurS]  +  XP^  fU]  ,u)  j  +  a3P31  fu^ul  + 

+  P3  [S]  +XPJ,  [u]  +  a  |pj2  [urul  +  XPX2  [Uj.u]  |  + 

+  a2P32  [uru)  +  P°  ["]  +  XP;  [Si  +  aP°3  [U]L,u]  +  Pj  [S]  . 

(38.13) 

In  this  expression  use  has  already  been  made  of  (38.10)  which  follows  from  (33.12). 
With  use  of  (38. 12)  it  follows  from  (38.6)  that 

P®  lu]  +  X^  [u]  ico2P®  [S)  , 


or  with  use  of  (38. 8)  that 

P®  [5)  +XP2  [n)t  ^1  -A-^P°  W  ■  (38.14) 

Consequently,  the  left  hand  side  of  (38. 14)  is  always  positive  for  X<X2  . 

Now,  if  it  is  assumed  finally  that  the  displacements  u  from  the  fundamental  state  are 

_  t 

small,  so  that  a  and  u  are  also  small,  then  omission  of  terms  which  follow  XP2  [u] 
can  be  justified  in  the  same  manner  as  in  Sect.  32.  The  integrands  of  these  terms  are 
either  of  the  second  order  and  contain  in  that  case  one  or  more  factors  of  a  .  or  are 
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Pjj  [u,  t]  +  XPU  (u,d  +  a2  J  Pgj  furt]  +  XP21  [Uj.t]  + 

-  'Ul'  -?■ 


"*2  lulJ 


«j  |  (<  ^*4  0  I 

+  aJ  P,.  [u  ,tl - ff— *-*11  K>*]  “  0.  (38.18) 

”  1  31  1  2Pj  lUjl  11  1  ' 

This  equation  should,  together  with  the  condition 

pJl  [u^u]  *  °  (38.19) 

determine  the  functions  u  .  Indeed,  the  solution  is  uniquely  determined  for 

X ^  ,  h  =  1,  2, 3. . .  .  For,  in  view  of  (38.18),  the  difference  between  two  solutions 
should  satisfy  the  homogeneous  equation  (38. 4)  which  only  has  a  zero  solution  for 
X^X  ^  .  The  solution  is  uniquely  determined  also  for  A  =  X  ^  .  For  the  difference 
between  two  solutions  u'  and  u”  condition  (34. 4)  can  be  obtained  from  (38. 18)  by 
subtraction.  It  is  true  that  this  condition  admits  u'  -  u"  *  cUj  ,  but  this  solution 
Is  incompatible  with  the  condition  (38. 19)  which  holds  for  u'  and  u"  . 

The  circumstance  that  for  X  *  A^  the  functions  u  are  already  uniquely  determined 
by  equation  (38.18)  gives  the  impression  that  these  functions  are  subjected  to  too 
many  requirements  after  addition  of  the  condition  (38. 19).  This  is  apparent  indeed, 
because  by  application  of  (38. 18)  with  f  =  and  of  (38.4),  it  follows  that 

j  \ 

+xpii  *  f1  -T7]pnt“."i)  -  o 

so  that  for  Ajf  A  ^  condition  (38. 19)  is  implied  by  (38. 18). 
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t 


of  higher  order  in  u  and  its  derivatives  so  that  their  absolute  values  are  small  i.i 
comparison  to  the  terms  in  the  left  hand  side  01  (as.  ii)  the  svm  ol  which  In  always 
positive  for  X  <  X9  .  The  approximation  of  the  energy  in  that  case  becomes 

Pxlu]  =  a2  |  P°  tU;L]  +XP2[Ul]  ]+  a3  |  P°  [Ul]  +XP3IUJ1I  + 

+  a4P^[Ul]  +  a2|P21(u1,G'l  +  \P21tu1,ir]|+a3P®1[u1,u]  + 

+  pJjul  +  XPglu]  .  (38.15) 

Equilibrium  configurations  are  again  characterised  by  stationary  values  of  the  energy. 
Oust  as  previously,  the  stationary  values  of  (38. 15)  are  first  determined  for  arbitrary 
constant  values  of  a  .  For  this  purpose  the  increment  of  (38. 15)  is  determined  on 
transition  to  a  function  u  +  rj  such  that 

Pj1[u1,»}]=  0  •  (38.16) 

PX[u  +n]  -  pV]  -  52(P21  [VTJ1+  XP2[urf))|+  ^P^IUj.tj]  + 

+  P^tS.uJ  +  XP^U.Tl]  +  P°{tj]  +\Pg  [t>].  (38.17) 

For  a  stationary  value  of  (38. 15)  it  is  required  that  the  sum  of  the  terms  of  (38. 17) 

which  are  linear  in  rj  should  be  zero .  This  stationary  value  iB  always  a  minimum  for 

X  <  X2  as 

P°  [rjl  +  XPg  [17]  *0  . 

The  derivation  of  a  variational  equation  with  kinematically  possible  functions  £  which 
are  not  subjected  to  restriction  (38.16)  is  carried  out  in  exactly  the  same  manner  as 
before.  The  result  is 
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Fci  X  =  X^  h  =  2,3,..,  (he  homogeneous  equation  (38.4)  corresponding  to  (38.  1H) 
has  a  solution  which  satisfies  condition  (38. 19).  In  that  cane  the  nonhomogeneoun 
equation  (38.18)  does  generally  not  have  a  solution.  By  restriction  of  the  analysis  to 
X  <  Xg ,  which  was  done  through  the  approximation  applied  U>  (33.  IC),  this  singularity 
would  be  insignificant,  except  that  in  general  it  manifests  itself  by  a  rapid  increase  of 
the  solution  u  of  (38.18)  as  X  approaches  X^  .  In  that  case  tais  solution  does  not 
satisfy  the  requirement  of  smallness.  How  this  difficulty  with  the  restriction  X  <  Xg 
previously  intrMuced  can  be  overcome,  will  be  explainted  later.  For  the  time  being, 
the  considerations  will  be  restricted  to  values  of  X  sufficiently  far  below  Xg . 


Because  of  the  linearity  of  (38. 18)  and  (38. 19),  their  solution  can  be  written  in  the 


u  =  *2<p2X+  a3?3X  . 


(38.  20) 


It  is  not  possible  here  to  express  the  dependency  of  (38. 20)  on  X  in  a  simpler  way 
because  X  appears  also  as  a  coefficient  of  the  unknown  functions  u  in  (38.18).  When 
use  is  made  of  (38. 18)  for  E  ■  u  it  follows  for  the  minimum  of  (38. 15)  that 

Pl(a)  -  «2|r'’  [u,l  +  ApjlUj]  |+ a3|Pj  [»,!  4  APj  (Ujl  |+ 

.  a<P°  -  P»  |?V+  aV)-  XP;  |sV  iV)- 

In  the  above  expression  terms  of  the  fifth  and  higher  order  in  a  can  be  omitted  since  also 
the  la.'ms  neglected  in  (38. 13)  would  yield  terms  of  tb*  fifth  order  after  substitution  of 
(38. 20).  By  use  of  the  identity  following  from  (38. 4) 


W  -  - *7  p2  "V 
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For  X  «•  x  h=  2,  3,  . . .  the  homogeneous  equation  (38.  4)  corresponding  to  (38.  J  8) 
has  a  solution  which  satisfies  condition  (30.19).  In  that  caso  the  ncnhomogeneous 
equation  (38.18)  dose  generally  not  have  a  solution.  Dy  restriction  of  the  analysis  to 
X  <  X^.  which  was  done  through  the  approximation  applied  to  (38. 13),  this  singularity 

would  he  inniirnificnnt.,  except,  that  in  general  it  manifests  itself  by  a  rapid  increase  of 
the  solution  u  of  (38. 18)  as  X  approaches  X2  .  In  that  case  this  solution  does  not 
satisfy  the  requirement  of  smallness.  How  this  difficulty  with  the  restriction  X  <  X^ 
previously  introduced  can  be  overcome,  will  be  explainted  later.  For  the  time  being, 
the  considerations  will  be  restricted  to  values  of  X  sufficiently  far  below  X2. 


Because  of  the  linearity  of  (38. 18)  and  (38. 19),  their  solution  can  be  written  in  the 
form 


u 


*V+»V' 


(38.  20) 


It  is  not  possible  here  to  express  the  dependency  of  (38.  20)  on  X  in  a  simpler  way 
because  X  appears  also  as  a  coefficient  of  the  unknown  functions  u  in  (38.18).  When 
use  is  made  of  (38. 18)  for  £  =  u  it  follows  for  the  minimum  of  (38. 16)  that 


PX(a)  =  a2  jp®  [u^  +  XP2  [uj]  |  +  a3 1 P®  [Uj]  4  *Pg  [Uj]  |+ 

4  a4P°  fujl  -  P°  |a2,2*+  ^V|-*P2  [*V+  z\X\ 


In  the  above  expression  terms  of  the  fifth  and  higher  order  in  a  can  be  omitted  since  also 
the  terms  neglected  in  (38. 13)  would  yield  terms  of  the  fifth  order  after  substitution  of 
(38. 20).  By  use  of  the  identity  following  from  (38. 4) 


P2*V  ”  "  Xj  P2  ^ 


114 


and  by  introduction  of  the  notation 


P®  (u,l  =  A®,  P?  [uj  =  A®,  Pi  fu,l 


p®  ru  l  _  p® f A  _  >p'  (fi  *1  =  a 

*4  lV  1  2\  2  Ai2  2  4 


A0  i 


(38.21) 


it  follows  for  the  minimum  of  (38. 15)  that 


PX  (a)  =  ( 1  -  xjA®a2  +  (A°  +  XAg)  a3  +  aJ  a4. 


(38.22) 


In  view  of  (38.  21)  the  terms  of  (38. 22)  up  to  and  including  the  third  order  are  already 
completely  determined  by  u^  .  Consequently,  for  cases  in  which  a  sufficiently  accurate 
approximation  has  been  obtained  with  the  inclusion  of  these  terms  already,  the 
solution  of  (38. 18)  and  (38.19)  is  not  needed. 


Possible  equilibrium  configurations  are  determined  by  the  values  wnich  yield  stationary 
values  of  (33. 12)  and  the  corresponding  functions  u  .  Since  at  constant  values  of  a 
expression  (38.22)  is  a  minimum  of  (38. 15), equilibrium  is  stable  or  unstable  depending 
on  whether  the  stationary  value  corresponding  to  (38.22)  is  or  is  not  a  minimum. 


It  was  previously  mentioned  that  in  general,  the  function  u  does  not  remain  small 
when  X  approaches  X  2  .  The  elimination  of  this  difficulty  will  now  be  treated.  For 
this  purpose  it  is  remarked  that  the  homogenised  equation  (38. 18)  for  the  case  X~  X  2 
possesses  the  solution  cu2  .  Thus,  an  obvious  step  seems  to  be  the  replacement  of 
(38.12)  by 


u  =  +  a2u2  +  u  with  lu^u]  =  P^  [u2,  u]  =  0  .  (38.23) 

The  case  u>2  s  W1  =  0  »  which  80  *ar  haB  been  disregarded,  .will  at  the  same  time  be 
treated.  In  this  case  X  2  =  X  so  that  (38. 23)  rather  than  (38. 12)  should  be  used  for 


values  of  X  in  the  neighbourhood  of  (see  also  Sect.  36).  Substitution  in  (38. 3) 
yields  after  expansion  and  rearrangement 


px  [«i  =  4  |p«  [Uli  +xP;  [uji  |  +  4  (p®  [u2i + xP;  [u2]|  + 

+  aJ|PSlV  +  *PiM  + 

+  a^a2 1  P^  (Ul,  u2)  +  XP21  [up  tig]  |  + 

+  ala2  |P12  lul>u2^  +  XP12  tul»u2^|  + 

+  4|P3  tu21+XP3  lu23 |  + 

+  aj  P4  [Ujl  +  aia2P31  [UpUg]  +  aja2P22  [UpUg]  + 

+  aja^Pjg  (u1,  u2]  +  a2P4  [u2]  + 

+  4  |p2i  +  ^p2i  |  + 

+  V2I  pui  furu2’Sl  +XP111  turu2’s)]  + 

+  a2  |P21  [u2’*]  +  XP21  la2>~l]  l+  alPSl  'ul’“]  + 

1  ‘ui>u2,u^  +  ala2P121  ^U1,U2’ u3 

+  a2P31  lu2,  u]  +  P°  [u]  +  \P2  [u]  +  . . . 

Here  use  has  been  already  made  of  the  properties  of  the  functions  Up  u2  and 

P11  [U1’U23  =  pn  tui’u23  =  P11  fVal  =  pn  tV*3  “ 

=  P®x  [u2,u]  -  P^  [u2,u]  =  0  . 


(38. 24) 

u 
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By  analogy  to  the  ioregoing  in  the  case  that  X  <.  Xg,  it  is  also  possible  to  justify  the 
omission  of  the  terms  in  (3fi.  24)  which  follow  X  Pgfu].  Also  the  determination  of  the 
stationary  value,  which  appears  again  to  he  uninne  for  X  ***  X  „  j  opens  no  uCV.  u .  ^ ico ■ 

o 

The  functions  u  corresponding  to  the  minimum  are  again  sufficiently  small  only 
when  ,\  stays  sufficiently  below  «  ^  .  Again,  for  ine  minimum  itself  the  functions  u 
do  not  contribute  terms  of  lower  order  than  the  fourth  in  a1  and  .  Hence,  in 
cases  for  which  terms  of  the  fourth  order  may  be  neglected.it  is  sufficient  to  know  the 
eigenfunctions  u^  and  ug  . 

It  need  not  be  said  that  the  difficulty  which  arises  as  X  approaches  X„  can  be  over- 

U 

come  in  the  same  manner  by  separation  of  the  component  of  the  third  eigenfunction 
in  the  displacement  u  from  the  fundamental  state.  Thus  in  principle,  this  method  can 
be  extended  to  arbitrarily  large  values  of  X  provided  that  the  assumption  concerning  the 
smallness  of  the  displacements  u  remains  satisfied.  As  X  is  increased  very  far  in 
excess  of  Xj »  a  large  number  of  eigenvalues  X^  will  be  passed.  In  that  case,  the 
analysis  becomes  very  complicated  and  will  usually  appear  to  ije  impractical  unless 
the  approximation  of  the  energy  is  sufficiently  accurate  even  if  the  series  expansion  is 
broken  off  after  the  third  order  terms. 

Once  the  approximate  expansion  of  the  energy  PX  (a^  is  available,  the  determination 
of  its  stationary  values  does  not  contribute  any  new  points  of  view  beyond  those  pre¬ 
sented  inSect.  35  and  36.  The  stability  analysis  also  proceeds  entirely  in  agreement 
with  the  conventional  scheme. 

Finally,  it  is  noted  that  the  first  assumption  introduced  in  this  section  regarding  the 
nature  of  the  load  system  is  unnecessarily  sharply  formulated.  It  is  sufficient  to 
assume  instead  that  the  displacements  U(X)  remain  so  small  that  their  influence  on 
the  direction  and  magnitude  of  the  load  which  is  acting  upon  a  body  element  may  be 
neglected.  The  increase  of  the  load  energy  on  transition  from  the  fundamental  state 
U{x)  to  a  neighboring  state  U(x)  +  u  is  then  independent  of  U^) 

-W[u]  =  -Wj  [u]  -  W2tu]  -  ...  = 

=  -XW^[uJ  -XW2[u]  -  ...  (38.25) 
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Accordingly,  the  terms  -AW^lu]  ,  mi  2  should  be  added  to  expression  (38. 3). 
mi _ _ tkon  in  rtm  «m«  manner  an  nlreadv  has  been  described. 


Chapter  4 

mTm  *-* r»  ntir  A  r  ▼  r»T?«rr  A 

i  nii  inf  juui^iNUXf  v^r  dium-LiU  ul*  vjaiiuiio 


The  geometric  form  of  a  structure,  the  elastic  properties  of  its  material,and  the 
forces  acting  on  it  are  never  exactly  known.  Such  a  structure  is  made  accessible  to 
analysis  by  design  of  a  model  which  represents  the  structure  as  well  as  possible  and 
to  this  model  the  theory  of  elasticity  is  applied. 

When  the  difference  between  the  real  structure  and  the  idealized  model  are  small  and 
when  the  displacements  are  so  small  that  the  classical  theory  of  elasticity  may  be 
applied,  then  the  behaviour  of  the  model  yields  a  good  approximation  of  the  elastic  be¬ 
haviour  of  the  real  structure;  this  approximation  improves  as  the  differences  between 
real  structure  and  model  become  smaller. 

On  the  other  hand,  in  the  case  that  the  displacements  are  not  small  enough  that  the 
linear  theory  of  elasticity  can  be  applied,  the  model  does  not  always  yield  a  satisfactory 
approximation  of  the  elastic  behaviour  of  the  structure.  It  is  true  that  the  approxima¬ 
tion  improves  when  differences  between  structure  and  model  decrease ,  but  the  small 
differences  which  appear  in  reality  may  have  a  significant  influence.  This  is  clearly 
illustrated  by  the  example  of  the  axially  compressed  bar.  The  model  used  here  is  the 
true  prismatic  and  homogeneous  bar  loaded  by  central  axial  compression.  When  the 
load  is  not  too  far  away  from  the  buckling  load  of  the  model,  a  small  deviation  of  the 
axis  at  the  real  bar  from  the  straight  line  or  a  small  eccentricity  of  the  loading  will 
cause  considerable  bending  of  the  real  bar,  while  the  axis  of  the  model  bar  will  remain 
straight  under  the  given  load. 

The  stability  theory  belongs  essentially  to  the  field  of  the  non-linear  theory  of  elasticity 
and ,  therefore ,  it  is  necessary  to  take  into  consideration  the  influence  of  small  deviations 
between  structure  and  model.  The  smallness  of  the  deviations  makes  it  possible  to  omit 
all  terms  except  those  which  are  linear  in  these . 
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41.  THE  DEFORMATIONS 


In  the  undeformed  state  a  point  P°  of  the  structure  is  given  by  its  coordinates  x?  with 
respect  to  a  rigid  orthogonal  frame  of  reference.  when  inis  point  is  subjected  to  a 
displacement  with  components  u^  in  the  direction  of  the  axes ,  the  deformation  in  the 
immediate  neighbourhood  of  P°  is  described  by  the  six  components  of  deformations 
(See  (11.1)). 


y  o  s  y  O 

a  Tji 


du.  du. 


i  ui  V'  i  Ui 


(41.1) 


Points  of  the  structure  are  mapped  uniquely  and  reversibly  into  points  of  the  corre¬ 
sponding  model  if  the  coordinates  of  a  point  P°  of  the  real  structure  are  written. 


o  J  o 
xi  =  xi  +  ui  ' 


(41.2) 


Here,  Xj  are  the  coordinates  of  the  corresponding  point  P  of  the  model.  The  geo¬ 
metrical  differences  between  structure  and  model  are  small  when  the  functions  u°  are 
small.  In  that  case  the  requirement  of  reversibility  of  the  mapping  is  always  satisfied 
because  the  functional  determinant  obeys 


5<xl*  Vx3} 


6hj+ 


0  {%  - 1 


for  h  = 
for  h  t 


(41.3) 


and  1b  therefore  always  nonzero. 

The  description  of  the  deformed  state  of  the  structure  is  given  with  x°  as  independent 
variables.  It  is  also  possible  however,  to  Introduce,  by  use  of  transformation  (41.2), 


'  The  superscript  0,  used  here  and  in  the  following  section  to  indicate  the  real  structure, 
should  not  be  confused  with  the  superscript  used  in  Sect.  38. 


120 


x,  the  coordinates  used  for  the  analysis  of  the  model  as  Independent  variables.  It  is 
obvious  then  that  the  comparison  of  elastic  behaviour  of  structure  and  model  will  be 


considerably  simplified,  In  view  of  (41.3)  ,  — —  can  be  solved  from  relations 
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For  j  =  1  it  follows  that 
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or  with  terms  of  second  and  higher  order  disregarded  in  the  derivatives  of  u° 


dx°  " 


d\  s\ 


For  j  =  2  and  j  =  3  an  analogous  result  follows ,  so  that  in  general 


f^i  =  fS  .  y 

dx°i  dxi  h=i  dxj 


(41.4) 
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Substitution  of  (41.  4)  in  (41.1)  yields,  again  after  omission  of  terms  of  second  and 
higher  order  in  the  derivatives  of 


V 


+  f!i 

3xJ  5Xj 
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a  3  /o  O  0  ^  \ 

n  k  nuui  +  °\  fM 
0xh  m  d\  dxJ 
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■f  V  6uS  |'e"i  fV  e"i 

\®*k  K  oxk  8V 


y{i  +  AYij  (41.5) 


where  the  y^  are  the  strain  components  (11.1)  at  a  point  P  in  the  model  which 
corresponds  to  a  point  P°  in  the  structure,  provided  that  the  displacements  of  the 
points  in  the  structure  and  in  model  are  eqyal;  the  A-y^  are  the  differences  in  the 
strain  components  caused  by  the  differences  in  geometry  between  structure  and  model. 

42.  THE  POTENTIAL  ENERGY 

The  elastic  potential  of  the  model  is  a  homogeneous  quadratic  function  of  the  strain 
quantities  (11.1/ 


A  (Ytj)  =  I  ctj  Tjj2  (42.1) 

where  summation  should  be  carried  out  over  the  six  combinations  of  1  and  j  .  It  is 
assumed  that  the  elastic  potential  of  the  real  structure  is  also  given  by  a  homogeneous 
quadratic  function  of  the  strain  components  which,  now  however,  are  determined  by 
(41.5) 


(42.2) 
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The  coefficients  c°  =  +  Ac^  differ  slightly  from  the  coefficients  of  (42.1). 

Expansion  of  (42.2)  yields.if  only  linear  quantities  of  the  differences  between  structure 
and  nwvifli  taken  into  account 

A0  (V^0)  =  2  ctj  +  22'Cjj  7tj  ArtJ  +  ZA  c^  V^2  =  A  (Y^)  +  AA  .  (42.3) 
The  total  elastic  energy  of  the  structure  is  given  by  the  Integral 


dxjdxjdxj 


where  integration  is  carried  out  over  the  volume  of  the  structure.  By  use  of  (41.2) 
this  Integral  is  transformed  into  an  integral  which  extends  over  the  volume  of  the  model . 

°  M  -  ///A°  (V)^1 :  ■  ‘4  **  ** dX3 ' 

Finally,  by  expansion  and  by  omission  of  second  and  higher  order  terms 
in  the  differences  between  structure  and  model,  for  the  elastic  energy  it 
follows 


/// 

-///•■« 


A°(V)  *■?  *3" 


)  dXg  dXg  + 


III 


AA  dXj  d^  dXg  + 


*///A  <yu>  +  +  -*1  “*2  • 


(42.4) 
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It  is  assumed  that  the  load  pX^dx^dx^dx^  which  is  acting  on  a  volume  element  at  an 

{m^akIaw  aaI  tif  v  r\t  Iko  m nrlnl  nnnwAannn  tAa  A  Inorl  (  (lY  i.  A  /«Y  \t  sW  Hv  Hv  OA+l«rr 

— . * -  "i  "*" . . . •' - lr"i  »  -*1—2—3  - ° 

at  an  interior  point  x”  +  Ax”  of  the  structure.  Let  Xj  +  AXj  be  the  point  in  the 

model  corresponding  to  x”  +  Ax^  .  The  quantities  Ax^  can  be  understood  to  be 
eccentricities  of  the  loads  which  are  acting  on  the  structure,  in  reference  to  the  geom¬ 
etry  of  the  model.  Likewise,  it  is  assumed  that  the  load  p^df  acting  on  a  surface 
element  in  the  point  of  the  model  corresponds  to  loads  (p^  +  Ap^df  acting  on  the 
surface  of  the  structure.  If  the  magnitude  and  direction  of  the  loads  are  given  with 
respect  to  the  rigid  coordinate  system,  the  potential  energy  of  the  loads  for  the  struc¬ 
ture  is  (see  (29.7)) 


iJ 

■81 

■® 


E^i^dx^dXg  .  i\  i?iPiUld£ 


X^PXj)  u1dx1dx2dx3  -  ||  .EaPj  ^df  + 
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9u. 

5xJ'Axjdf  ‘ 


(42.5) 


The  total  energy  is  given  by  the  sum  of  expression  (42.4)  and  (42.5).  All  possible 
deviations  of  the  structure  with  respect  to  the  model  are  here  taken  into  account.  In 
the  following,  however ,  the  differences  of  elasticity  constants  and  magnitude  of  the 
loads  will  be  disregarded  so  that  only  the  influence  of  the  geometrical  deviation  and  of 
the  eccentricity  of  the  loads  will  be  taken  into  consideration.  The  total  energy  in  that 
case  is 
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+  JJJ  22"cijyijAyij  +2joijVgl'a^  dxidx2dxs  + 
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Ax^df 


(42.6) 


The  first  three  terms  represent  the  energy  of  the  model ,  the  fourth  term  the  energy 
Increase  as  a  result  of  the  geometrical  deviations,  and  the  last  termB  the  energy 
increase  caused  by  the  eccentricities  of  the  loads.  It  is  noted  also  that  the  integrand 
of  the  fourth  term  as  well  as  that  of  the  first  term  is  a  polynomial  in  the  derivatives 
of  u.  with  terms  of  the  second,  third,  and  fourth  order.  The  integrands  of  the  last 
term,  as  well  as  those  of  the  second  and  third  term,  depend  linearly  on  the  displace¬ 
ments  Uj  .  For  the  following  it  is  advantageous  to  write  the  geometric  deviations 
and  the  eccentricities  in  the  form 


u®  =  ev®  ,  AXj  =eAyt.  (42.7) 

The  last  three  Integrals  then  have  a  factor  e  in  common.  The  quantities  v°  and 
Ay{  characterise  the  nature  of  the  differences  between  structure  and  model.  The 
factor  t  determines  the  magnitude  of  these  differences  and  is  accordingly  named  the 
deviation  parameter. 

43.  SIMPLIFICATION  OF  THE  ENERGY 


As  in  Chapter  3  the  loading  is  assumed  to  be  given  as  a  product  of  a  unit  load  system 
and  a  load  parameter  X.  If  the  model  possesses  an  equilibrium  configuration  for  a 
certain  value  of  X,  then,  for  small  differences  between  structure  and  model,  it  can 
be  expected  that  the  structure  possesses  an  equilibrium-configuration  for  the  same 
value  of  X  with  displacements  which  differ  slightly  from  the  equilibrium  displacements 


125 


of  the  model.  In  the  limiting  case  that  the  deviation  parameter  e  converges  to  zero, 
the  equilibrium  states  of  the  structure  should  of  course  approach  those  of  the  model. 

Thus,  the  structure  shall  in  general  possess  an  equilibrium  state  whose  displacements 
differ  slightly  from  the  displacements  U(a)  of  the  fundamental  state  of  the  model. 
However,  also,  the  neighboring  states  of  equilibrium  of  the  model,  which  exist  for 
loads  in  the  neighborhood  of  the  buckling  load,  will  correspond  to  equilibrium  states  of 
the  real  structure  whose  displacements  will  differ  slightly  from  the  displacements  of 
the  model,  and  consequently,  will  differ  slightly  from  the  displacements  U(A)  of  the 
fundamental  state  of  the  model.  It  is,  therefor  expropriate  for  the  analysis  of  all  these 
equilibrium  states  to  write  for  the  total  displacements  of  the  structure  (at  present 
indicated  by  v  ) 

v  =  U(  A)  +  u.  (43.1) 

After  introduction  of  (43.1)  in  (42.6),  the  integrands  are  expanded.  Through  a  series 
expansion  in  agreement  with  (22.1)  the  sum  of  the  first  three  integrals,  which  together 
represent  the  energy  of  the  model  corresponding  to  the  displacements  (43.1),  are 
found  to  be 

P(U(A)  +  u)  =  P (U (A) )  +  P£[u]  +  p£[u]  +  P*[u]  +  P$[u]  ,  (43.2) 

Here  the  dependency  on  the  load  parameter  is  expressed  by  use  of  the  index  A .  In  (42.6) 
there  are  no  Integrals  with  Integrands  of  an  order  higher  than  four  in  the  displacements 
and  their  derivatives .  Therefore 

P^  [u]  =  0  for  m  >  4  ;  P  J  [u]  =  P4  [u] 


1In  the  following,  the  subscripts  i  etc. ,  which  indicate  the  components  of  the  dis¬ 
placements,  are  again  discarded. 
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should  hold  (see  also  Sect.  29).  Besides,  the  fundamental  state  of  the  model  Is  an 
equilibrium  state  and  thus  (22  9)  ahnittH  Ho 


P*  [u]  =  0 


The  remaining  integrals  of  (42. 6)  are  treated  in  an  analogous  manner.  The  result  is 
of  the  form 


< Q  (UU)  +  u)  =  €Q  (U (A))  + 

+  <{qJ[u)  +  q£  [u]  +  Q*[u]  +  Qx[u]}  (43.3) 

which,  unlike  (43.2),  in  general  should  contain  the  linear  term  in  u  ,  Qx[u] .  This 
term  results  partially  from  the  fourth  integral  and  partially  from  the  last  two  integrals 
of  (42.  6).  The  integrand  of  the  first  part  is  a  linear  polynomial  of  the  derivatives  of 
the  displacement  u  ,  whose  coefficients  all  contain  at  least  one  of  the  derivatives  of 
U  (A)  as  a  factor;  the  integrand  of  the  second  part  contains  the  factor  X  . 

For  small  displacements  u  the  term  of  the  lowest  order  in  (43. 3)  will  be  most  signifi¬ 
cant  so  that  for  a  first  approximation  to  the  influence  of  the  differences  between  struc¬ 
ture  and  model  it  is  sufficient  to  take  only  this  term  into  account.  The  energy  of  the 
structure  then  is 


P*[u]  +  «QX[u]  =  P*[u]  +  P*[u]  +  P4[u]  +  eQ*[u],  (43.4) 

w L.’"':  an  unimportant  contribution  independent  of  u,  and  representing  the  energy  corre¬ 
sponding  to  the  displacements  U(X) ,  has  been  disregarded. 
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It  is  of  course  of  particular  importance  to  determine  how  the  structure  behaves  at  loads 
in  the  neighborhood  of  the  buckling  load  of  the  model.  For  this  purpose,  juBt  as  in 
Sect.  32,  the  integrals  occurring  in  (43.4)  will  be  expanded  in  terms  of  X  -  X^ 

P*  [U1  +  e  Q*  [u]  =  P2  [u]  +  (X  -  Xx)  P2'  [u]  +  (X  -  Xx)2  P"  [uj  + 


+  ••■.+  Pg  M  +  (X  -  Xj)  Pg'M  +  ....  +  P4IU1  + 

+  «  jQ!  [u]  +  (X  -  Xx)  Qj'  [u]  +  ....  |  . 


(43.6) 


As  in  Chapter  3,  the  assumption  of  the  existence  of  this  expansion  implies  that  only 
stability  problems  can  be  treated,  for  which  the  critical  state  of  the  model  constitutes 
a  bifurcation  point  of  equilibrium. 

For  the  analysis  of  equilibrium  configurations  in  the  neighbourhood  of  the  buckling  load 
in  the  case  that  the  solution  co0  for  the  critical  state  of  problem  (24. 4)  is  positive, 
it  was  stated  that 


u  =  +  u  with  1^,5)  =0  . 

It  is  to  be  expected  that  also  for  the  analysis  of  the  structure  this  decomposition  will 
be  useful.  Introduction  in  (43.  5)  after  expansion  and  rearrangement  (see  also  (32.4)) 
gives 


*As  confusion  about  the  indices  of  the  coordinate  directions  can  be  excluded,  the 
indices  for  the  eigenfunctions  are  again  placed  right  below  the  symbol. 


pX  [u]  +  cqX  [u]  =  ae  |  Qx  (Uj]  +  (X  -  X^  +  ....  j  + 


.2  i  ...... 


(A  — _A}/  x-g  IUjI  T  1A  "  A 


.  .9. 


l  >  +  •  •  •  •  j + 
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+  a 


Qj  [0]  +  a  -  X^  QjMn]  + ....  + 


(X  -  Xt)  Pu'  [Uj  .  u]  +  (X  -  X^  ,  u]  + 

+  a2  J  P21  [ux  ,  u]  +  ( X  -  Xx)  P2i  ^ui  »  °1  +  •  •  •  ■  j  + 

+  ?3  P31  lui  »  ^  +  P2  la]  +  (X  -  Xx)  P2'[a]  +  ....  + 

+  a  P12  [Uj  ,  uj  +  .  . . .  +  P3  lu]  +  . . . .  +  P4  [U] 


(43.6) 


In  agreement  with  Sect.  32  the  omission  of  the  terms  which  follow  P  [H]  is  justified. 
It  follows  that 

pX[u]  +  eQA[ul  -  ae  |  (^  [u^  +  (X  -  Xj)  [u^  +  ....  J  + 

+  a2  J  (X  -  Xj)  Pg'l^]  +  (X  -  X x)2  P" 1^]  +  ....  J  + 


+  a 


Pgluj]  +  (X  -  Xx)  Pg'lu^  +....!■+  a4P4[Ul]  + 
+  €  j  Qj  [u]  +  (X  -  Xj)  Qj'IO]  +  .... 

+  a  j  (X  -  Xt)  Pn'  [Uj_  ,  u]  +  (X  -  X1)2Pn"[u1  ,  H]  + 


+  a  p21  [ux  ,  Q]  +  (X  -  Xj)  p21,[a1  ,  u)  +  .. 


+  a3  P31  [u4  ,  u)  +  p2  lu]  . 


(43.7) 
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Furthermore,  It  Is  noted  also  that  the  simplifying  assumption  with  regard  to  the  nature 
of  the  load  system,  as  was  introduced  in  Sect.  42,  is  not  essential.  For  more  general 
load  systems  the  increment  in  the  energy  on  transition  from  the  displacement  configu¬ 
ration  U(A)  to  U(X)  +  u  can  always  be  expanded  in  terms  of  X  -  X  ^  .  For  that  case 
the  terms  to  be  added  to  (43.2  and  3)  are  of  the  same  form  as  those  already  considered, 
so  that  the  previous  considerations  do  not  undergo  essential  modifications. 

44.  CALCULATIONS  OF  THE  FUNCTIONS  u 

The  equilibrium  configurations  of  the  structure  are  determined  from  the  stationary 
values  of  the  energy  (43. 7).  This  procedure  is  again  applied  in  two  steps.  First, the 
stationary  values  of  (43. 7)  are  determined  for  an  arbitrary  constant  value  of  a  .  Next, 
the  stationary  values  of  the  function  F^(a)  thus  obtained  are  determined. 

The  first  step  is  carried  out  through  calculation  of  the  Increment  of  (43.  7)  as  the  func¬ 
tion  u  is  replaced  by  the  functions  u  +  tj  under  the  restriction 

TUIul  =  0  •  (44.1 


The  result  is 

P*  [u  +  7)]  +  cQA  [u  +  jj]  -  PA  [u]  -  eQA  [uj  = 

=  e  |  ]  +  (X  -  X,)  Ql'  +....)  + 

+  ?  |  (X  -  Aj)  Pjj'lUj  » Hi  +  (X  -  A,)2  P^’lUj  ,  ij]  +  |  + 

+  ?2j  P21  ,  H]  +  (X  -  X1)P21,(u1  .  tj]  + - j  + 

+  a3  P31lu1  ,  ni  +  Pn  £u  ,h)  +  P2  [T7] .  (44.2) 
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The  condition  for  a  stationary  value  of  <43. 7)  requires  that  the  terms  in  (44. 2)  which  are  lta- 
earin  r\  should  be  zero.  The  stationary  value  so  determined  must  be  a  minimum  because 
P0  [rj]  is  always  positive  due  to  condition  (44.1).  In  analogy  to  developments  in  Sect.  33, 
the  condition  obtained  by  equating  to  zero  all  terms  of  (44. 2)  linear  in  tj  is  made 
equivalent  to  a  set  of  differential  equations  and  boundary  conditions.  This  is  done 
through  introduction  of  an  arbitrary  kinematically  possible  function  £  which  is  not 
restricted  by  (44. 1).  The  execution  of  this  derivation  does  not  offer  any  new  difficul¬ 
ties  and  the  result  may  Immediately  be  written  down 


I  QiUJ  ,1 
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The  functions  u  are  uniquely  determined  by  (44. 3)  together  with  the  requirement 


TH  tui  . »]  =  0  . 


(44.4) 
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On  account  of  the  linearity  of  (44.3)  and  (44.4)  this  solution  can  be  written  in  the  form 


u  =€<pn  +  c  (X-X,)*n'  +  ....  +  a( X  -  X, )*,'+  a(X  -  X,)2*/'+ 


+  ....  +  a 24>2  +  a2(X-Xj)^2f  +  ....  +  a3p3, 


(44. 5) 


In  which  (p  ^  ,<p  1  etc.  <p  2  ,f'z  etc.  and  <p  ^  are  the  solutions  of  (33.6),  (33.7)  and 
(33.8)  respectively.  The  solutions  <P  Q  •tP'0>  etc., are  the  solutions  of  the  equations 


Q.  (u.  1 

Pu[u,£l  +  Q1U]  -  2T2 Tlllul,f3  =  0  !  Tnfui,u] 


=  0 


w 


1]L[u,f]+  Qx  It]-  aT^u^  TUIul,fl  =  0  :  Tlltul’u]  = 


=  0  etc. 


(44.6) 


Ey  application  of  (44. 3)  for  t  =  u,  the  minimum  of  (43.7)  is  found  to  be 


ae]Q1[u1]  t  (X -x^QjfUj]  + - }  + 

+  S2{(X-X1)Pi'[u1]  +  (X-X^Pgl^]  +  ....}  + 

+  a3jPg{u1)+  (X-X^Pgtuj]  +  ....}  +  a4P4[uJ]  -  Pglul. 

By  introduction  of  (44. 5)  and  by  use  of  the  constants  (33. 10), this  expression  becomes 
F^  (a)  =  (X  -  x  j)  Ag  a  +  ( X  -  X  ^)2  Ag  a3  +  ....  +  Ag  a3  + 

+  (X  -  Xj)  A^ a3  +  ....  +  A^  a4  +  ....  +  fa  Q^l u^J  + 

+  ea(X  -  Xx)  {Q^IUj]  -  Pn  IV’q  .^^1}+ -  -  <P2)  - - + 

-€2P2l?0J  -  €2(X-X1)Pu[^01^J  -  ....  (44.7) 
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Here,  as  in  (33.11),  the  terms  of  higher  order  than  the  fourth  in  A  -  A^  and  a  are 
disregarded.  The  terms  independent  of  a  have  no  influence  on  the  derivatives  of 
F  A(a)  and  can, therefore, be  disregarded.  The  most  important  influence  of  the  differ¬ 
ence  between  behavior  of  structure  and  model  is  represented  in  (44. 7)  by  the  firBt 
term  with  factor  e  .  Unless  [u  ]  is  zero  for  all  possible  kinds  of  geometrical 
deviations  and  eccentricities,  which  case  will  not  be  considered  in  the  following,  it  is 
sufficient  as  a  first  approximation  of  this  influence  to  take  into  account  only  the  first 
term. 

In  analogy  to  Sect.  34  approximation  (44.7)  may  be  improved.  This  improvement  is 
again  necessary  when  Ag  as  well  as  are  zero.  No  improved  approximation  of 
the  influence  of  the  differences  between  structure  and  model  will  be  derived  here .  The 
energy  of  the  structure  is  then  given  by  (34. 8)  augmented  by  the  correction  term 

caQi^]  =  eBja.  (44.8) 

In  (44.7)  and  in  the  second  approximation  ((34.8)  augmented  by  (44.8)),  the  first  term 
is  of  dominant  Importance  in  comparison  to  all  terms  containing  a  factor  A  -  \  ^  . 
Further ,  the  dominant  term  among  those  which  do  not  contain  a  factor  A  -  \  ^  or  e  , 

is  given  by  the  one  which  is  of  the  lowest  order  in  a  .  Let  this  term  be  A  a11 , 

X  ** 

then  F  (a)  can  be  simplified  to 

F*(a)  =  e  B  a  +  (A  -  A.)  A 'a2  +  A  an .  (44.9) 

—  i.  ~  n  ~ 

(See  also  Sect.  35.) 

45.  THE  EQUILIBRIUM  CONFIGURATIONS 

The  equilibrium  configurations  are  characterized  by  stationary  values  of  the  energy, 
thus,  on  account  of  approximation  (44.9)  by 

dFX(a) 

fMa)=  =eB1  +  2(A-A1)A2'a  +  nA^11-1  =  0.  (45.1) 
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Because  F  \sl)  Is  the  minimum  of  (43.7)  for  a  constant  value  of  a ,  the  stability 
requirement  determined  by  (45.1)  will  be  satisfied  if  and  only  if  the  corresponding 
stationary  value  of  F  (a)  is  also  a  minimum.  The  decisive  quantity  about  stability 
is, therefore, the  second  derivative  of  (44.9) 


d2F*(a) 


da 


dfA(a) 

da 


2(X-X1)  A2'+  n(n  -  1)  AQaB 


(45.2) 


It  appears  from  (45.2)  that  in  a  X  versus  a  diagram  for  the  structure,  the  stable 
combinations  of  X  and  a  are  separated  from  the  unstable  combinations  by  the  same 
line  of  partition- holding  for  the  model  (see  Sect.  35).  Consequently,  an  equilibrium 
configuration  of  the  structure  which  for  e  •*  0  approaches  an  equilibrium  configura¬ 
tion  of  the  model  is  stable  or  unstable  depending  on  the  stability  of  the  model  configura¬ 
tion.  Equilibrium  of  the  structure  is  at  the  stability  limit  if  the  image  point  in  the 
X  versus  a  diagram  appears  on  the  partition  line.  The  third  derivative  of  (44.9)  is 
nonzero,  except  in  the  case  that  a  =  0.  Consequently,  equilibrium  at  the  stability 
limit  is  unstable,  except  perhaps  in  the  case  a  =  0  ,  X  «  X^  ,  and  the  above  men¬ 
tioned  partition  line  must  belong  to  the  unstable  region. 

According  to  Sect.  35,  is  always  negative.  may  always  be  taken  positive  as 
differences  of  apposite  sign  between  structure  and  model  are  already  represented  by 
negative  values  of  e  .  However,  distinction  must  be  made  between  odd  and  even 
values  of  n,  and  in  the  latter  case  also  between  positive  and  negative  values  of  Aq  . 
For  odd  values  of  n  an  equilibrium  value  of  a  corresponding  to  e  and  Aq  Is 
equivalent  to  an  equilibrium  value  of  -  a  corresponding  to  -  e  and  -  Aq  .  In  view  of 
(45.2)  the  stability  is  also  the  same  for  the  equivalent  states  so  that  it  is  sufficient  in 
this  case  to  restrict  the  considerations  to  positive  values  of  Aq  .  For  even  values  of 
n  ,  it  is  sufficient  to  take  into  account  only  positive  values  of  e  ,  since  an  equilibrium 
value  of  a  corresponding  to  e  and  an  equilibrium  value  of  -  a  corresponding  to  -  e 
exhibit  the  same  type  of  stability.  The  treatment  of  (45.1)  and  (45.2)  may  consequently 
be  restricted  to  the  following  four  cases 
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a. 

n 

odd  , 

A 

n 

> 

0, 

€ 

> 

0; 

b: 

n 

/yM 

A 

> 

0; 

e 

< 

0: 

n 

c. 

n 

even  , 

An 

< 

o, 

e 

> 

0; 

d. 

n 

even  , 

A 

n 

> 

o, 

e 

> 

0. 

For  the  cases  a.  to  c.  the  equilibrium  of  the  model  Is  unstable  in  the  critical  state; 
while  in  case  d.  It  is  stable. 

451  Case  a. 

From  (45. 1)  it  follows  that  f  V)  Is  positive  for  values  of  a  corresponding  to  the 
fundamental  and  the  neighboring  states  of  the  model 


a  =  0  and  a 


1 

n  -  2 


(45.  3) 


From  (45.2)  it  follows  that 


..  >  0  for  a  > 

df*(a) 

-3 r  =  ° for  5  = 

<0  for  a  < 


1 2 (A  -  X.JAj/l  D"2 
|n(n-  l)Aj 


(45.4) 


Consequently  equation  (45. 1)  can  have  at  most  two  roots  and  those  lie  between  values 
of  a  determined  by  (45.3).  For  the  values  of  a  determined  by  (45.4),  f^(a) 
reaches  its  minimum.  The  roots  of  (45.1)  are  real  if  the  minimum  of  f*(a), 
corresponding  to  a  value  of  a  determined  by  (45.4),  is  negative  or  equal  to  zero. 
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Minimal  =  eB,  -  2(X-Xi)A0' 
[2<X-X1)A2t 


X 

aU-j^V  |»-2 


-x**  ->  --ii 


+  nA 


n(n  -  1)  A 


S=1 

n-2 


n-1 


n-1 


"  cBj  -  ] 2(  X-X1)Aa,|  n'2  a  n“2  (n  -  1)  n“2  (n 


2)An  n_2S  0. 


This  condition  Is  satisfied  If  and  only  if 


I  »<  X-X  JA'l11'1  — n-~  -2A; *  (sB/"2  or 

1  121  n(n  -  if  1  An  1 


1  n-2  ~r  n-2 

X  -  \  |  t  In11"1  (n  -  1)  (n  -  2)  n_1  ^ - -  (aBjf1 

-  a2' 


(45.6) 


The  inequalities  (46. 5)  determine  two  values  X  *  and  X  **  such  that  equation  (46.1) 
has  two  real  solutions  for  X  <  \  *  <  \  ^  and  X>X  **  > Xj ,  For  X  =  X  *  and  X  =  X  ** 
it  has  a  real  double  root  and  for  X  *  <  X  <  X**  it  has  no  real  roots.  In  the  X  versus 
a  graph  the  equilibrium  states  which  exist  for  X  <  X  *  and  X  i  X  **  form  two  separate 
branches  which  for  X  =  X  *  and  X  =X  **  have  a  maximum  and  a  minimum  respectively. 
These  branches  both  consist  of  one  part  that  approaches  the  fundamental  state  of  the 
model  and  a  part  that  approaches  the  neighboring  states  of  the  model  when  e  -*■  0  (see 
also  Fig.  3a,  page  93), 

From  (45.2)  and  from  use  of  (45.4),  it  follows  that  equilibrium  is  stable  in  the  state 
corresponding  to  the  greatest  value  of  a  and  unstable  in  the  other  state.  Equilibrium 
is  at  the  stability  limit  for  x  =  X  *  and  X  =  X  **  . 
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Of  particular  interest  is  the  equilibrium  configuration  which,  for  loads  below  the 
buckling  load,  approaches  the  fundamental  state  of  the  model  when  e  -*•  0 .  This  state, 
the  so-called  natural  state,  will  be  obtained  from  the  undeformed  state  by  gradual  in¬ 
crease  of  the  load  parameter  X  .  As  for  X<  X *  both  equilibrium  values  of  a  are 
negative  It  follows  that  the  greatest  of  these  equilibrium  values  corresponds  to  the 
natural  state  which  is  stable  for  X  <  X  * .  For  X  =  X  *  the  stability  limit  is  reached 
and  A*  determines  the  buckling  load  of  the  structure.  This  buckling  load  is  lower 
than  that  of  the  model.  It  follows  from  (45. 5)  that 


dX* 

de 


1 

n-1  , 


(45. 6) 


so  that  in  a 
parameter 
(Fig.  2). 


graph  of  the  buckling  load  of  the  structure  as  a  function  of  the  deviation 
e  „  the  tangent  in  the  point  £  *0,  X  *  =  X^  coincides  with  the  X  *  axis 


FIG.  2 


Consequently,  for  a  small  but  finite  value  of  £  ,  i.e.,for  small  differences  between 
structure  and  model,  the  buckling  load  of  the  structure  may  lie  considerably  below 
that  of  the  model.  This  decrease  is  mainly  governed  by  the  exponent  of  e  in  (45.6); 
it  is  more  pronounced  the  smaller  n  is. 
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462.  Case  b.  (n  odd,  Aq  >  0  ,  e  <  0) 

From  (45.1)  it  follows  that  fA(a)  is  negative  for  values  of  a  corresponding  to  the 
fundamental  state  and  the  neighboring  state  of  the  model  (45.3).  In  this  case  (45. 4) 
also  holds.  There  are  consequently  always  two  equilibrium  values  of  a  which  are 
separated  by  the  equilibrium  values  of  the  model  (45.3).  The  state  corresponding  to 
the  largest  value  of  a  is  always  stable,  the  other  unstable.  Also  in  this  case,  the 
X  versus  a  diagram  consists  of  two  separate  branches ,  of  which  one  is  now  com¬ 
pletely  stable,  the  other  completely  unstable.  Both  branches  consist  again  of  one  part 
that  approaches  the  fundamental  state  and  one  part  that  approaches  the  neighboring 
state  of  the  model  when  e  —  0  (see  also  Fig.  3b,  page  145). 


The  natural  equilibrium  state,  which  for  X  <  X }  approaches  the  fundamental  Btate  of 
of  the  model  as  e  approaches  zero,  corresponds  to  the  largest  value  of  a 
and  lies  consequently  on  the  stable  branch.  Therefore ,  as  the  load  parameter  X  is 
gradually  increased  the  buckling  load  of  the  model  will  be  passed  without  occurrence 
of  buckling. 


453.  Case  o.  (n  even,  Aq  <  0 ,  e  <  0) 

For  X>  \  (45.2)  is  always  negative.  As  f\a)  is  positive  for  a  =  0,  equation 

(45.1)  has  one  real  root;  the  corresponding  equilibrium  Btate  is  unstable. 


For  X< X  ^  it  follows  from  (45.1)  that  f*(a)  is  positive  for 


a  =  0  and  for  a 


n-2 


2  (X- Ax)  A2' 
nA_ 


(45.7) 


which  correspond  to  the  fundamental  and  neighboring  states  of  the  model.  It  follows 
from  (45. 2)  that 


df*(a) 

da 


> 

< 


0 


for  a 


n-2 


< 

> 


2  (  X  -  X 1)  A2' 
n  (n  -  1)  An 


(45.8) 
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-  i-J'i&a*]! 


This  condition  is  satisfied  if  and  only  if 


or 


I O  /  >  _  •*  \  A  I 

|“  '  A  “l'A2 


n-1 


(n 


n  (n 


-  2)' 
l}n-l 


n-2 


(  -  A  ) 
'  n' 


Zen 

y'~l' 


X 


1 

n-1 


(n  -  1)  (n  -  2) 


n-2 

‘n-1  (-  A  ) 


1_ 

n-1 


"A2 


(eBj) 


n-2 

n-1 


(45.10) 


The  inequalities  (45. 10)  determine  a  value  X  *  such  that  equation  (45. 1)  has  one  posi- 

*  )(C  $ 

tive  root  for  X  >  X  ,  one  positive  and  two  negative  roots  for  X  <  X  ,  For  X  =  X 
the  two  negative  roots  coincide.  In  the  X  versus  a  graph  the  positive  and  negative 
equilibrium  values  of  a  form  two  separate  branches.  The  branch  for  negative  a  values 
has  a  maximum  of  X  for  X  =  X  .  Both  branches  consist  again  of  one  p&rt  which 
approaches  the  fundamental  state  and  one  part  which  approaches  the  neighboring  state 
of  the  model  as  e  —  0  .  (See  also  Fig.  3c,  page  145). 


From  (45.2)  it  follows,  after  use  of  (45.8),  that  the  smallest  negative  root  determines 
an  unstable  state  of  equilibrium,  and  the  largest  negative  root  a  stable  state  of  equilibrium. 
For  X  ■  X*  equilibrium  is  at  the  stability  limit.  The  natural  equilibrium  state  is  in  this 
case  determined  by  the  largest  negative  value  of  a  .  This  configuration  is  stable  X  <  X* ; 
for  X  =  X*  the  stability  limit  is  reached  and  thus  the  buckling  load  of  the  structure  is 
determined  by  X*  .  This  buckling  load  is  again  lower  than  that  of  the  model.  In  analogy 
to  (45.6)  it  follows  from  (45.10)  that 


dX* 

de 


-n(n  -  2)A 


B, 


1 

n-1 

""al 


1 

n-1 


(45. 11) 
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For  (45. 11)  the  same  conclusions  can  be  drawn  as  was  done  in  the  discussion  of  (45.6); 
in  particular  fig.  2  holds  also  in  this  case. 

454.  Case  d.(n  even ,  Afl  >  0  ,  e  >  0) 

For  X  <  x  ,  (45.2)  is  always  positive.  Since  f^(a)  is  always  positive  for  a  =  0, 
equation  (45.1)  possesses  one  real  negative  root;  the  corresponding  state  of  equilibrium 
is  always  stable. 

It  follows  from  (45. 1)  that  for  X  >  X  ,  f  (a)  is  always  positive.  It  follows  from  (45. 2) 
that,  for  values  of  a  (45.7)  which  correspond  to  the  fundamental  and  neighboring  equi¬ 
librium  state  of  the  model , 


da 


|  0  for  a 


n-2 


2  (  X-X  j)  A2' 
n  (  n-  1)  An 


(45. 12) 


Consequently,  oquatlon  (45. 1)  always  has  a  negative  root  which  corresponds  to  a  stable 
equilibrium  configuration. 

Besides,  equation  (45.1)  can  also  have  two  positive  roots  falling  between 


a  =  0 


and  a 


x-x  x)  a2' 


1 

TT2 


(45. 13) 


The  minimum  of  f*(a)  which  lies  between  the  values  of  a  indicated  in  (45. 13)  corre¬ 
sponds  to  positive  values  of  a  as  determined  by  (45.12). 

It  is  necessary  and  sufficient  for  the  existence  of  the  two  positive  roots  that  this  mini¬ 
mum  of  f*(a)  is  negative  or  equal  to  zero.  In  analogy  with  the  foregoing  case  this  re¬ 
quirement  leads  to  the  condition 
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n-1 


(n-1)  (n-2) 


(4B.14) 
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X  2 
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n-2 

n-1 
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-A„' 


(eBj) 


n-2 
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Inequality  (45. 14)  determines  a  value  X  **  such  that  equation  (4b.  1)  has  only  one  nega¬ 
tive  root  for  X  <  X  **  ,  one  negative  and  two  positive  roots  for  X  >  X  **  .  For 
X=  X**  the  positive  roots  coincide.  In  the  X  versus  a  graph  the  positive  and  nega¬ 
tive  equilibrium  values  of  a  form  two  separate  branches.  The  positive  branoh 
has  a  minimum  for  X  =  X  **  .  Also  in  this  case  both  branches  consist  of  one  part 
which  approaches  the  fundamental  state  and  one  part  which  approaches  the  neighboring 
state  of  the  model  when  e  —  0  (see  also  Fig.  3d,  page  145). 

It  follows  from  (45. 2)  that  the  largest  positive  root  determines  a  stable  state  of  equi¬ 
librium,  the  smallest  positive  root  determines  an  unstable  state  of  equilibrium;  for 
X  =  X  +*  equilibrium  is  at  the  stability  limit. 

The  natural  equilibrium  configuration  in  this  case  is  determined  by  the  negative  root 
of  (45. 1)  and  lies  therefore  on  the  stable  branch.  Consequently,  by  gradual  increase 
of  the  load  parameter  X  the  buckling  load  of  the  model  will  be  passed  without  the  occur¬ 
rence  of  budding. 

455.  Conclusions 

The  results  obtained  in  the  foregoing  may  briefly  be  summarized  as  follows. 

For  the  model  the  X  versus  a  graph  has  two  branches  which  intersect  at  X  =  X  ^  , 
the  fundamental  state  and  the  neighboring  states.  Small  deviations  of  the  structure 
from  the  model  cause  these  branches  to  decompose  in  two  completely  separated 
branches.  Both  branches  consist  of  one  part  which  yields  the  fundamental  state  of  the 
model  and  one  part  which  yields  a  neighboring  state  of  the  model  when  the  deviations 
approach  zero.  One  of  these  branches  represents  the  so-called  natural  equilibrium 
state  of  the  structure  which,  on  gradual  increase  of  the  load,  is  obtained  from  the 
undeformed  state.  The  following  considerations  are  restricted  to  this  most  important 
natural  branch. 
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If  <.rnifiihriiim  ia  unstable  at  the  critical  point,  and  the  stability  is  governed  by 
a  quantity  with  odd  subscript  (Ag,  Ag,  etc.),  then,  for  positive  values  of  the 
deviation  parameter  c  ,  the  buckling  load  of  the  structure  is  considerably  smaller 
than  the  buckling  load  of  the  model.  This  decrease  of  the  budding  load  la  larger  for 
smaller  values  of  n  .  On  the  other  hand,  for  negative  values  of  e  ,  a  gradual  in¬ 
crease  of  the  load  on  the  real  structure  does  not  result  in  buckling  when  the  critical 
load  of  the  model  is  passed. 

When  equilibrium  of  the  model  is  unstable  in  the  critical  state  and  the  stability  is  gov¬ 
erned  by  a  quantity  with  even  subscript  (A^,  Ag,  etc. ),  for  positive  as  well  as  negative 
values  of  €  ,  buckling  load  of  the  structure  is  considerably  below  the  buckling  load  of 
the  model.  This  decrease  is  again  more  significant  for  smaller  values  of  n  . 

When  equilibrium  of  the  model  Is  stable  in  the  critical  state,  Increase  of  the  load  on  the 
real  structure  docs  not  result  in  buckling  as  the  buckling  load  ol  the  model  is  passed. 

Not  only  the  magnitude  of  the  buckling  load  is  considerably  influenced  by  deviation  of 
the  structure  from  the  model,  but  also  the  character  of  the  buckling  phenomenon  in  struc¬ 
ture  and  model  is  completely  different.  While  the  buokllng  load  of  the  model  corre¬ 
sponds  to  a  bifurcation  point  of  equilibrium,  the  buckling  load  of  the  structure  as  a 
maximum  corresponds  to  a  snapping  point.  As  the  model  can  be  considered  a  special 
case  of  the  real  structure  (the  case  that  e  •-  0  )  ,  it  seems  that  the  buckling  problem 
corresponding  to  a  bifurcation  point  should  be  considered  as  a  special  case  of  the  more 
general  problem  of  a  snap  buckling. 1 

A  possible  decrease  in  the  buckling  load  caused  by  the  presence  of  small  deviations  in 
the  case  of  an  unstable  critical  state  of  the  model  is  of  great  importance  in  engineering. 
The  greatest,  allowable  load  Is  determined  by  the  buckling  load  of  the  structure  for  the 
most  unfavorable  deviations  between  structure  and  model.  The  calculation  of  this 


1Thls  conjecture  can  generally  be  maintained  If  and  only  If  In  the  case  d  (Sect.  454), 
the  minimum  X41*  of  X  corresponding  to  the  second  but  not  natural  branch  of  the 
X  versus  a  diagram  1b  also  called  a  snapping  point. 
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admissable  allowable  load  is, therefore, only  possible  on  the  basis  of  an  analysis  which 
includes  the  existing  differences  between  structure  and  model.  Of  course,  the  buckling 
load  of  the  structure  can  also  be  determined  experimentally.  However,  because  of  the 
strong  dependency  of  the  buckling  load  on  the  magnitude  of  the  deviations  (see  Fig.  2), 
the  results  of  these  tests  will  show  a  rather  great  scatter,  so  that  a  fairly  large  num¬ 
ber  of  tests  will  be  needed  for  a  reliable  determination  of  the  buckling  load  which  cor¬ 
responds  to  the  most  unfavourable  case, 1 

456.  Examples 

Some  typical  examples  of  X  versus  a  graphs  are  represented  in  Figs.  3a  to  3d,  for 
the  cases 

Ag  >  0  ,  £  >  0  ;  Ag  >  0  ,  e  <  0  ;  Ag  =  0  ,  A4  <  0  ,  e  >0; 

A3  =  °,A4>0,  e>0. 

respectively.  In  these  figures,  the  curves  Indicating  the  model  behavior  are  also 
shown.  The  stable  branches  are,  Just  as  In  Fig,  1,  indicated  by  heavy  lines; 
the  unstable  branches  by  dotted  lines.  The  boundary  between  the  stable  and  unstable 
combinations  of  X  and  a  ore  indicated  by  a  dash-dotted  line. 

Of  the  curves ,  only  the  part  in  the  neighborhood  of  X  =  X^  is  drawn.  This  is  motivated 
by  the  fhet  that  the  results  of  this  section  are  valid  only  in  a  more  or  less  restricted 
neighborhood  of  the  buckling  load  of  the  model. 

46.  SPECIAL  CASES 

The  preceding  considerations  axe  based  on  the  assumption  that  for  the  critical  state  of 
the  model  the  solution  o*2  of  the  minimum  problem  (24. 4)  is  positive.  The  influence 


1  Along  with  this  it  is  yet  once  more  stressed  that  all  considerations  are  based  on  the 
assumption  that  the  elasticity  limit  is  not  exceeded  anywhere  in  the  material. 
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of  the  deviations  between  structure  and  model  on  the  minimum  of  the  energy  for  a 
constant  value  of  a  is  then  expressed  by  the  addition  of  the  term  fB^a  to  the  form 
(35.2). 

The  case 

W2  =  «3  =  . . . .  *  <oh_1  =  0  ,  «h  >  0 
can  correspondingly  be  treated  when  the  displacement  u  is  written  aB  (see  (36.8)) 


h-1 

u  =  Sj  Uj  +  u  with  [Uj,u]  =  0,  j  =*  1  ,  2  . . .  .  h  -  1.  (36.8) 

K 

After  introduction  of  this  expression  in  (43. 5),  the  mi  nimum  of  the  energy  is  again 
determined  for  constant  values  of  .  This  treatment,  which  is  a  synthesis  of  the 
considerations  of  Sect.  36  and  Sect.  44,  does  not  offer  new  difficulties,  so  that  the 
expression  for  this  minimum  is  Immediately  written 

FA(aj)  =  (aj)  +  (X  -  A,)  P^aj)  +  Pn(a.l;n  =  3orn  =  4.  (46.1) 

The  difference  between  structure  and  model  is  here  expressed  by  the  term 

h-1 

€  S  (aj)  =  £  aj  Q1  h1  ’ 

3=! 

The  equilibrium  states  are  characterized  by  stationary  values  of  (46.1),  i.  e. ,  by  the 


h  ap  •  dP 

_z  +  /  X  -  X  )  ■  ^  +  - — 

+  1A  e  +  Q 


(46.2) 
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The  stability  of  the  equilibrium  configuration  determined  by  (46.2)  is  governed  by  the 
form 


h-1  h-1 


»2  _A 


h-1 

h-1 

(  A- 

xl> 

2 

i=i 

2 

J=i 

h-1 

h-1 

V 

a2 

p 

n 

z 

i=l 

z 

j=l 

8at 

9a^ 

a  p« 


Aa,  A  a.  + 


aaj  i  j 


Aa^  Aa^ 


(46.3) 


In  this  case ,  the  general  analysis  of  the  states  of  equilibrium  leads  to  great  difficulties 
and  will  be  omitted  here.  One  special  case  will  be  discussed  in  Chapter  7. 

47.  EXTENSION  OF  THE  THEORY 

The  theory  developed  in  the  foregoing,  as  well  as  the  general  theory  of  Chapter  3, is 
restricted  to  a  small  neighborhood  of  the  buokling  load  which  differs  from  case  to  case. 
This  is.for  instance, expressed  by  equation  (45. 1)  which  for  A  =  0  does  not  have  the 
solution  a  =  0  corresponding  to  the  fundamental  state.  Consequently,  it  is  here  of 
importance  also  to  extend  the  theory  to  loads  further  removed  from  the  buckling  load. 

As  well  as  in  Sect.  38,  the  possibility  for  this  exists  if  the  displacements  U(A)  of  the 
fundamental  state  of  the  model  are  so  small  that  quantities  of  the  second  and  higher  order 
in  U(A)  and  its  derivatives  may  be  neglected  in  comparison  to  quantities  which  are  linear 
in  U(A)  and  its  derivatives .  Likewise,  the  displacements  u  from  the  fundamental 
state  U(X)  should  remain  small,  and  it  is  as  Burned  that  magnitude  and  direction  of 
the  loads  are  given  with  respect  to  a  fixed  coordinate  system.  By  uee  of  (38.3),  (43.4) 
can  now  be  written 

Px  [u]  +  e  Q*[u]  =  Pj  [u]  +  XP2'[u]  +  P®  [u]  +  APg'  [u]  +  P°  [u]  +  e  Q^lu]  . 

(47.1) 


■ 

1 


147 


In  Sect.  43  it  was  remarked  that  Q^[u]  consists  of  one  part  containing  X  and  one  part 
whose  integrand  is  a  linear  polynomial  of  the  derivatives  of  u  with  coefficients  which 
contain  as  a  factor  one  or  more  derivatives  of  U(X)  .  In  this  latter  part,  only  the  co¬ 
efficients  which  are  linear  in  the  derivatives  of  U(X)  must  now  be  taken  into  account. 
After  this,  by  use  of  (38.1), it  follows  that 

Qj  [u]  =  XQj*  [u]  .  (47.2) 

Under  the  assumption  that  the  solution  w  2  of  the  first  problem  (38. 6)  is  positive, 
again  is  Introduced 

u  =  at^  +  u  with  [Uj  ,  u)  =  0  .  (47.3) 

Introduction  of  (47.1)  gives, after  expansion  and  rearrangement, 

PX[u]  +e  9*[u]  =€XaQ1'(u1l  +  a2  |  P*  +  XP2'  [u^  |  + 

+  a3  |  P°[Ul]  +  XP3'[Ul]  |+  a4  P®  (Ul]  +eXQ1'[G]  + 

+  a2'  |  V°21  [Ul  ,  5]  +  XP2  '  [ux  ,  u)  |  +  a3  ,  u]  + 

+  I?  [u]  +  XP2'(u]  .  (47.4) 

The-omission  of  the  terms  which  follow  XP^  [u]  (see  (38. 12))  may  be  motivated  here  for 
X  <  X  2  in  the  same  way  as  in  Sect.  38. 

States  of  equilibrium  are  characterized  by  stationary  values  of  the  energy.  For  a 
constant  value  of  a  ,  (47. 4)  appears  to  have  a  minimum  for  X  <  X  2  .  This  minimum 
is  obtained  for  the  functions 

u  =  a 2<p2  +  a3<p*  +e\<P  £  ,  (47.5) 
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where  the  first  two  terms  form  together  the  solution  (38.20)  of  (38.18)  and  (38.19). 
The  last  term  Is  determined  as  the  solution  of 


l  Ql’[ulI  , 

pii  tn.ti  .APi’  (s.fi  ♦  K-m-  <v«  |-»> 


P11  lV  51  “  °  * 


(47.6) 


The  derivation  of  these  results,  which  is  in  complete  agreement  with  Sect.  38,  are 
omitted  here.  The  calculation  of  the  minimum  proceeds  in  the  same  manner  as 
in  the  foregoing.  Through  introduction  of  the  notation 

Ql'[ul1  =  Bi  (47‘7) 


and  by  use  of  (38. 21), it  follows  that 

Fx(a)  =»  eXB^a  +  ^1  -  ^  A®  a2  +  (A®  +  \A£  a3  +  A*a4  .  (47.8) 

In  this  expression,  just  as  in (38. 22), terms  of  the  fifth  and  higher  order  in  a  are 
neglected.  Furthermore ,  among  the  terms  which  contain  a  factor  e  only  the  term  of 
the  lowest  order  in  a  ,  the  linear  term,  is  taken  into  account. 

The  difficulties  which  successively  arise  when  \  approaches  \2  ,  Xg,  etc.  ,  are  dealt 
with  in  the  same  manner  as  in  Sect.  38,  s?  that  it  is  not  necessary  to  look  into  this 
matter  more  closely.  Also,  the  determination  of  the  stationary  values  of  (47. 8)  and 
the  stability  analysis  of  the  corresponding  equilibrium  states  meet  no  difficulties,  so 
that  it  is  sufficient  here  to  refer  to  Chapters  6  and  7  in  which  some  applications  will  be 
discussed. 
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Chapter  5 

SHELL  STRUCTURES  UNDER  FINITE  DISPLACEMENTS 

SI.  SIMPLIFYING  ASSUMPTIONS 

The  technical  shell  theory  for  infinitesimal  displacement  is  usually  based  on  the  follow¬ 
ing  three  approximations  concerning  the  state  of  deformation  and  stress  [35]: 

1.  points  which  initially  lie  on  the  same  normal  to  the  undeformed  middle 
surface,  remain  after  deformation  on  the  corresponding  normal  to  the 
deformed  middle  surface; 

2.  change  in  distance  between  two  such  points  may  be  neglected;  * 

3.  normal  stresses  on  planeB  parallel  to  the  middle  surface  may  be  neglected. 

Although  the  assumptions  of  this  theory  are  mutually  contradictory  for  an  isotropic 
material,  the  results  which  are  obtained  for  thin  shells  are  in  satisfactory  agreement 
with  experience.  Also, the  more  rigorous  investigation  of  Love  [36],  in  which  the 
reeultB  obtained  from  the  assumptions  mentioned  above  are  considered  to  be  a  first 
approximation,  confirms  that  at  least  for  thin  shells  these  contradictions  are  of  no 
practical  significance. 

In  view  of  this  experience  gained  in  the  analysis  of  infinitesimal  deformations,  it 
seems  justified  to  base  the  shell  theory  for  finite  deformations  on  the  same  assump¬ 
tions.  This  theory  could  be  obtained  by  means  of  a  slight  extension  of  Love's  analysis. 
Nevertheless,  when, in  the  following; preference  1b  given  to  a  different  derivation, it  has 
mainly  been  done  to  avoid  the  as  symmetry  which  was  introduced  by  Love  in  the  defini¬ 
tion  of  the  changes  of  curvature  of  the  middle  surface  and  which  detracts  from  the 
lucidity  of  his  results. 


*It  is  true  that  Flflgge  [35]  does  not  mention  this  second  assumption;  however,  he 
makes  use  of  it  in  calculating  the  deformations. 
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52  DIFFERENTIAL  GEOMETRY  OF  SURFACE 


A  surface  is  described  by  the  coordinates  x^  with  respect  to  a  rigidly  fixed  rectangu¬ 
lar  coordinate  system.  The  coordinates  are  functions  of  two  parameters  a  and  0 


x,  * 


0). 


(52.1) 


For  a  line  element  on  the  surface  [37] 

dl2  =  Edo2  +  2Fdod0  +  Gd02 , 

where  E,  F  and  G  are  the  so-called  quantities  of  the  first  order .  1  2 


E 


0Xj 

w 


(52.2) 


(52.3) 


The  direction  cosines  of  the  normal  of  the  surface  with  respect  to  the  rigid  coordinate 
system  are  given  by 


3*j  9xh  3xj 

da  90  ~  9a  dW 
\/EG  -  F2 


(52.4) 


in  which  1 ,  J  and  h  are  the  cyclic  sequence  of  the  coordinate  axes.  The  positive 
direction  of  the  normal  is  determined  by  (52. 4).  The  coordinate  system  formed  by 
the  tangents  to  the  parameter  curves  0  =>  const,  and  a  =  const,  in  the  direction 
of  increasing  values  a  and  0  together  with  the  positive  normal  is,  in  this  sequence, 
orientated  in  the  same  sense  as  the  system. 


For  these  quantities  the  usual  notation  has  been  retained  since  confusion  with  the 
elasticity  constants  E  and  G  is  excluded. 

Unless  it  is  explicitly  stated  differently,  summation  should  always  be  carried  out 
i  =  1  to  3. 


over 


151 


The  curvature  of  the  surface  is  completely  described  by  (52.3)  and  by  the  so-called 
quantities  of  the  second  order 


L  *1“ i 

m-2°i 


a2* 

■,  8n, 

ax, 

7?  "-2 

j  da 

da 

■ 

i 

X 

(O 

ax, 

dadp  Z 

-i  da 

aS  ^ 

an, 

ax, 

ep2  = 

-  9/3 

80 

(52. 5) 


The  radii  of  curvature  through  the  tangents  to  the  parameter  curves  0  =  const, 
and  ct  =  const,  are  determined  by 


J_  _  L  JL  _  N 

R1  '  E  ’  h2  "  G  ’ 


(52. 6) 


where  R.,  and  become  positive  or  negative  depending  on  whether  the  center  of 
curvature  lies  on  the  positive  or  negative  part  of  the  normal. 


The  formulas  are  considerably  simplified  if  the  parameter  curves  cotnolde  with  the 
lines  of  curvature  so  that  F  =  M  =  0  .  It  is  assumed  that  thin  is  the  case  for  the 
undeformed  middle  surface. 


The  following  calculation  of  the  strain  components  is  most  clearly  demonstrated  after 
a  set  of  unit  vectors  Is  introduced  in  the  directions  of  the  tangents  to  the  lines  of 
curvature  p  =  const,  and  a  -  const,  and  the  positive  normal  to  the  surface.  For 
the  components  of  the  two  vectors  first  mentioned)  it  holds  that 


„  i  a  h  i 

ai  “  A  3a  *  Di  “  B  8/3  * 


(52.7) 
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Furthermore, 
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*i  5xi  1  v  UXi  5  xi 
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from  which  after  use  of  F  =  0  it  follows  that 


V  ^ai  V  abi 

Zbi  "da  =  -2al  Fa 


1 


d 


2  AB  dp 
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In  the  same  manner, 


v  v  0ai  i  aB 

laiW  =  “Zbi  aT  ~  ~  a  ~Fa 


In  addition 
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For  the  derivatives  of  the  unit  vectors,  then,  it  follows 


1  5AU 
B 


T  R^i 


i 

B  Sfl 


/3ai 


.  1  |Ba 

dp  A  5aai 


(52.11) 


tai 


JLu 

R2  1 


Naturally,  it  is  also  possible  to  derive  these  relations  from  the  well  known  general 
formulas  of  Gauss  and  Weingarten  [37]  by  means  of  the  specialization  F  =  M  =  0. 

63.  THE  DEFORMATIONS 

l 

In  the  undeformed  state,  an  arbitrary  point  P  of  the  shell  is  defined  by  its  projec¬ 
tion  Q  on  the  middle  surfaoe  with  coordinates  x.  and  the  distance  z  from  the 
middle  surfaoe.  The  coordinates  y1  of  P  are  then  given  by 

yi  *  *i  +  “l  5 


where  and  n^  are  functions  of  the  parameters  a  and  ft  .  The  square  of  the 
length  of  a  line  element  di  determined  by  the  endpoints  P(a,  p,  z)  and 
P(a  +  da  ,  ft  +  dp ,  z  +  dz)  is  given  by 
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,  ~/dyi  dVi  ay<  \2 
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+  E^dz2  +  |e^  ^  +  ^E^f 
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(  dx.  dn.  ) 

+  |E^-n1  +  zEg^-njj  2dfldz. 

By  uae  of  the  results  of  Sect.  52,  (53. 1)  is  simplified  to 


i) 


dp  dt 

2dadz  + 


(53.1) 


do?  +  32^1  -  dp2  +  dz2  .  (53.2) 

During  deformation, the  material  point  Q  of  the  middle  surface  undergoes  displace¬ 
ments  Uj  in  directions  of  the  axis,  so  that  the  coordinates  of  this  point  in  the  deformed 
state  are 


df2  - 


A2(‘ 


*1  *  *i  +  v 

If  the  direction  cosines  of  the  normal  to  the  deformed  middle  surface  are  denoted  by 
n|,  then,  by  use  of  the  first  two  assumptions,  the  coordinates  of  the  material  point  P 
in  the  deformed  state  are 


*i  =  *i  + 


zn. 
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In  the  deformed  state,  the  line  element  determined  by  the  material  points  P(a>,(3,z)  and 
P(a  +  da,  0  +  d0,  z  +  d*)  (whose  length  In  the  undeformed  state  Is  given  by  (53. 1), 
(53 . 2)  respectively)  is  then  determined  by 


*dct  dot 
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In  this  expression  use  has  already  been  made  of  the  relations 


+  dss  + 


(53.3) 


p  9n]  dn{  ax'  ,  fix' 

£  ni  1  ’2ni  ~q^  =  2nj  Jar  =  £n{  qT  =2^ni  ~df=  0  ‘ 


which  are  valid  also  in  the  deformed  state. 

The  direction  cosines  tn  ,i„  ,|  of  the  line  element  in  the  undeformed  state  are 

**  p  z 

defined  with  respect  to  the  parameter  curves  0  =  const,  and  a  =  const,  and  the 
normal.  They  are  given  by 
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For  thin  shells,  z  is  always  very  small  and  it  is  natural  to  expand  expressions  (53.4) 
in  a  series  with  increasing  powers  of  z  .  When  terms  of  the  third  and  higher 
order  are  omitted,  the  following  expansion  Is  obtained 


yaa  ~  yact o  '  2zpaa  +  Vaao  +  z  6aa  ’ 

ym  “  VWo  '  +  W>  + 

V  ■  Wo  -  2l<W  *  +  5^)w°  +  z2<W 


in  which  the  quantities 


i 


(53.5) 


(53.6) 


represent  the  strain  components  of  the  middle  surface. 


fit 
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The  quantities 


are  closely  connected  to  the  changes  of  curvature  of  the  middle  surface.  Therefore,  In 
what  follows,  they  will  be  termed  changes  of  curvature.  In  addition,  for  brevity  the  fol¬ 
lowing  notations  are  Introduced 
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64.  THE  ELASTIC  POTENTIAL 


The  determination  of  the  deformations  above  was  based  on  the  first  two  assumptions 
introduced  in  Sect.  51.  The  third  assumption  will  now  be  used  for  the  formulation  of 
the  relation  between  stresses  and  deformation  or,  equivalently,  for  the  construction 
of  the  elastic  potential.  A  prismatic  volume  clement  is  considered,  which  is  deter¬ 
mined  by  the  parameter  values  a ,  a  +  da  ,  0  ,  /3  +  d/3  and  the  ordinates  z  and 
and  z  +  dz  and  with  two  surfaces  in  the  deformed  state  parallel  to  the  middle  surface. 
For  equilibrium,  of  tills  element,  the  requirement  must  be  satisfied  that  during  a 
virtual  change  of  the  deformation,  the  increase  of  the  deformation  energy  should  be 
equal  to  the!  work  done  by  the  tractions  acting  on  the  element.  This  requirement 
should  also  be  satisfied  for  virtual  deformations  that  consist  exclusively  of  changes 
of  length  of  the  line  elements  perpendicular  to  the  middle  surface.  During  such 
deformation,  which  is  completely  described  by  a  variation  of  the  deformation  compo¬ 
nent  y  ,  the  tractions  do  no  work.  Therefore, 
zz 


must  hold,  where  A  is  the  elastic  potential.  1  Application  of  this  condition  to  (12. 3) 
yields 

+  V  ■  <54-2> 

The  third  assumption  is, therefore, in  general  incompatible  with  the  first  two  assumptions 
(see  (53. 4)).  This  contradiction  will  be  further  discussed  in  Sect.  55. 


1  The  symbol  A  representing  the  elastic  potential  has  here  a  different  meaning  from 
that  in  the  preceding  and  in  the  following  sections. 
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By  use  of  the  first  two  assumptions  it  was  found  in  Sect.  53  that  and  T^z  are  zero. 
In  view  of  this  result  and  of  the  relation  (54. 2)  which  is  required  by  the  third  assump¬ 
tion.  the  elastic  potential  (12.5)  becomes 

A  -  | +  %  >2  '  2  JLS * 1  <ym  ym  '  V2>  j  <M-3> 

55.  CONSEQUENCES  OF  THE  ASSUMPTIONS  INTRODUCED 

From  expressions  (53.5)  for  the  strain  components,  it  is  immediately  clear  that  for 

thin  shells  the  third  term  is  always  very  small  in  comparison  to  the  first  oneB.  It  1b 

2 

also  to  be  expected  that  the  fourth  term  which  contains  z  as  a  factor  is  small  as  com¬ 
pared  to  the  second  one.  Therefore,  these  terms  are  often  omitted.  However,  Flugge 
[35]  remarks  that  they  cannot  be  deleted  without  interference  with  the  logical  structure 
of  the  theory.  This  appears  justified  for  the  calculation  of  strain  components  by  use  of 
the  firBt  two  assumptions.  However,  for  the  formulation  of  the  law  of  elasticity,  UBe 
Is  also  made  of  the  third  assumption  which  is  in  general  in  contradiction  with  the  first 
two  assumptions.  This  contradiction  reduces  the  importance  of  Flugge' s  argument. 

To  form  a  better  founded  opinion  on  this  matter ,  one  must  study  the  significance  of 
the  second  and  third  assumptions  which  lead  to  the  contradiction.  The  third  assump¬ 
tion  Btates  that  axial  stresses  on  planes  parallel  to  the  middle  surface  are  small  as 
compared  to  axial  stresses  on  planes  perpendicular  to  the  middle  surface;  it  has 
therefore  a  clear  mechanical  significance. 

On  the  other  hand,  the  second  assumption  is  based  on  the  consideration  that  the  relative 
displacements  in  the  direction  of  the  normal  to  the  middle  surface  are  of  the  order  of 
magnitude  of  the  product  of  the  strain  measure  in  that  direction  and  the  shell  thickness. 
Hence,  in  a  mechanical  sense  there  is  no  objection  to  the  admission  of  displacements 
of  this  order  of  magnitude;  they  are  omitted  only  for  simplification  and  because  no 
important  influence  can  be  expected  from  them.  Nevertheless,  in  order  to  get  some 
insight  in  the  order  of  magnitude  of  this  influence,  corrections  are  calculated  which 
should  be  imposed  on  the  deformation  components  (53.4)  if  the  second  assumption  were 
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not  considered.  Egressions  (53.4)  are  herewith  accepted  as  a  first  approximation. 

Th  -  order  of  magnitude  oi  these  corrections  <n  tiieu  be  ooinparad  with  the  order  c! 
magnitude  of  the  third  and  fourth  term  of  (53. 5).  If  it  should  appear  that  these  orders 
of  magnitude  are  the  same,  it  would  be  consistent  to  neglect  the  third  and  fourth  term 
of  (53.5). 

If  £  is  used  to  denote  the  change  in  distance  to  the  middle  surface,  then  the  difference 
in  value  between  the  coordinates  of  the  endpoints  of  a  line -element  in  the  deformed 
state  is,  as  y'j  =  x’j  +  (z  +  f  )n| 


/  3x! 

h  =(  + 


dnj  dnj  <?£ 

+  £  &T+  dZ 


da  + 


/  dx!  6n!  dn|  dt  \  /  dt  \ 

+\~W  +  ZW  +  +~8T  ni  )  *  +  (ni  +  3T  ni  j  dz  • 


Thus  by  use  of  the  direction  cosines  ,  l  ^ 


f  and  of  the  identities 
z 


the  square  of  the  ratio  between  the  line -elements  in  deformed  and  undeformed  state  can 
be  written  in  the  form 


The  corrections  to  expression  (53.4)  are  determined  by  the  terms  in  (55. 1)  that  contain 
£  .  The  relative  displacements  £  are  always  very  small  so  that  terms  of  second  and 
higher  order  in  £  may  be  neglected.  Furthermore,  the  considerations  are  for  the  time 
being  restricted  to  small  displacements  of  the  middle  surfno«.  Th«  '^efficient;  of  ' 
may  then  be  approximated  by  their  corresponding  values  for  the  undeformed  middle 
surface.  By  use  of  (62.  ll)  the  corrections  of  the  strain  components  are  obtained  as 


Ayaa 


....  1_  /  2£  f  2£_z_\  1  /  it.  2 £  z\ 

4  .  V  Ri  Hi  Bi  /•  «•  A  .  M  *2  *2  vAv 0 


AV  =  2  P- ,  AY 

zz  dz  az 


jgl,  AY.  «=  _ L-JL2L  ; 

,  z  A  w  .  _Z_B  5/? 

H1  S2 


and,  if  in  these  expressions  z/R,  and  z/R2  are  neglected  with  respect  to  unity 
it  follows  that 


Ayaa  "R^  ’  Ay^  =  _R^  ’  Ara/3  °  ’ 

.  29£  .  1  3£  _  13t 

Ayzz  ~  ~  dz  ’  Ayaz  A  3a  ’  A7/3z  B  Q/3 


(55.  2) 


Condition  (54.2)  in  the  form 


Ayzz  m  -  1  ^yaa  +  yfi$  ' 


which,  in  connection  with  the  first  approximation,  may  be  considered  a  corrective 
formula  for  y  ,  together  with  (55.  2)  yields 

ZZ 


& 

dz 


+  W  • 


2(m  -  1)  ' '  eta  'fifi 
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or  with  C  =  0  for  z  =  0  ,  and  with  use  of  (53.5)  as  a  first  approximation  for 
Vaa  and  Tjjg 


_  *  .  /  A*  X  «»/  \  »  X 

2  (m  -  1)  v  'aao  '  'ppo  '  “ 


_ 1 _ 

2  (m  -  1)  '  pQia  1  ^/S 


Pfl/j '  2  + 


/rr  q\ 

»  •  ^WV  •  w  ^ 


The  corrections  AY  and  AY^  then  are 


AW=  m  -  1  r,  (Wo  +yppo  )  m  -  l  R,  z^paa  +  P/jp)  + 


iq ( 'Wo  +Wo >  '  S+l  z  {Paa+  V  +  ‘  *  * ' 


(55. 4) 


Further,  by  use  of  the  assumptions  of  small  displacements,  the  order  of  magnitude  of 
the  quantities  8aa  etc. ,  are  determined.  From  the  general  formulas  of  Wetngarten 
[37] 


&x.  dx. 

an,  (FM  -  GL)  -tj—  +  (FL  -  EM)^ 

__  =  EG  - 


da 


dx.  dx 

dn,  (FN  -  GM)^  +  (FM  -  EN)-^ 

~df  - - eg  :  f2 - 
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after  introduction  of  primed  symbols  to  denote  the  deformed  state 


V"  / dnl  \  _  T^o1  +  mV  -  gT.W 
^\doi  j  e'g'  -  F2 


N,2E'  +  M'2G'  -  2N'M'F' 


E'G1  -  F 


2 


dn\  dn\ 
da  d0 


L'M'G'  +  N'M'E1  -  (L'N1  +  M|2  )  F1 


E1  G»  -  F 


75" 


(55. 5) 


The  smallness  of  the  displacements  justifies  the  omission  of  the  quadratic  terms  in  the 
changes  of  the  fundamental  quantities  E'  -  E  ,  etc. ,  L'  -  L,  etc.  With  F  =  M  =  0, 
it  follows  that 


y/£i\  -jf  s(—l\ 

£>\da  )  E1  ’  ^\dP  )  G 


0nl  dai  _  L„,  ,  N„f  LN„, 

+-eM  ~~^F 


Further,  in  view  of  (53.  6)  and  (53. 7)  it  follows  that 


E'  -  *r  (1  +  .  G-  =  (1  +YppQ  )  ,  F  =  AB 


aao' 


L'  *  A' 


!(^+p«c j)  *  N'  =  b2(^+  Ppp) 


ycefio 


M  =  ABp 


a? 


(55.  6) 
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so  that  (55. 5)  leads  to  the  approximations 


_/an:\2  „ 

2,  =  A  1^2  +  paa  ‘  ^5  Ya«o 


t\2 


=  B 


-L_  +  2 

Rg  “2 


Rn  “  t,2  W® 


Ri 


^  du.dn. 

I— 


dadp 


AB 


(*i  +  “a)1 


(55.7) 


"  R1R2  r«/3o| 

The  calculation  of  the  remaining  contributions  from  Oaa  etc.,  is  carried  out  as  follows: 

dx.dn. 


±  y  »  .4-lI  =  .m!  /_l  +p  \ 
Z  da5a  Rx  Rj  Uj  Pfli“  ) 

j_^d^dn[  N.  4B2  /  x 

R2  Z  "4  r2  “  r2  ^R. 


2  + 


_  t_  i 

,dx.dn. 


-2AB 


(»\ 


^a/J  ’ 


*  rWSo) 

/_L  +  _L  f  1  \  Y  fZlCZi  =/_i_  +_L  +  _i__\  p'  - 

(r*  R*  *!*»/*  *”*  (**  r2  +  R 


=  AB 


J'otpo 
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so  that  the  result  is  given  by 


&aa  &^paa  “  ’ 

%  m  "  t%p  "  ~kyM°]  ’ 

V  -- 

The  technical  theory  of  shells  is  founded  on  the  admissibility  of  omission  of  contribu¬ 
tions  to  the  strain  components  that  are  of  the  form  (55.4).  On  comparing  (53.5),  (55. 4) 
and  (55.8)  it  thus  appears  to  be  pointless  to  take  into  account  the  third  and  fourth  term 
of  (53.5);  perhaps  one  exception  should  be  made  if  ^,ao  +  Y^Q  is  small  In  compari- 

son  to  Lo  ’  yWo  •  yapo  md  paa  +  is  smaU  in  comParison  to  paa  •  Ppp  » 

Pap  .  Therefore,  in  general  the  omission  of  the  third  and  fourth  term  in  (53.  5)  should 
be  accepted  as  a  consequence  of  the  schematization  introduced,  and  hence 


yaa 

=  Y 
aao 

2zpaa  * 

y0fi 

*  yw° 

*  2zp0p  • 

yap 

sc  y 
a  (So 

"  2zpap 

(55.9) 

The  considerations  that  lead  to  the  simplified  expressions  (55.9)  hold  strictly  speaking 
only  for  infinitesimal  displacements  of  the  middle  surface.  However,  as  long  as  there 
is  no  reason  to  assume  that  for  finite  displacements  the  order  of  magnitude  of  the  third 
and  fourth  term  of  (53.5)  is  different  from  that  of  the  neglected  influence  of  the  displace¬ 
ment  f  ,  these  expressions  may  also  be  applied  for  finite  displacements. 

By  use  of  (55. 9)  the  elastic  energy  per  unit  surface  of  the  undeformcd  middle-surface 
can  be  obtained  through  integration  of  (54. 3).  The  area  of  a  surface  element 


i) 


n T  Wo 


(55.8) 
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z  =  const,  is  given  by  the  absolute  value  of  the  vector  product  of  the  vectors  with 

_  I—  i  _ J  <%..  /An  J  n  fnw  mlllnll  rfllA  trt  T  .HCTT^IinffA * R  Idfintitv 

components  oy^/oa  «■«  >  — - - 


df  - 


f 


'dyxdy2 


da  dp 


/dY2dh 

dp  da  J  y  da  dp 


ay2ay3\2 

dp  da)  * 


/ay  3^1  dy3dyt \2 
^5cT  dp  ~  dp  6a  ) 


i 


dadp 


Here 


x©‘ -  x©f  “23%  • •■'(■  -•*)’ 

dy4  v  axiaxi  /„  ax^  v  _ 

J,dTW  a  ^  -fa  dp  +ZyL  da  dp  2,  dp  da)  ^  0«  &p 


so  that  for  the  area  of  the  surface  element  it  holds  that 


df  =  AB(l  -  -^)  (l  -  dad0  (55.10) 

Because  quantities  of  the  form  z/Rj  Yaa0  ,  z/Rj  z paa ,  etc.,  are  already  neglected  in 
expressions  (55.9),  the  factors.  1  -  z/Rx  and  1  -  z/R2  may  be  replaced  by  unity 
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in  (55. 10).  The  elastic  energy  in  a  shell  element  of  thickness  h  ,  bounded  by  the 
normal  planes  a  —  const. ,  fs  -  const.  ,  ot  +  act  =  const. ,  +  dp  =  const. ,  then  Is 

h 

2 

ABd“^  I  6z  I  hi™  +  V  '  22  <'«, +  W  ]2  + 

h 

"  2 

:  2  ■E-5i  -  2zP™> »r.f>0  -  2*V  -  -  2zV"' 

from  which,  after  execution  of  the  integration  and  division  by  ABdodft  for  the  elastic 
energy  per  unit  area  of  the  undeformed  middle  surface  is  obtained 

A  ■  4chsrh-  |<T«« /V  >2  -  -Vft,2'  |  + 

♦iWrh  |<W  |  •  (66.n) 

It  appears  from  this  result  that  the  elastic  energy  is  the  sum  of  two  terms  of  which  the 
first  exclusively  depends  on  the  deformations  in  the  middle  surface  and  the  second  ex¬ 
clusively  depends  on  the  changes  of  curvature  of  the  middle  surface,  or  more  briefly, 
that  the  elastic  energy  is  the  sum  of  the  membrane  and  bending  energies. 

56.  THE  STRAIN -DISPLACEMENT  FUNCTIONS 

The  components  of  strain  (53.6)  and  the  changes  of  curvature  (53.7)  can  easily  be 
expressed  in  terms  of  the  displacements  u^  s  x|  -  . 
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For  clarity  of  the  results,  it  appears  worthwhile  to  express  the  vector  component 
representing  the  displacement  at  a  point  of  the  middle  surface  in  terms  of  the  three 
unit  vectors  a^ ,  ,  nt  . 

Uj  =  ua^  +  vbj  +  wn^  ;  (56.1) 


It  will  then  be  possible  in  the  formulas  for  the  strains  to  express  the  properties  of  the 
middle  surface  exclusively  in  terms  of  the  quantities  A ,  B  ,  ,  R^  . 

By  use  of  formula's  (52. 7)  and  (52.11)  it  follows  from  (56. 1)  that 


so  that  the  strain  components  are 


V  =  2(4  I1  +  —  +  _L|/W\2  4.  /dv\2  (dw]2\ 

aao  \A  3^  AB  5/3  R,  /  +  A2  U)  +  fe  +  l-S^J  |  + 

A  '  '»•  [  \  /  \  /  '  '  f 


+  -1^2 /—Y  +-4-  +  -r2 ...  /^A  \2  +  wi  +  2-£-  ^  L  0u 

A2B2  \5/3/  R2  A2B2  \5/?  /  R2  AB  5/3  A  5a 

-2-r!L-^4  —  -  2-^-i^+2-iLiaw  o  w  V  dA 
dp  A  da  2Rj  -2R^Ib  53 


Mi  If  +  *£!■  +  /l42  +  /4*\2 


B  5/3  AB  5a  ‘  R2  l+  b2  Uy? 


+  — 4.  /§5.y  +  -Y.2-  / +  JL.  +  JSL  +  2  —  1  dv 

A2B2  1 5a  j  a2b2  \ 5a/  -2*2  2  AB  5a  B  dp 


In  these  expressions  the  terms  which  are  linear  in  u  ,  v,  and  w  agree  with  Love's 
results  for  2e^  ,  ie.^,  and  u  (36,  326]. 

For  the  calculation  of  the  changes  of  curvatures  of  the  middle  surface,  formula(52. 4) 
and (52.  5}  are  used  (see  also  [37]  }. 


By  use  of  the  relation  following  from  (55.  S) 
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these  expressions  become 
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After  omission  of  7aaQ  »  y^Q  andy^  in  comparison  to  unity ,  it  finally  follows 
that 


A,, 


Paa=  Det. 
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j, 
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(56.4) 


By  means  of  (56.4)  the  changes  of  curvature  are  rationally  expressed  in  the  displace¬ 
ments  Uj  =  xj  -  x.  .  This  is  achieved  through  differentiation  of  (56.2).  The  deter¬ 
minants  in  (56.4)  take  the  simplest  possible  form  if,  after  the  differentiations  have  been 
carried  out,  the  fixed  x^ -system  is  chosen  to  coincide  with  the  a  ,  b  ,  n  system, 
so  that 


175 


2  . 

9  X1 

B 

8B  J 

d* 

u 

2 

8B 

A 

8a 

ap 

2 

"  A 

8a 

w 

B 

da 

+ 

A 

R# 

4 

,  da 
s 

» 

8B 

.L 

2 

8B 

8u 

dp2 

'  n 

+ 

m2 

X 

da 

QP 

8 

/i 

9b\ 

(  8a/ 

v  9/3 

\  A 

8a/ 

B  8w  . 

b2  ap 


(56.7) 
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Here  use  has  already  been  made  of  the  identities 


d_  U\  X  9A  a  / JB_\  .  X  5B 
dp  {rJ"  R2  5?  *  da  \R 2J  ~  Rl  35"  • 


which  resulted  from  (52.11)  and  of  the  identities 


>a2  2 

o  a^  o  a^ 
dadp  =  aad/S* 


5%  a% 

dadp  ~  d  Pdot  * 


(56. 9) 


The  second  and  third  rows  are  the  same  for  all  three  determinants  (56.4)  and  are 
determined  by  the  formulas  (56. 2)  respectively,  if  (56. 5)  is  substituted.  Thus,  they 
are 

‘(‘♦ife'Af t-^)  •  A(x&-ra§?)  ■ 

n/i9u  _v.  ag\ 
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The  changes  of  curvature  for  infinitesimal  displacements  follow  from  (56.4)  and  (56.6)  to 
(56. 10)  after  omission  of  second  and  third  order  terms  in  the  displacements  u  .  v  .  and  w 
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(56.11) 


These  expressions  differ  from  Love's  (3ti  art.  329]  as  follows 
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and  as  the  displacements  are  assumed  to  be  infinitesimal  they  can  be  written 


p  _  k 

'ora  *1  R„  2  R 


M° 


_  7qao  rMP. 
*2  2R„ 


Rr 


„  _  'ago 

pa/3  "  T  "  “R~ 


These  differences  are  of  no  significance  as  the  terms  -5-  y  ,  etc. ,  were 

QftrO 

Omitted  already  in  the  expressions  for  the  strains. 


57.  THE  INFLUENCE  OF  SMALL  DEVIATIONS 


For  applications  of  the  theory  developed  in  Chapter  4  to  shell  constructions ,  it  is 
necessary  to  know  the  change  of  the  elastic  energy  which  results  from  small  geometri¬ 
cal  deviations.  It  is  assumed  that  the  coordinates  Xj  of  points  of  the  middle  surface 
of  the  structural  model  are  given  as  functions  of  the  two  parameters  a  and  (3  such 
that  the  lines  /3  =  const,  and  a  =  const,  determine  the  lines  of  curvature  of  this 
surface.  The  previous  theory  can  then  immediately  be  applied  to  this  model. 
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An  arbitrary  surface  can  in  general  be  obtained  from  a  given  surface  if  each  point  of 
the  latter  surface  is  subjected  to  a  displacement  in  the  direction  of  its  normal.  It  is 
assumed  that  the  middle  surface  of  the  structure  Is  derived  in  this  manner  from 
middle  surface  of  the  model  by  displacements  uW  n _  n  .  the  direction  of  the  model's 
normal 


o 

x.  =  x  +  w  n. ; 

1  i  o  1 

the  middle  surface  of  the  structure  is  then  also  given  by  its  coordinates  as  func¬ 
tions  of  c  and  ft .  If  it  is  assumed  also  that  the  shell  thickness  of  structure  and 
model  are  equal,  points  on  equal  distances  z  from  the  middle  surfaces  of  structure 
and  model,  whose  projections  on  the  respective  middle  surfaces  are  given  by  the 
same  values  of  a  and  ft,  can  be  regarded  as  corresponding  points. 

The  square  of  a  line  element  in  the  undeforrned  state  of  the  model  is  given  by  (53.2). 
If  the  structure  is  regarded  as  a  "deformed"  state  of  the  model ,  the  square  of  a  fine 
element  of  the  structure  can  be  written  as 


where  etc.  •  are  the  "strain  components"  (53.3),  (53.4)  in  the  point  (a,  ft  ,  z ) 

of  the  model  for  the  displacements  o  ,  o  ,  w  in  the  direction  of  the  unit  vectors 
corresponding  to  the  middle  surface  of  the  model.  After  use  of  (55. 9), the  "strain- 
components"  are  written 


'aa 


y, 


CiCLQ 


O  „  O 

-  2zp 
*aa 


etc. 


(57.2) 
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Here  v°  ,  o°  are  obtained  from  expressions  for  y  ,  p  ,  etc.  ,  derived  in 
raao  ■  aa  'aao 

Sect.  56  by  setting  u  ,  v  equal  to  zero  and  w  =  w^  . 


The  square  of  a  line  element  of  the  structure  in  the  deformed  state,  which  state  iB 
characterized  by  the  coordinates  xj  of  the  middle  surface,  is  written  as 


in  which  y'aa  etc. ,  are  the  "strain-components’’  at  a  point  (  a ,  p ,  z)  of  the  model 
for  the  "displacements" 

ui  =  ‘  X1  =  ui  +  ”?  * 

The  quantities  u^  are  here  the  real  displacements  that  occur  during  deformation  of  the 
structure.  The  "strain  components"  may  again  be  written  as 

=  yaao  -  2z,W  etc’  (57’4) 

If  the  displacements  u^  are  also  expressed  in  terms  of  the  unit  vectors  which  corre¬ 
spond  to  the  middle  surface  of  the  model 

Uj  =  uai  +  vbj  +  wnj  ,  (57.5) 

then  y  ,  n  ,  etc. ,  are  obtained  from  the  expressions  y  ,  p  ,  etc.  ,  of 
r  aao  aa  raao  raa 

Sect.  56  by  replacement  of  u  ,  v  ,  w  by  u  ,  v  ,  w  +  wQ  . 
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ft 
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The  actual  deformed  state  of  the  structure  Is  completely  described  by  the  ratio  between 
(57.3)  and  (57. 1).  To  calculate  from  these  ratios  together  with  (11.2),  the  actual  compo¬ 
nents  of  strain  along  the  three  initially  mutual  orthogonal  directions  in  the  structure 
(57.1)  is  reduced  to 


From  this  formula  it  appears  that  the  three  directions 


dz  =  0 ,  da  =  0  ; 


are  mutually  perpendicular.  The  smallness  of  the  differences  between  structure  and 
model  justifies  the  omission  of  quantities  of  second  and  higher  order  in  y£a,  etc' 

The  direction  cosines  of  the  line  element  d/>  with  respect  to  the  directions  determined 
by  (57.6)  are 
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<l  +  Yaa  > 


U^) 

\  “1/ 


da 


Ht 


£ 


(57.7) 


* 


By  use  of  (57.7)  da  ,  d/3,  and  dz  are  eliminated  from  (57.3).  The  result  is,  after 
omission  of  quantities  of  second  and  higher  order  in  y°a  ,  etc., 


df 

df° 


r2 


i  +  y 


aa 


-  2 


l  +y. 


aa 


yap  M 


t  02  + 


1+7; 


b 02  + 


P/3 


+  2 


?siL 


1  +7 


ar. 


'>  +  V> 


"  7 , 


a/3 


£  V  +  £ 2 

+  *z 


For  small  deformations  of  the  structure  which  slightly  deviates  from  the  model,  the 
quantities  y  ,  etc.,  are  likewise  small.  Consequently,  if  quantities  which  are 
quadratic  in  y'  ,  etc.,  and  in  y°  a  ,  etc.,  are  also  neglected,  the  deformation 
components  of  the  structure  with  respect  to  the  directions  determined  by  (57.6)  are 


\a-\a'  -y«a°-yl>f>  =  V  -yW°  mycf  '  -\t>  ° 


Yaz  =  ^/3z  ^zz 


=  0  . 


(57.8) 
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By  use  of  (57  2)  and  (57.  f) 


a  a 


-  r  t  -  r  u 
a  «  o  aao 


L  U 

faa 


,  o 
“‘>Jaa 


—  r 


aao 


+  .  * 

~zzPaa  eic 


fph 

w  • 


The  quantities  V  '  ,  ,  etc.  ,  follow  from  the  expressions  for  YQa0  *Paa  »  etc. » 

given  in  Sect.  56  by  replacement  of  w  by  w  ■  +  w  .  Ir  this  procedure  .terms  of  second 

0  o 

and  higher  order  in  wq  and  its  derivatives  will  again  be  omitted.  The  quantities  ^aac  * 

p°  ,  etc. ,  are  obtained  from  V  ,p  ,  etc. ,  by  replacement  of  u  ,  v  ,  w  by 

o.o,  wQ  respectively,  whereby  terms  of  the  second  order  in  and  its  derivatives 

are  likewise  disregarded.  The  following  rule  can  be  given  for  the  determination  of 
*  * 

Yaa  o  .Paa  »  etc.:  replace  w  by  wQ  +  w  in  the  expression  for  YafJO  ,paa  »  etc. ,  of 
Sect.  56  and  take  into  account  only  those  terms  in  wq  and  its  derivatives  which  are 
linear  in  wq  and  which  contain  at  least  one  of  the  displacements  u  ,  v  ,  w  or  one  of 
their  derivatives. 


If  Y°  ,  ,  etc.,  are  disregarded  in  comparison  to  unity,  the  area  of  a  surface  element 

acx 

z  =  const,  is  determined  by  (55.10).  This  omission  is  justified,  as  contributions  of 
the  form  Y°a  ,  Yg  Q  ,  etc.  ,  have  already  been  omitted  in  the  calculation  of  the  strain 
components.  Th^  elastic  energy  per  unit  area  of  the  structure  or  model  is  then  without 
modification  given  by  (55.11),  but  with  the  modified  strain  components. 
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Chapter  6 

APPLICATION  TO  BAR  AND  PIATE  PROBLEMS 

61.  THE  INCOMPRESSIBLE  BAR  (PROBLEM  OF  THE  ELASTICA). 

611.  The  Potential  Energy. 

The  ends  of  a  prismatic  bar  of  length  Jt  are  supported  In  such  a  way  that  displace¬ 
ments  perpendicular  to  its  axis  may  be  excluded.  It  is  clear  that  the  straight  unde¬ 
formed  state  of  the  supposedly  incompressible  bar  is  always  an  equilibrium  state  if 
the  bar  is  loaded  by  compressive  forces  N  acting  on  the  centers  of  the  endpoints; 
this  equilibrium  state  is  called  the  fundamental  state. 

It  is  assumed  that  points  on  the  bar  axis  can  only  undergo  displacements  which  lie  in  a 
plane  spanned  by  the  beam  axis  and  one  of  the  principal  axis  of  inertia  of  the  cross- 
section.  Let  x  be  the  distance  from  a  point  P  on  the  undeformed  beam  axis  with 
respect  to  one  of  the  supports  and  let  u  and  w  be  the  displacements  of  this  point  in 
the  direction  of  the  axis  and  in  the  direction  normal  to  it  respectively.  The  origin  of 
the  rigid  x^  system  Is  fixed  at  the  support  x  =  0  ;  the  x1  axis  coincides  with  the 
bar  axis,  the  xg  axis  lies  in  the  plane  of  bending  of  the  bar.  The  coordinates  of  the 
point  P  in  the  deformed  state  are 

i  i  i 

Xj  =  X  +  U  |  x2  =  0  ,  Xg  =  w  , 

so  that  the  length  of  an  element  of  the  bar  axis  in  the  deformed  state,  which  initially 
had  a  length  dx  ,  is  given  by 
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The  inr.OtrmreflftlhJIHy  of  the  her  avia  la  the refCT?  by  the  CC™ItiCS 


(■  *  if  *  (if  -  *  • 


(61.1) 


The  curvature  of  the  bar  axis  is  determined  by  the  formula 


P  =  ± 


tot  tot 

dXj  d^Xg  dXg  d  Xj^ 

dx  dx2  dx  dx2 


.  '  ,  2  ,  l  . 

/£l\  /V 
Y  dx  /  +  \  dx  y 


from  which  it  follows  by  use  of  (61. 1) 


P=  ± 


f  du\  d2w  dw  d2u 
i  «*  dx2  "  dx  dx2 


(61. 2) 


In  agreement  with  the  classical  bending  theory,  the  elastic  energy  of  a  bar  element  is 
assumed  to  be  proportional  to  the  square  of  the  curvature .  The  total  elastic  energy 
then  is 

1 


P  2  dx  , 


in  which  a  represents  the  bending  stiffness  of  the  bar.  The  potential  energy  of  the 
axial  loads  N  is,  with  compression,  considered  positive 


-  W  =  Nu 


x  =  f 


Xr-0 


X 

=  N/ 


du 

dx 


dx 
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After  substitution  of  (61. 2)  the  total  potential  energy  V  -  W  is  expressed  in  terms 
oi  the  displacements.  These  are, however, related  by  the  inhomogeneous  condition 
(61.  I),  sq  ihai  the  geneiai  iheory  utumol  iiiuntsuittltjly  be  applieu  (aet)  Seel*  22).  Tliio 
difficulty  disappears  as  the  displacement  component  u  is  eliminated  by  use  of  (61. 1) 


Substitution  in  (61. 2)  gives 


so  that  apart  from  a  trivial  constant,  the  total  energy  is  given  by 


When  the  quantities  appearing  here  are  made  dimensionless  by 


(61.3) 


x  =i  i,  w  =  ^  J, 


N  =  X 


W 


_  1“  pX 
"21* 


and  if  for  brevity,  differentiation  with  respect  to  is  denoted  by  a  dot,  then  (61. 3) 
becomes 


PX 


d  £  +  2tt2 


- r 

-  t(>  2d  £  . 


(61.4) 
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Expansion  of  Hie  integrands  and  omission  of  terms  of  higher  than  fourth  order  in  the 
derivatives  of  ip  and  of  a  trivial  constant  yields 


_  X  .  . 

*  IV]  =■■ 

^2  W 

1 

/» 

J 

o 

1 

P4X[*]» 

/V 

■2\f)  dt, 


(61.6) 


It  appears  also  from  (61.  6)  that  the  first  variation  of  the  energy  is  identically  zero 
for  the  straight  configuration  of  the  bar,  in  agreement  with  the  above  statement  that 
this  3tate  Is  always  an  equilibrium  state. 

612.  The  Buckling  Load. 

It  follows  from  Sect.  31  that  the  buckling  load  is  determined  by  the  smallest  value 
of  \  for  which  the  variational  equation  (24.14)  is  satisfied  for  an  arbitrary  kine¬ 
matically  admissible  function  £  that  consequently  vanishes  at  £  ■-  0  and  at  4  =  1 


PnXfM 


-  «/»• 


•f  \VC‘)  d£  =  0  . 


Integration  by  parts  yields 
II 


2^“£* 


-  2(f* *  +v*\V)£ 


lo 


+  2 


.1 

J  (/'••  +ir2A(T)£d{  =  0  . 
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As  the  function  £  is  arbitrary  for  0  <  4  <  1,0  should  satisfy  the  differential 
equation 


0  +  7T2A.0"  =  0  .  (61.6) 

The  requirement  that  £  '  is  arbitrary  at  4  =  0  and  at  4  =  1  further  yields 

0 '  *  =  0  for  4  =  0  and  4=1,  (61. 7) 

while  the  kinematic  conditions  at  the  supports  lead  to  the  requirement 

0  =  0  for  4  =  0  and  4=1.  (61. 8) 

The  general  solution  of  (61.6)  is 

0  =  A  +  B4+C  cos  4  +  D  sin  ir-JV  4  . 

The  boundary  conditions  (61.7)  and  (61.8)  admit  a  nonzero  value  for  D  only.  This 
value  exists  if  and  only  if 


ir\ /  <?  =  k 7r .  (k  ®  1,  2,  ...)  , 

and  remains  in  that  case  undetermined.  The  smallest  value  of  the  load  parameter 
for  which  (61.6)  (61.7)  and  (61.8)  possess  a  nonzero  solution  is  therefore  1  with 
the  corresponding  eigenfunction 

4>1  =  sin  n  4  ;  (61,9) 

this  function  is  normalized  by  introduction  of  the  condition  0^=1  for  4  =  ^  .  The 
corresponding  buckling  load  is  the  well  know  i  Euler  load. 
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In  the  series  (61.5)  no  term  of  the  third  order  occurs  so  that  Pg  [^]  as  well  as 
P„,  ftf'-.t!  are  zero.  Consequently, the  quantity  which  governs  stability  in  the 

t*  X  x 

critical  state  would  be  (see  Sect.  25) 


(61. 10) 


As  it  is  a  positive  quantity  equilibrium  at  the  buckling  load  is  stable. 

6 13 ,  Equilibrium  States  for  Loads  in  the  Neighborhood  of  the  Buckling  Load. 
It  follows  from  (61.  5)  that 


i 

so  that  the  constant  Ag  is 


(61. 11) 
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It  follows  then  from  (35. 7)  that  the  amplitude  of  the  eigenfunction  (61.  9)  for  loads  in 
the  neighborhood  of  the  buckling  load  is  given  by 


This  result  agrees  with  the  approximate  solution  of  von  Mlses  [42]  which  was  obtained 
in  a  different  way. 

It  appears  from  (61, 10)  that  the  displacements  from  the  fundamental  state  grow  very 
rapidly  as  the  load  is  increased.  For  a  load  which  exceeds  the  buckling  load  only  by 
5%  the  largest  deflection  at  the  middle  of  the  bar  amounts  to  about  20%  of  the  length 
of  the  bar.  Consequently,  there  is  little  sense  in  applying  the  theory  of  Sect.  38  for 
loads  further  removed  from  the  buckling  load.  Indeed,  the  present  theory  does  not 
yield  improved  results  for  greater  loads,  but  the  opposite  will  be  the  case.  This 
should  not  be  surprising  in  the  present  ca«ie  as  for  such  loads  and  the  corresponding 
large  displacements  the  assumption  of  Sect.  38  concerning  the  smallness  of  displace¬ 
ments  is  not  in  the  least  satisfied. 

614.  The  Influence  of  a  Small  Eccentricity  of  the  Load. 

Up  till  now  it  was  assumed  that  the  resultant  of  the  compressive  forces  in  the  end¬ 
points  act  in  the  neutral  axiB  of  the  cross-section.  The  influence  of  a  small  eccen¬ 
tricity  e£  of  the  loading  can  be  taken  into  account  by  application  of  two  moments  Ne/ 
of  opposite  sign  on  the  ends  of  the  bar  in  addition  to  the  compressive  loads  N  .  These 
moments  are  understood  to  be  positive  if  in  the  absence  of  the  compressive  loads,  the 
curved  bar  axis  turns  its  concave  side  towards  the  positive  x^  direction.  Let  6  be 
the  rotation  of  a  cross  section  of  the  bar,  positive  in  the  direction  from  the  xg-  axis 
towards  the  x^-  axis.  The  energy  of  the  moments  then  is 

N€l  |<»),  =1  -  <»>£  ,0|  . 
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This  energy  should  be  added  to  the  sum  (61.3)  of  the  elastic  energy  and  the  energy  of 
the  compressive  loads.  On  account  of  the  Incompressibility  of  the  bar  axis,  the 
angle  $  is  determined  by 


or  after  expansion 

0  =  -i p  ‘  -  -i-i/i*3  -  ... 

6 

After  devision  by  -gj  the  total  energy  can  be  written  as 

pxM  +eQxm  =  p4xm+  ... ,  tei.ia) 

in  which  P^[^j)  and  are  determined  by  (61.5)  and 

1 

qxw  =  -  2 Air  .  (6i.i4) 

?=  0 

In  agreement  with  Chapter  4  only  the  linear  influence  of  the  eccentricity  in  the  dis¬ 
placements  is  taken  into  account. 

For  loads  in  the  neighborhood  of  the  buckling  load  for  the  centrally  compressed  bar, 
the  equilibrium  states  are  determined  by  the  stationary  values  of  (44.  9),  The  coeffi¬ 
cients  and  A^  are  given  by  (61. 10)  and  (61. 11)  respectively.  B1  is  determined 
by 

1 

B1  =  qiKI  =  '  2ff2  Vi  =  4*3  •  (61*15) 

0 
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For  the  problem  under  consideration  it  ic  also  of  interest  to  know  the  equilibrium 
states  for  loads  which  are  considerably  smaller  than  the  buckling  load  of  the  centrally 
compressed  bar.  For  this  purpose  use  is  made  of  t  (.pression  (47. 8).  In  order  to  obtain 
connection  with  equilibrium  states  of  the  centrally  loaded  bar  as  treated  in  Sect.  613. , 
in  expression  (47.  8)  the  coefficient  is  replaced  by  .  This  yields  no  significant 
modification  m  tne  immediate  neighborhood  of  the  buckling  load  of  the  centrally  com¬ 
pressed  bar.  For  greater  or  for  smaller  loads  it  rapidly  becomes  either  so  large 
that  it  violates  the  assumption  regarding  the  smallness  of  the  displacements  on  which 
(47. 8)  is  based  or  it  becomes  so  small  that  the  fourth  order  term  in  (47.  8)  is  of 
minor  importance.  Therefore,  whenever  (47.  8}  can  be  applied  to  the  present  case, 
there  is  no  objection  to  the  replacement  of  A^  by  A ^  .  The  remaining  constants 
are  determined  by 


I 


QjlfjJ 


2*2^; 


4=  i 


4  =  o 


.  3  .0 

*ir  i  Ag 


so  that  (47. 8}  becomes 


FX(a)  = 


47r3eXa  (1  “  X)  a2 


♦i'V 


(61. 16) 


The  equilibrium  states  are  determined  by 


-fr8-  =  47r3e  a  +  jr4  (1  -  X)  a  +  -|-7r6a3  =  o  . 


(61.17) 


The  stability  of  equilibrium  Is  governed  by  the  sign  of  the  second  derivative  of  (61. 16) 


j2-,X 


d  F  (!)  4  ,,  ,  %  .  3  6  2 

- — f-L  =  IT  (1  -  X)  +  -ST IT  a  . 


da 


(61.18) 
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In  view  of  the  fact  that  the  variations  6  6  ,  for  0  <  4  <  1  are  arbitrary,  the  differen¬ 
tial  equation 


2 

+rr  X  sin  0  =  0  (61.20) 

must  be  satisfied,  while  for  4=0  and  |  =  1  the  boundary  conditions  must  hold 

O'  +7r2eX  =  0  (61.21) 

By  restriction  of  the  considerations  to  deviations  which  are  symmetric  with  respect 
to  the  midpoint  of  the  bar,  the  boundary  condition  for  4  =  1  may  be  replaced  by  the 
condition 


0-0 


(61.  22) 


holding  for  4  ^  . 

As  is  well  known  the  integration  of  (61. 20)  can  be  performed  by  use  of  elliptic  Integrals 
(see  appendix).  The  result,  the  dimensionless  deflection  0  at  the  midpoint  of  the  bar 
(the  value  ip  for  4  =  -|)  as  a  function  of  the  load  parameter  X  is  represented  in 
Fig.  4  for  the  centrally  loaded  bar  (curve  I)  as  well  as  for  a  bar  with  the  eccentricity 
parameter  e.  =  o.  01  (curve  la).  Furthermore,  in  this  figure  the  approximate  solu¬ 
tions  (61. 12)  and  (61. 17)  are  drawn  for  e  =  o  and  for  c  »  0.  01  ;  the  values  of  0 
corresponding  to  these  solutions  are  directly  given  by  a  .  The  boundary  between 

the  stable  and  unstable  regions  of  the  approximate  solutions  is  also  indicated.  This 

1  2 

boundary  is  obtained  when  (61. 18)  is  set  equal  to  zero.  ’ 


1In  order  to  avoid  crowding  of  the  figure,  a  relatively  large  eccentricity  has  been 
assumed, 
o 

The  analysis  of  the  stability  of  the  exact  solution  (61. 20)  is  very  complicated  and 
it  will  not  be  persued. 
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615.  Comparison  with  the  Exact  Solution 


It  is  possible  to  give  the  exact  solution  for  the  problem  treated  above.  The  energy  of 
the  eccentricity  moments  amounts  to 


Nel$ 


1=  1 
|-o 
1  a 


=  j2 ir2  e\8 

&  1 


4  =  1 

4  =  o 


By  use  of  (61. 4)  after  devision  by  j  j  ,  the  total  energy  can  be  written 

1 


PXM  +eQ Xbp]  =  2ir2e\0 


4  =  1 


4=o  o 


By  substitution  of  ij>'  =  -  sin  <9  this  expression  becomes 


PX[0]  +eQX  [fi]  =  2t r2e*0 


4=  1 
4=o  o 


+  /  (»'Z  +  27T2\cosS)  d4  . 


(61. 19) 


Equilibrium  states  are  determined  by  stationary  values  of  the  energy,  therefore, also 
by  stationary  values  of  (61. 19).  The  first  variation  of  this  expression  is 


d|pX[0)  +cQX  [63  |  =  27r2eX«e 


4=  1  , 

+  /  (2 e'66’  -  27r2Xsin059)  d4  = 

4=o  o 


=  2(/a+  e’)68 


4=  l 


4=o  o 


j'8'' 


+tt  \sin  9)60  d|  .. 
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Moreover,  in  Fig.  4  the  solution  of  the  well  known  beam  column  theory  is  represented 
(curve  Ilia,  b  for  e  =  0. 01).  This  solution  is  obtained  by  omission  of  all  terms  of 
an  order  higher  than  two  in  (61. 13).  In  order  that  the  energy  so  approximated 


-  2n%\ip‘ 


4=o  o 


J  (4"  2  -  *2\V2)  d4 


would  have  stationary  value,  tp  must  satisfy  the  differential  equation  (61. 6)  with 
boundary  conditions 


1=  0  and  4  =  1:  ip  =  0  and***'  =  *  ex  . 


(61. 23) 


By  use  of  (61. 23)  the  four  integration  constants  of  the  general  solution  of  (61. 6)  are 
determined.  For  the  dimensionless  deflection  at  the  middle  of  the  beam,  it  is  found 


P  -  <  ^1  -  sec  7r  y/Vj 


(61.  24) 


This  result  is  well  known  (see  for  instance  [43] ,  eq.  27).  As  e  —  0  this  solution 
becomes  P  =  0  for  A  ^  A  ,  while  for  X  =  X 1  the  deflection  is  undetermined 
(curve  III).  The  latter  solution  can  also  be  obtained  if  the  solution  for  neutral 
equilibrium  of  the  equation  (61.  6)  with  boundary  conditions  (61.  7)  and  (61.  8)  which 
holds  for  A  =  A  ^  and  infinitesimal  values  of  g  ,  is  regarded  as  an  approximate 
solution  for  finite  deflections  (see  also  Sect.  35). 


It  appears  from  Fig.  4  that  the  approximate  solutions  II  and  Ha  are  close  to  the  exact 
solution  If  the  deflection  at  the  midpoint  of  the  bar  does  not  exceed  20%  of  the  length 
of  fV.  ,ar.  The  approximation  by  the  beam  column  theory  is  satisfactory  if  this 
larg.  deflection  remains  smaller  than  10%  of  the  bar  length.  In  the  case  of  eccen¬ 
tric  loads,  the  approximate  theory  developed  here  may  be  applied  to  the  natural 
equilibrium  state  for  loads  below  the  buckling  load  for  the  centrically  loaded  bar,  and 
the  beam  column  theory  holds  for  loads  up  to  90%  of  this  buckling  load.  The  extension 
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A 


FIG.  4 


fi 


I.  Exact  solution  without  eccentricity, 
la.  Exact  solution  with  eccentricity, 
n.  Approximate  solution  without  eccentricity. 

Ua.  Approximate  solution  with  eccentricity, 
m.  Approximate  solution  corresponding  to  the  assumption 
that  neutral  equilibrium  is  applicable  for  finite 
displacements. 

Ilia,  b.  Beam-column  theory  (with  eccentricity) 

IV.  Boarder  between  regions  of  stable  and  unstable 

equilibrium  for  the  approximate  Solutions  II  and  Ha. 
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II 


of  die  region  of  validity  of  the  beam  column  theory  is  small  in  this  example;  this  is 
due  to  the  small  value  of  resulting  iu  a  very  rapid  increase  of  the  deflections  as 

the  buckling  load  of  the  centrlcnliu  loaded  Hearn  I  a  aiirnaaooH 

60  nnv  ir  Tin wig  fool 

rmjiJijM  itoi . 

The  ends  of  a  prismatic,  supposedly  incompressible  bar  of  length  f  ,  are  simply 
supported  such  that  displacements  perpendicular  to  the  bar  axis  are  excluded.  Again, 
consideration  will  be  given  to  bending  which  takes  place  in  a  plane  through  the  bar 
and  a  principal  axis  of  Inertia  of  the  cross-section;  the  same  notation  will  be  used  as 
InSect.  611. 

At  the  middle  midpoint  C  of  the  bar  AE  (Fig.  5a)  two  identical  compressible  bars 
are  attached  through  hinges.  The  end  points  of  these  supporting  bars  which  lie  In  a 
plane  perpendicular  to  AB  ,  are  simply  supported  at  the  rigid  points  D  and  E  . 

The  plane  of  symmetry  of  this  support  coincides  with  the  plane  of  bending  of  AB.  It 
is  further  assumed  that  the  point  C  cannot  undergo  displacements  in  the  direction  of 
the  AB  bar  axis.  The  distance  between  the  points  D  and  E  is  denoted  2b,  the  dis¬ 
tance  from  C  to  the  midpoint  of  the  line  DE  is  denoted  by  d  (Fig,  5b) 
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It  is  clear  that  the  straight  undeformed  state  of  the  bar,  which  corresponds  to  unde- 
formed  supports,  is  always  a  possible  state  of  equilibrium  when  the  loading  consists 
of  two  opposing  compress! ve  forces  H  «  mb  uuuc  ui  c^uiuuiiuui  id  uto  fundamental 
state. 

621.  The  Potential  Energy 


Let  y  be  the  displacement  of  the  point  C  in  the  direction  x„  .  It  follows  then  that 

2  21  " 
b  +  d  in  the  undeformed  state,  and  to 

b“  +  (d-y)“  in  the  undeformed  state  (see  fig.  5b).  If,  for  the  moment,  a  rigid 

coordinate  system  x1 ,  x2 ,  x3  is  conceived  as  fixed  with  the  x.-  axis  along  one  of  the 

supporting  bars,  then  the  deformation  component  y^  of  this  bar  is  (see  Sect.  11) 


b2  +  (d  -y 
b2  +  d' 


-jdy— .  +  .-I  — 

b2  +  d2  b2  +  d2 


The  elastic  potential  for  the  support  is  then  given  by  expression 


T**  ,*  with  E  -  2G  2-^i- 


(62. 1) 


This  result  can  easily  be  derived  from  (12. 5)  as  the  deformation  components  Yy 
(i  *  j)  are  zero  while  the  absence  of  normal  stresses  in  planes  parallel  to  the  support 
axis,  by  analogy  to  Sect.  54,  leads  to  the  conditions 


■3A.  -  =  .  A  =  0  or  V  =  y  =  -  —  y 
^22  9^33  22  33  m  11 


Substitution  in  (12. 5)  then  gives  (62. 1). 


The  total  elastic  energy  in  the  supports  is 


2  •iEYn2FVb2  +  = 


b2  +  d2 


(dV-dy3+iy4), 
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where  F  is  the  area  cf  the  supporting  bars.  With 


- — - -  =  M  and  v  =  iB  {«?.  ?> 

« iVb2  Ta?r  8*‘ 

in  which  a  is  the  bending  stiffness  of  the  bar  AB  and  M  a  constant  introduced  by 
Cox  l23l,  the  energy  of  the  support  is  written  as 


(62.  3) 


For  the  sum  of  the  elastic  energy  of  the  beam  and  energy  of  the  loads.it  can  by  use  of 
(61. 4)  be  written 


Here  a  trivial  oonstant  has  been  disregarded  and  the  series  has  been  terminated  after 
the  terms  of  the  fourth  order.  By  restriction  of  the  considerations  to  symmetric 
deflections  with  respect  to  the  midpoint  C  of  AB  ,  the  total  energy  is 

Energy  =  P2*  M  +  P  *  10]  +  P^  M 


201 


with 


_1_ 

2 

=  I  (ip“ 2  -  7r2Xf  2)  d£  +  8ir2M02  , 

6 

P3*  m  =  -  8tt2M  £-03  , 

1_ 

2 

P4Xl^]=  f  (rV'2  -  i7r2\f  4)d*  +  2rr2  M  ^~-/34  .  (62.4) 

o  1 

It  should  be  noted  also  that  in  view  of  (62. 2),  (3  is  the  value  of  ip  for  |  =  i-.  It 
appears  from  (62. 4)  that  the  first  variation  of  the  energy  is  identically  vsero  for  the 
state  In  which  the  bar  remains  straight,  in  agreement  with  the  fact  that  this  state  is 
always  a  possible  state  of  equilibrium. 

622.  The  Buckling  Load 

Accord,  ng  to  Sect.  31, the  buckling  load  is  determined  by  the  smallest  value  of  X  for 
which,  with  an  arbitrary  kinematically  possible  function  £  ,  the  variational  equation 
(24. 14)  is  satisfied 

1_ 

2 

P n*[M]  -  2  /  (i rt**  -  £‘)d|  +  16ir2Mty£)  =  0  , 

O  ^ 

(62.  5) 
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4S 

After  restriction  to  deflections  which  are  symmetric  with  respect  to  C  ,  the  kinematic 
conditions  for  the  function  £  are  given  by 

£  =  0  for  £  =  0  and  £'  =  0  for  5  =  4- 

Sr' 


Through  integration  by  parts  it  follows  from  (62. 5)  that 


2  (T  £' 


H 


-  2(f  *  +rr2X^‘)£ 


5=o 


«-T 


5-o 


+  16  ff  M(M)  i  + 
*  =2 


+  2  /  (<fT  **  +  7r2X^‘)£d5  =  0  . 


Since  the  function  £  is  arbitrary  for  0  <  5  <  -g- ,  ip  should  satisfy  the  differential 
equation 


f"‘  +  ir2X^'  *  =  0  ; 


(62. 6) 


due  to  the  fact  that  £'  is  arbitrary  for  £  =  0  and  £  for  5  =  it  follows 


f  =  0  for  |  =•  0  and  -  tp' '  *  -  whip’  +  8wZM#  =  0  for  5  =  j  . 


(62. 7) 


Moreover  ip  should  satisfy  the  kinematic  conditions 

i/j  =  0  for  |  =  0  and  ip'  ■*  0  for  5  *=  .  (62. 8) 
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The  general  solution  of  (62. 6)  is  given  by 


V1  =  A  +  Bl  +  C  cos  7 rVx’ £  +  D  sin  ttVa  £  .  (62.  9) 

The  boundary  conditions  for  $  =  0  yield 

A  =  C  =  0 

The  remaining  constants  with  7rVT=ji  ire  determined  by  the  boundary  conditions  at 
*  =  2 


B  +  jx  D  cos-|fi  =  0  , 

M3  D  cos^M  +  8ir2M^-B  +  D  sin  jixJ  =  0  .  (62.10) 

These  equations  possess  a  non-zero  solution  if  and  only  if  the  determinant  of  the  coef¬ 
ficients  is  zero.  This  condition  becomes  after  some  manipulation 


M 


3  1 

(i  QOB-gH 


Sir2  (sinl,x  -  ±1*  cob±h) 


8(tgTfX  " 


(62. 11) 


The  buckling  load  is  determined  by  the  smallest  value  fi^  =  ir-ZX^  which  satisfies 
(62.11).  If  M  increases  beyond  bounds  from  zero ,  n  grows  from  7r  to  the  value 
8,986  ...  determined  by  the  equation 


(62. 12) 


The  value  Xj^  for  the  buckling  load  lies  consequently  in  the  region 


1  i 


X1  < 


8.986 


8.18  . 
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The  eigenfunction  belonging  to  A  is  given  by 

ipx  =  Bin  -  n1icoa^n1  ;  (62.13) 

it  is  normalized  in  such  a  way  that  its  value  for  I  =  ^  is 

13 1 =  (*i)t  _i  =  sln 2  Mi '  008 hi  •  <62-  14> 

*  “2 

Stability  at  the  buckling  load  is  in  the  first  place  governed  by  the  quantity 

2 

A3  -  w  ■  -  8'2“TS1  ■  -  8*?»4(*toi<‘i  -T»‘ic08T‘,i)  - 

2 

=  d^i  C0Bi^i  (8lnT^i  ■  hi  C08iMi)  •  <62*15> 

This  quantity  is  zero  only  if  one  of  the  factors  of  (62. 15)  is  zero,  i.e.  when  (i.  s  v 
or  when  is  equal  to  the  value  determined  by  (62. 12);  the  corresponding  values  of 
M  are  zero  and  infinite  respectively.  Consequently,  for  values  of  M  between  these 
bounds,  equilibrium  at  the  buckling  load  is  always  unstable. 

623.  Equilibrium  States  for  Loads  in  the  Neighborhood  of  the  Buckling  Load 

It  follows  from  (62.  4)  that 


o 
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For  loads  further  removed  from  the  buckling  load,  the  theory  of  Sect.  38  may  be  applied. 
If  the  displacements  from  the  fundamental  state  are  still  so  ««r.«n  that  the  term  ot  im> 
fourth  order  in  <38.22)  may  be  neglected,  it  follows,  after  the  derivatives  of  (38.22)  are 
set  equal  to  zero, 


a  = 


3  A0  .  .  . ' 
A3  +  *A3 


(82. 19) 


Here  (see  also  (62. 4))‘ 


a2  =  p2  =  ■  xip2  wy 


\1A2-,  Ag  =  Pg  [*'I 


and  thus  (62. 19)  agrees  completely  with  (35.  6).  Therefore,  the  theory  of  Sect.  38  does 
not  cause  important  modification  of  (62. 18),  even  if  the  load  is  considerably  different 
from  the  buckling  load. 

624.  The  Influence  of  Small  Deviations 

At  present  it  will  be  assumed  that  in  the  undeformed  state  the  bar  axlB  AB  slightly 
deviates  from  the  straight  line,  while  the  undeformed  state  of  the  supports  remains 
unchanged.  The  deviation  will  be  such  that  in  the  undeformed  state  the  coordinates 
of  a  point  of  the  bar  axis  are  given  by 


x 


0 

1 


X  , 


(62. 20) 


The  deviation  of  the  undeformed  state  from  the  model  with  coordinates  x^  =  x  , 

Xg  =  0  which  was  considered  above  is  small  if  the  quantity  wQ  is  small.  In  agree¬ 
ment  with  Chapter  4,  this  smallness  justifies  omission  of  quantities  of  second  and 
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higher  order  in  wq  and  its  derivatives.  The  length  of  a  line-element  of  the  unde- 

fnmmH  Imi*  cvia  than  tn 


dx  =  dx 


(62.21) 


It  is  assumed  that  at  x  =  0  and  at  x  =  1  the  function  w  becomes  zero. 

o 

If  the  point  (62. 20)  undergoes  displacements  u  and  w  in  the  directions  of  the  axes, 
then  the  length  of  a  line  element  of  the  deformed  bar  axis  1b 


L  +  du\2  +  /dw o  +  dwV 
+  a x)  +  ysr +  ary 


The  Incompressibility  of  the  bar  axis  is  consequently  expressed  by  the  condition 


/  du\2  /dwo  dw\  _ 

^  +-ax/  +\yar  +  arj  - 


(62. 22) 


The  curvature  of  the.  bar  axis  in  the  undeformed  state  is 


.  o  .2  o  ,  o  ,2  o 
<*1  d  x3  dx3  d  x: 

dx  dx2  dx  dx2 


.  J  .  .2 

K)  +  ht) 

\dx  /  +  \sr/ 
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and  in  the  deformed  state  it  is 


p'  =  ± 


(i  *  £^4  +  .5* 

\  “Adx*  dx7  \ox  dx/dx2 


('  •  *)’  *  (5 


dw] 
dx  J 


S/2 


By  use  of  (62.22)  the  function  u  can  be  eliminated.  The  result  is  (Bee  also  sec.  611) 


p'  =  ± 


dx2  dx2 


\M5-4)" 


After  expansion  and  omission  of  terms  of  the  fifth  and  higher  order  in  the  derivatives 
of  wQ  and  w  as  well  as  of  terms  of  the  second  and  higher  order  in  wq,  it  follows 


d\  dj»  +  ij\u 

»V  *  ,  i/a 

U2  *2  2*,2\i 

k)  dx  dx  ^2  2\^d 

x)  <*2I 

The  energy  in  a  beam  element  is  taken  to  be  proportional  to  the  square  of  the  change 
of  curvature  p'  -  p°  .  If  terms  of  the  sixth  and  higher  order  in  the  derivatives  of 
wQ  and  w  ,  as  well  as  terms  of  the  second  and  higher  order  in  wq  are  neglected, 
the  total  energy  in  the  bar  is 


+  2 


>0)2  df°=  f 

/d2w\2  .  d\(dw) 

f  2  I 

o 

\dx/  dx2  W 

;dW°  dw  / d2w\ 
dx  dx  \dx2/ 

+  f-djg ) 

\d*  /  \dx2/ 

2  2 


dx 


dx 


(62.23) 
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The  energy  of  the  loads  Is 


Nu  =  N  /  4^  dx  . 

JUA 

o 

for  which,  after  use  of  (62. 22)  and  expansion  with  omission  of  terms  of  the  sixth  and 
higher  order  in  the  derivatives  of  wQ  and  w  and  terms  of  the  second  and  higher 
order  in  the  derivative  of  wq  ,  it  follows 


i 


o 


For  the  energy  of  the  supports,  (62.3)  remains  valid  without  change.  These  quantities 
are  again  made  dimensionless  by 

2 

x  ={f  ,  wQ  =e^0*  ,  w  =(M  ,  N  = x  — 2”  • 

Jt 

Here  ^  is  a  function  which  describes  the  form  of  the  deviation  of  the  bar  axis  from 
the  straight  line;  e  is  the  deviation  parameter  which  determines  the  magnitude  of 
the  deviations.  At  I  =  0  and  I  -  1  ,tpQ  is  equal  to  zero.  Differentiations  with 
respect  to  {  are  again  denoted  by  a  dot.  When  the  considerations  are  restricted  to 
symmetric  deflections  with  respect  to  the  midpoint  of  the  beam  then  the  total  energy 
as  a  sum  of  (62. 23),  (62.24)  and  (62. 3)  is 

Energy  =  j  I  P2X  M+  PgX  ty]+  W+eQ^  M+eQgX  (V»]  I;  (62.25) 
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In  thin  flvnmosinn  tv.,  tt  •..i  it _  * 

- -  terms  are  given  by  (82.4),  the  remaining  terms  by 

1/2 


V  W-  -  2*2  x  J  f  fdi  , 


1/2 


Qjx  M-  j  ( "  +  2r  r  r'*  - 


(62. 26) 


TeZlTTJ  °0am°n 8  ^  ^  47  f0r  — —  theory 

satisfied.  If  terms  of  the  fourth  order  in  the  displacements  are  omitted  th 

coefficients  of  (47.8,  follow  immediately  (see  (38.2!),  (62.4)  and  (62.26)) 


A2  =  p2°  ^  = 


°  =  T.O 


A_  = 


P3  IV 


P3  IV 


d  C08f^(s*n|^  -  l^cosl^)2  , 


(62.  27) 


A_  “  0  , 


t  ,  1/^ 

B1  Q1  IV  =  '  2lr  J  ^(cos/^$-  cos|^)d{. 
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In  agreement  with  the  work  by  Cox  it  is  assumed  here  that  the  undeformed  beam 
consists  of  two  straight  parts  which  are  connected  to  each  other  in  an  angle  at  the  mid¬ 
point  C.  The  deviation  function  4‘Q  is  chosen  in  such  a  way  the  midpoint  C  lies  on  a 
distance  d  under  the  line  AB 

t  =2^  4  for  0  <  «  S  ~  .  (62.28) 

o  I  /> 


The  constant  then  Is 


B,  = 


.2“  1„ 


The  deflection  at  the  midpoint  is 


a/?*  -  a! (sin 7^  -  |^cos|^)  . 


(62.29) 


After  substitution  of 


a0i  =  rd 

Instead  of  a  ,  a  new  variable  r  is  Introduced  which  determines  the  deflection  at  the 
midpoint  of  the  beam  as  a  multiple  of  the  distance  d  .  Expression  (47. 8)  can  then  be 
written 
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i*(a)  = 


-  2*1 008 2 M1 


r3  + 


+  (K1-  X)?r  t\ 


1  1  3  Slnfl 

2.,  2  ¥  +  4°0S^  -4  ^r  _2 


<8in|^  -  l^coafMj) 


4ff2eXr 


dl 

i2 


VS  +  <X  “Xl)R2'r2  +  eXRl'r 


(62.30) 


Ab  it  appears  from  (62.30)  the  introduction  of  the  new  variable  r  offers  the  advantage 
that  the  influence  of  the  ratio  d/I  has  been  eliminated.  The  equilibrium  states  are 
characterized  by  stationary  values  of  (62.30),  i.e.,by 


3R3r2  +  2(X  -X^R^r  +  e  XR^  =  0  .  (62.31) 


The  solutions  of  (62 . 31)  are 


- - 7K2 

h*  - x  V 


■  6  X 


R. 


IT 

3R„  • 


(62. 32) 


These  solutions  are  real  if 


.2 

X  )2  ^2_  *£X 

1  R  2 

R3 


(62.33) 
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As  the  values  of  lie  between  jt  and  8.  986  all  coefficients  R  of  (62.31)  are  negative. 
Consequently  for  negative  values  of  e  ,  (62.33)  is  always  satisfied.  The  roots  deter¬ 
mined  by  (62.32)  represent  in  “  X  v«r«na  r  vrunh  two  RAmrntA  hrsnehaa  (see  also 
fig.  6,  page  219  )  •  Only  the  branch  which  is  obtained  by  continuous  deformation  from 
the  unloaded,  undeformed  state  is  of  practical  importance.  This  branch,  the  natural 
branch  .corresponds  to  use  of  the  lower  sign  ir  front  of  the  square  root  in  (62.  32). 

For  positive  values  of  e  two  limits  X*  <  X  and  X**  >  X  ^  are  determined  such 
that  the  solutions  (62. 32)  are  real  for  X  <  X*  and  for  X  >  X  **  ,  Here  only  the  branch 
for  which  X  <  X*  is  of  practical  importance. 

Stability  of  the  equilibrium  is  governed  by  the  si(jn  of  the  second  derivative  of  (62.30) 

6R3r  +  2(X  -  X  jJRg'  .  (62.  34) 

In  view  of  (62.32)  this  derivative  is  always  positive  for  the  solution  of  (62.32)  which 
corresponds  to  the  negative  square  root  with  the  exception  of  the  limit  values  X*  and 
X**  determined  by  (62.33)  for  positive  values  of  e  .  Consequently,  the  natural 
branch  is  always  stable  for  negative  values  of  c  .  For  positive  values  of  c  ,  as  the 
natural  branch  passes  through  X*, the  stability  limit  will  be  reached.  In  view  of  (62.3b), 
this  buckling  load  is  determined  by 


3  Ri’Ra 
X*  =  Xx  + 1  £ 


1 2  2' 

R  >R  „  R 


(62.35) 


625.  Comparison  with  the  solution  by  Cox 


In  the  derivative  above,  all  terms  were  disregarded  in  the  energy  (62. 25)  which 
correspond  to  the  bar  and  are  of.  a  higher  order  than  two  in  the  derivatives  of  ; 
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The  energy  formulation  used  here  deviates  somewhat  from  that  of  Cox  in  which  the 
compressibility  of  the  bar  has  been  token  into  account.  Furthermore,  Cox  puts  the 
elastic  potential  proportional  to  the  square  of  the  specific  strain  and  not,  as  it  has 
been  done  here,  proportional  to  the  square  of  the  strain  component.  These  differ¬ 
ences  are, however, of  minor  importance. 
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Through  integration  by  parts  it  follows  from  (62.37)  that  0  should  satisfy  the 
differential  equation 


0"  *  *  +  it  ^  \  ili  +  it  ^eX  ip''  =o 


(62. 38) 


with  the  boundary  conditions 


0"  =  0  for  4  =  0  , 


0'  ”  -  7T  Z  X  Ip'  -  JT  \0q  + 


+  8tt2M 


(*-!f*24f3)= 


0  for  I  =4 


(62.39) 


The  kinematic  conditions  for  0  read 


0  =  0  for  £  =0  and  <!>’  *  0  for  £  =  |  .  (62.40) 


For  the  deviation  function  (62. 28), equation  (62.38)  becomes  identical  to  (62.6).  This 
equation  with  boundary  conditions  (62. 39)  and  (62.40)  can  be  solved  rigorously.  Two 
integration  constants  of  the  general  solution  (82. 9)  follow  immediately  from  the 
conditions  at  £  =  0 

A  =  C  =  0  . 

•The  deflection  at  the  midpoint  of  the  beam  is  determined  by 


0=  |b  +  Dsin|  fi  With  p  -.=  ir  /x. 
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Under  the  condition 


4>-  =  0  at  i 


1 

2 


B 


+  Dficos^  M  - 


0 


the  constants  B  and  D  may  be  expressed  in  terms  of  /? 
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Finally  /3  is  determined  by  the  second  condition  (62 . 39) 


1  2d 

—  /3cos^  H  -  2 n  €j  + 


sin|  jJ  -  ^ncos-gH 


8tt2M 
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ko  2 


(62.41) 


An  equation  for  the  deflection  at  the  midpoint  of  the  beam  as  a  multiple  of  the  distance 
d  follows  from  (62 . 41)  by  substitution  of  0  */d  =  r 
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r 


3r 


2  +  — - 
v  2M 


2tgg  0 -V- 


(62.42) 


This  result  agrees  completely  with  that  by  Cox  who  neglected 
r 

R2T1 

in  comparison  to  unity  in  his  equation  (18)  [23,  in  particular  p.  264]  ,1 

1For  the  derivation  of  (62.42)  Cox  developed  the  functions  >l> 0  and  <P  in  Fourier-series. 
This  detour  is  shown  to  be  unnecessary  by  the  solution  method  given  here. 
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The  stability  of  the  equilibrium  states  determined  by  (62. 42)  are  governed  by  the 
second  variation  of  the  energy  (62 . 36) 


(62.43) 


This  is  of  the  same  form  as  the  second  variation  (62.4)  for  the  initially  straight  beam. 
The  condition  for  neutral  equilibrium  oan  therefore  immediately  be  derived  from 
(62. 11) 


0  or 

(62.  44) 

In  a  A.  versus  r  diagram,  the  neutral  states  of  equilibrium  for  different  yalues  of 
c  are  all  represented  by  the  curve  determined  by  (62. 44).  This  curve ,  according  to 
(62.11),  goes  through  the  point  A  -  Aj  ,  r  =  0  .  For  the  points  A  <  ,  r  =  0 

and  for  A  >  A1  ,  r  -  0  representing  possible  equilibrium  states  at  c  =  0 ,  equilibrium 
is  stable  and  unstable  respectively.  The  transition  from  a  stable  to  an  unstable  state  of 
equilibrium  always  takes  place  at  a  state  of  neutral  equilibrium.  Therefore,  the 
equilibrium  states  are  stable  and  unstable  respectively  depending  on  whether  they  are 
represented  by  a  point  on  the  same  or  the  opposite  side  of  the  curve  given  by  (62.44) 
as  A  <  Aj  ,  r  =  0  and  A  >  A^  ,  r  «  0 .  In  passing  along  the  natural  branch  from  the  point 


8^(1  -  3r  +  |r2) 


ar2  ••  8r  +  2  +  £ 


2tg-2  li-H 


=  0  . 
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la.  Solution  of  Cox  e  =  0 

lb.  Solution  of  Cox  €  =  0,1. 

lc.  Solution  of  Cox  e  =  -0,1, 

ld.  Partition  between  stable  and 
unstable  region  according  to  Cox 

Ha.  Approximation  e  =  0. 

lib.  Approximation  e  -  0,1. 

He.  Approximation  e  =  0,1. 

lid.  Partition  between  stable  and 

unstable  region  according  to  the 
approximation. 


which  represents  the  undeformed,  unloaded  state  X  =  r  =  0  ,  the  buckling  load  is 
rnnnhpiri  at  the  first  intersection  with  the  curve  (62. 44).  The  corresponding  value 
X *  of  the  load  parameter  ie  obtained  by  elimination  of  r  from  (62.  42)  and  (62.44). 

As  (62.44)  is  also  the  condition  for  the  occurrence  of  a  double  root  of  (62. 42).  the 
tangent  to  the  curve  X  versus  r  is  at  the  point  X*.  r*  parallel  to  the  r-axis. 

In  Fig.  6  some  X  versus  r  curves  are  drawn  for  the  case  M  =  1  ;  in  view  of  (62.11), 
the  value  of  the  load  parameter  corresponding  to  the  buckling  load  of  the  initially 
straight  beam  is  X^  ■  4. 

Curve  la  is  valid  for  the  initially  straight  bar,  the  curves  lb  and  Ic  are  valid  for 
the  values  0. 1  and  -0. 1  of  the  deviation  parameter  c  respectively.  Of  the  last 
mentioned  curves,  only  those  branches  are  represented  which  are  obtained  continu¬ 
ously  from  the  undeformed  state.  The  line  of  partition  between  the  stable  and  unstable 
regions  is  given  by  curve  Id  .  The  stable  parts  of  the  X  versus  r  curves  are  given 
by  heavy  lines,  the  unstable  parts  by  dotted  lines. 

Further,  in  Fig.  6  some  X  versus  r  curves  are  drawn  for  the  approximate  solution 
for  M  =  1 .  Curve  Ha  holds  for  the  initially  straight  beam  (see  (62.18)),  the  curves 
m>  and  Ho  hold  for  the  values  0.1  and  -0.1  of  the  deviation  parameter  e  respectively 
(see  (62.32)).  The  line  of  partition  between  the  stable  and  unstable  region  is  given  by 
curve  fid;  this  curve  is  obtained  when  (62.34)  is  set  equal  to  zero.  It  appears  from 
the  figure  that  the  approximation  is  good  if  r  does  not  exceed  the  value  0.4,  i. e.  .If 
the  deflection  c1;  the  midpoint  of  the  bar  is  not  large;  than  40%  of  the  distance  d  . 

In  Fig.  7  the  buckling  load  X*  of  the  bar  is  given  as  a  function  of  e  for  the  case  of 
positive  values  of  e  .  Curve  I  corresponds  to  Cox's  solution  obtained  by  elimination 
of  r  in  (62.42)  and  (62.44),  curve  II  corresponds  to  the  approximate  solution 
(62. 35).  Also  in  this  case  the  agreement  is  very  satisfactory. 
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FIG.  7 


Finally,  it  may  be  noted  that  the  analysis  of  Cox's  problem  is  also  based  on  the 
assumption  of  a  completely  elastic  material.  As  a  consequence,  the  considerations 
have  significance  only  as  long  as  the  occurring  deformations  are  very  small.  In 
view  of  the  results  of  Sect.  621,  the  strain  components  in  the  supporting  bars  are  of 
an  order  of  magnitude  of  d  /(b  +  d  )  if  the  deflection  at  the  midpoint  of  the  beam  is 
of  the  same  order  of  magnitude  as  the  distance  d  .  Consequently,  in  the  foregoing 
it  has  tacitly  been  assumed  that  the  angle  ECD  of  the  supports  differs  little  from 
180“  (see  Fig.  5b). 

63.  THE  PROBLEM  OF  THE  EFFECTIVE  WIDTH 

The  simplest  case  of  the  problem  of  the  effective  width  may  be  formulated  as  follows. 
The  edges  of  a  flat  rectangular  plate  are  simply  supported  such  that  edge  displace¬ 
ments  can  only  occur  in  the  plane  of  the  plate.  If  the  plate  is  loaded  in  compression 
on  two  opposite  sides ,  buckling  of  the  plate  will  take  place  as  a  certain  critical 
load  (the  buckling  load)  is  exceeded.  Below  the  buckling  load,  a  linear  relation  existB 
between  the  compressive  load  and  the  end  shortening;  after  the  buckling  load  is  ex¬ 
ceeded, the  end  shortening  increases  more  rapidly  than  the  compressive  load.  This 
is  expressed  by  use  of  the  concept  of  effective  width  defined  as  follows:  the  ratio  of 
the  effective  width  to  the  total  width  of  the  plate  is  equal  to  the  ratio  of  the  compressive 
load  sustained  by  the  plate  to  the  load  on  a  similar  but  not  buckled  plate  which  has  the 
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same  ecd  shortening.  The  extensive  theoretical  literature  about  this  subject  (Bee  [46]) 
yields  good  results  for  loads  not  too  far  in  excess  of  the  buckling  load;  on  the  other 
hand  the  theory  is  still  unsatisfactory  for  loads  far  in  excess  of  the  buouing  load. 

For  loads  not  too  far  in  excess  of  the  buckling  load  the  best  theory  is  given  by 
Marguerre-Trefftz  [19] .  After  a  short  survey  of  their  considerations  (Sect.  632), the 
general  theory  of  Chapter  3  will  be  applied  in  Sect.  633  here.  The  resits  thus  ob¬ 
tained  agree  very  well  with  the  results  obtained  by  Marguerre-TrefftT. 

631.  The  Elastic  Energy 

The  elastic  energy  in  an  initially  flat  plate  can  be  calculated  by  application  of  the 
general  theory  of  Chapter  5.  In  this  particular  case,  it  is  simpler,  to  make  use 
of  the  results  already  obtained  by  Marguerre  and  Trefftz  [19] . 

A  point  in  the  middle  surface  of  the  undeformed  plate  described  by  its  coordinates 
x  and  y  with  respect  to  a  fixed  system  of  orthogonal  coordinate  t'.w'u  whose  origin 
is  at  the  midpoint  of  the  plate.  For  a  plate  of  length  1  and  width  b  the  longitudinal 
edges  are  given  by  y  =  ±-|b  and  the  transverse  edges  by  x  =  .  As  the  plate 

Is  deformed  a  point  in  the  middle  surface  undergoes  a  displacement  with  components 
u  and  v  in  the  directions  of  the  x  and  y  axis  respectively  and  a  component  w  normal 
to  the  surface  of  the  plate.  If  differentiation  with  respect  to  x  and  y  is  denoted  by 
indices  x  and  y  placed  at  right  below  the  arguments,  then  the  total  elastic  energy  Is 
[19,  eq.  36] 
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*3H*» 


632.  The  Theory  of  Marguerre-T refit z 


An  Infinitely  long  plate  which  undergoes  an  average  compression  is  considered. 
The  displaoement  component  u  is 


u  =  -  +  tl  ,  (63.2) 

where  the  second  term  is  a  periodic  function  of  x  .  For  the  displacement  component 
v  is  written 


v  =  e2y  +  0  .  (63.3) 

The  transverse  displacements  of  the  longitudinal  edges  (which  remain  straight)  are 
±  e  >>  .  Also  a  is  a  periodic  function  of  x  .  Along  the  longitudinal  edges 

$(x,±-|b)  “0.  (63.4) 

For  the  odge  values  of  the  displacement  component  G  it  is  bIbo  required  that 

u(x,  *-|b)  =  0  .  (63.5) 


This  Implies  that  the  longitudinal  edges  are  connected  to  stringers  of  such  a  stiffness 
that  they  do  not  noticeably  deform  under  the  shear  stresses  induced  in  the  plate. 

This  assumption  appears  to  be  of  minor  importance;  almost  the  same  result  may  be 
obtained  if  it  is  assumed  that  the  longitudinal  edges  are  not  subjeoted  to  loads  in  the 
x- direction,  i,  e.,  that  no  shear  stresses  act  on  the  longitudinal  edges. 

Marguerre  and  Trefftz  consider  e  ^  as  an  independent  parameter  or  to  put  it  differ¬ 
ently,  they  consider  a  plate  with  a  prescribed  end  shortening.  The  compressive  load 
which  is  (at  infinity)  acting  on  the  plate  than  does  not  contribute  to  the  potential 
energy.  Further,  they  consider  the  two  limiting  cases  that  the  longitudinal  edges 
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are  completely  free  to  move  in  the  y-direction  and  that  the  edges  are  completely  restrained 

m _ im  ..  J1«m«A1an  T«  neUKett  a#  fkAfla  AfiQOfl  Ha  fVlA  InflHft  All  tllA  lAllffi- 

liuiu  uivuvm  i  •*  wiv  j  *,***.  wwv*v**»  •**  —  - - —  — - —  -  - -  —  -  -  ** 

tudinal  edges  contribute  to  the  total  potential  energy;  in  the  firBt  case  because  the 
total  load  on  the  edge  is  zero,  in  the  second  case  because  displacement  of  ihe  longi¬ 
tudinal  edges  is  zero.  The  total  potential  energy  is  then  determined  by  (63. 1).  By 
use  of  (63. 2)  and  (63.3)  this  expression  becomes 
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(63.6) 


States  of  equilibrium  are  characterized  by  stationary  values  of  the  energy  (63 . 6) . 

It  is  known  that,  as  the  stability  limit  is  reached  the  displacement  components  u 
and  v  are  zero  while  the  component  w  is  given  by  [47] 


ttx  „7ry 
w  =  a  cos-g~  cos -jj- 


(63. 7) 


if  the  longitudinal  edges  are  free,  and  by 

w  =  a  cos  p  ^  cos  ^  with  p  =  yj 


m  -  2 


m 


(63.8) 


224 


if  the  longitudinal  edges  are  restrained  from  displacement  In  y-dlrectton  [19,  eq.  921)  , 
An  approximation  is  now  introduced  by  the  assumption  that  the  displacement  com¬ 
ponent  perpendicular  to  the  surface  of  the  plate,  also  after  the  buckling  load  has  been 
exceeded,  is  given  by  (63.  7)  or  (63.8).  The  still  unknown  components  6  and  $  are 
determined  if  the  first  variation  of  (63.6)  is  set  equal  to  zero  for  every  possible  vari¬ 
ation  of  u  and  $  .  This  leads  to  the  differential  equations  (see  [19] ,  sec.  V) 


(63.9) 


After  restriction  of  the  considerations  to  free  longitudinal  edges  with  the  buckling 
mode  (63.  7),  a  particular  solution  of  (63.9)  can  immediately  be  written  down  [19, 
eq.  60] 
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(63.10) 


The  requirement  of  periodicity  is  satisfied  by  this  solution.  However,  the  boundary 
conditions  are  not  yet  satisfied.  For  this  purpose  a  solution  of  the  homogeneous 
equations  (63.9)  must  also  be  added.  It  appears, however,  that  this  addition  is  not 
numerically  significant  [19,  sec.  V  and  VI ]  so  that  it  will  not  be  further  considered. 
This  is  even  more  justified  in  view  of  the  faot  that  in  reality  the  boundary  conditions 


(63. 5)  are  only  approximately  valid  and  that  (63. 10)  represents  the  exact  solution  if, 
instead  of  (63.  5),  absence  of  shear  stresses  along  the  longitudinal  edges  is  required. 

Introduction  of  (63. 7)  and  (63.10)  in  (63. 6)  determines  the  energy  as  a  function  of  the 
three  parameters  e  ^  •  §  •  Execution  of  the  integration  over  the  length  b  of  a 

half  period  yields  [19,  eq.  69*)] 
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In  the  case  of  free  lateral  edges  the  conditions 
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should  be  satisfied  for  a  stationary  value  of  (63.11) .  These  conditions  are 
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1The  last  term  of  eq.  69  contains  a  typographical  error;  it  should  read  mm  1  irSPf2  . 
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The  second  equation  is  satisfied  by  a  =  0  with  which  from  the  ftrBt  equation  it  follows 

that  e„  =  —  e,  .  For  this  solution  (63. 11)  becomes 
2  m  1 

v  =  Ghb2  2-1-1  .  (83.13) 

This  solution  yields  the  unbuckled  state  of  the  plate.  With  the  known  value  =  e* 
for  the  buckling  load  (see  f47]) 
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the  remaining  solutions  of  (63.12)  are  written 
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This  solution  is  apparently  only  real  for  e1  >  e*  ,  In  that  case  the  energy  (63.11)  is 
found  to  be 
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(63.15) 


Knowledge  of  the  stress  distribution  in  the  plate  is  not  needed  for  the  calculation  of 
the  effective  width.  For  a  variation  of  the  average  compression,  the  work  of 
the  load  N  acting  on  a  strip  of  the  plate  of  the  length  of  a  half  period  and  the  width 
equal  to  b  is  equal  to  Nb6e1  .  This  work  should  be  equal  to  the  increase  of  the 
elastic  energy  so  that 


N 


_  1  dV 
b  dej 
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should  hold.  For  the  unbuckled  plate  follows  from  (63.13)  that 


N 


nviK  o  -m  —  _ 
m 


'l  ' 


for  the  buckled  plate  from  (63. 15)  that 

N  =  Ghb^—i  (€l  +€*)  ■ 

The  ratio  of  the  effective  width  to  the  total  width  iB  given  by  the  quotient  of  these 
expressions 


"IT  =  i  (1  +  e^")*  <63'16> 

in  agreement  with  the  result  of  Marguerre-Trefftz  [19,  eq.  86]  . 

633 .  Application  of  the  General  Theory  of  Chapter  3 

It  is  assumed  that  in-plane  loads  on  the  edges  of  the  plate  which  remain  straight  can 
only  act  in  a  direction  perpendicular  to  the  edge.  Moreover.lt  iB  assumed  that  the 
total  load  on  the  longitudinal  edges  of  the  plate  y  =  ±  —  b  is  zero .  Let  N  be  the 
resultant  of  the  compressive  load  acting  on  a  transverse  edge,  then  the  energy  of  the 
loads  is 


This  Is  in  agreement  with  the  case  treated  in  Sect.  632, 


(63.17) 
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The  displacements  in  the  fundamental  state  are  assumed  to  be 

U  =  -  ex  ,  V  =  fy  ,  W=0,  (63.18) 

while  the  displacements  of  a  neighboring  state  are  written  as 

U+u  =  -ex+u,  V+v  =  fy  +  v  ,  W+w  =  w  .  (63. 19) 

After  introduction  of  (63. 19)  in  the  total  energy  [the  Bum  of  (63. 1)  and  (63.17)]  and 
after  series  expansion,  it  is  found  for  the  linear  terms  in  u,  v  and  w  (the  first 
variation  of  the  fundamental  state)  that 


iGhST^l  // 1-  8  <e  -  f)  (ux  +  Vy)  -  fux  +  sa^iev  |  dxdy  + 


+  Nu 


x~2* 


x  -g  1 


y=yb 


y-lb 


-  aah5nh(e  “  5Tf)  '  Nl  u 


x=|f 


x=-|£ 


It  appears  thus  that  the  state  (63.18)  is  indeed  an  equilibrium  state  if 


f  -  —  e  and  2G  2-L.J  bhe  =  N  . 
m  m 


To  the  load  parameter 


X  = 


N  _  m  N 
Ebh  2  (m  +  1)  Gbh 


=  e 


(63.  20) 
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therefore  belongs  the  fundamental  state 


U  =  -  Xx  ,  V  =  ^Xy  ,  W  =  0  .  (63.21) 

The  expansion  of  the  increase  In  the  energy  during  transition  from  the  fundamental 
state  to  a  neighboring  state,  obtained  by  substitution  of  (63. 19)  into  (63. 1),  is  now 
written  in  the  form 


PX[u]  =  P®[u]  +XPg[u]  +  P°  [u]  +  Pj  [u] 


with 


PS  M 


*  Gh 


Vy  '  i  (uy  +  V2 


+  rzh^(w  +  w  -  2  m  -■■■-  /w  w  -  ) 

12  'xx  yjr  m  l  xx  yy  xy/ 


dxdy  , 


P9  [u]  -  Gh 


m^l  jj~  ~J  A  *1  ^dy  • 


P3  M 


=  Gh 


PjN 


=  Gh 


^//|<“x+V("x*»y)  + 

TT1  [  Vy  +  vywx  -  <“y  +  V  wxwy 
fw2  *  w2’2 


dxdy  , 


i(wx  +wy)  ** 


(63. 22) 


The  buckling  load  is  reached  when  the  second  variation 


Pg  M  -  ?2  M  +  Xp2  M 
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is  semi-definite.  Because  the  displacements  in  the  plane  of  the  plate  and  those  per¬ 
pendicular  to  the  plane  of  the  plate  yield  mutually  independent  contributions,  these 
contributions  should  separately  be  equal  to  zero.  The  integrand  of  the  contribution 
first  mentioned  is  also  seml-deftnite  so  that  for  the  first  system  of  eigenfunctions  at 
the  buckling  load  thn  following  should  hold 

“lx  ■  vly  =  “ly  *  vlx  -  0  ' 
from  which  by  use  of  the  boundary  conditions 

u  =  const,  for  x  =  ±-5!  ,  v  =  const,  for  y  =  ±-^b  (63.23) 

it  follows  that 


ui  B  Vj  -  0 


The  variational  equation  (38 . 4)  for  neutral  equilibrium  then  is 


1  h2 
12  h 


2(wxx  +  V  (f*x  +  tyy)  + 


m  -  1 
m 


(w  t  +  w  £ _  -  2w  tj 

'  xxfcyy  yy  xx  xyhxy 


2 

2-^Vx 


dxdy  =  0 


3 


} 

4 


\ 


After  division  by  the  factor  in  front  of  the  integral  sign  and  integration  by  parts  it 
follows  that 


2  b 
*  i  r 


J  |lh2t('*,»x+S"y,)tx+J!t5A"'xyt! 


-b 


<**»  +  «W« 


-2!^Xwxt 


m 


dy 


x  =  +J| 


x*-i| 


i1 


f  ^h2  (w  +  —  w 
/  6  \  yy  m  xx  /  ; 


-I1 


+  **  ^  w  t  + 

y  m  xy*x 


“  ^xxy  +  wyyy)t 


dx 


y=|b 


y  =  -jrb 


*//  \b2»: 

* 


+  2w  +  w  )  + 
xxxx  xxyy  yyyjr 


2 

+  2  — ~-X-  tdxdy  ■  0  . 


m 


The  kinematic  conditions  for  the  displacements  w  are 


w 


0  for  x  =  ± 4-f  and  y  “  ± ;b 


so  that  in  addition 


t=  0  for  x  =  ±  4i  and  y  =  ±  4  b 


(63.25) 


(63.26) 
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From  this  it  also  follows  that 


*•  =  n  fnr  v  n  ilh  ftfld  £  =0  for  X  =  ±  ^  i  . 

bx  *  y  - 

i  t 

Furthermore, the  function  £  Is  arbitrary  so  that  for  |x|  <  Jl  and  |y|  <  ^  b  the 
differential  equation 


2 

|  h2  (w  +2w  +w  J+2  — — ^  Xw  “  0 
6  vxxxx  xxyy  yyyy  m2  xx 


(63.27) 


with  boundary  conditions 


+  =  0  for  x  =  ± i  1  ,  w  +^-wv  =  0  for  y  =  ±|l> 


xx  m  yy 


yy  m  xx 


should  be  satisfied.  By  use  of  (63.  26)  it  follows  that 


w^  =  0  for  x  =  ±-~f,  w^  =  0  for  y  =  ±-|b 


and  thus  the  boundary  conditions  become 


w  =  0  for  x  =  ±  ”  1  ,  w 
xx  2  '  yy 


0  for  y  *  ±yb 


(63.  28) 


The  solution  of  (63.  27)  with  the  boundary  conditions  (63.26)  and  (63. 28)  may  be 
written  in  the  form  [ 47] 


w 


.cos  .  ttx  cos 
sin  i  sin 


where  the  cosine  or  sine  functions  are  used  depending  on  whether  i  and  j  are  odd 
or  even  respectively.  However,  this  solution  exists  only  if  X  attains  a  value  deter¬ 
mined  by 
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For  long  plates,  the  latter  condition  can  always  be  satisfied  with  good  approximation. 
It  is  assumed  to  be  satisfied  for  an  odd  value  of  i  so  that  the  buckling  load  and  the 
corresponding  eigenfunction  are  given  by 


X1  " 


-  1  3b 


ttx  jry 
=  COS  -g-  cos  -g- 


(63.30) 


which  is  in  agreement  with  Sect.  632. 

For  the  analysis  of  the  neighboring  states  which  belong  to  the  fundamental  stute.the 
following  is  introduced  in  agreement  with  the  general  theory, 

u“au1+u=u,  v=av1+v'=v,  w=  awx  +  w  .  (63.31) 


As  (63. 22)  is  of  the  form  (38.3),  the  extended  theory  of  Sect.  38  may  be  applied  pro¬ 
vided  that  the  displacements  u,  v,  w  are  small.  Some  of  the  coefficients  in  expres¬ 
sion  (38.22)  can  readily  be  determined  (see  also  (38.21)) 
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X  *  «»  ^ 

For  the  caiuuUucm  of  A^a-  the  functions  a* '<p "  must  be  known.  These  are  determined 
by  the  variational  equation  resulting  from  (38. 18),  which  holds  for  arbitrary  fcine 
maticaliy  possible  functions  £ ,  p  ,  £ 

.  ahsrhjf/]2<vv(t**v  + 

- 2  ^rMvy  *  V*  '  i  *  7*’  (iy  +  V  l  + 

-  2SLBri  <Vyy  +  V«  -  W  I  <My * 

+  ohi ■‘hff  -  * 

* Gt  srr-1  i*  f J|*»L ♦  V  ««x +  v + 

•  ^ST  |wly  *x  +  WL  1j  -  wUWly  «y  ♦  vl  **r  ■  «  •  i"3-  33> 


together  with  the  condition  (38.19)  which  here  takes  the  form 

Gh  Jj  It  fa2  [  2(wlxx  +  wlyy>  ^'V* 

-  2  <"W v  +  wiyyV  -  *»ay Vl  ^  *  0  '  <63'  34> 

In  the  formulation  of  this  condition  use  has  already  been  made  of  (63. 24).  By  analogy 
to  the  foregoing  (63. 33)  is  reduced  through  integration  by  parts 
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-I-  ,  1  -  \  .  2  1.3  .  I  ...2  \ 

*  K  ’i'yl  TS  Vlx  T  m  "ly)  J 


L. 


+  STi(ii y  +  \  *  S2wlxwly)  " 


<*y 


X=I  { 
X  2 


x  =  -|£ 


2 

/  |i1‘(int;v)1«tfh‘£rV, 


1  h 
’2b 


>2(' 


1'-2/w  +  w  )+2m  1'~ 

—  xyy/ 


XXX 
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2~X^x 


dy 


-I1 


x  =  - 


I* 


/  2  (5y  +  i  °x)  *  i2  (wly  +  5  “lx) 


TJ  + 


*  TT  fy  *  \  *  S2wlxwly)  f 


dx 


y=Jb 


y=-|b 


U 


f  I  1 .2  /_  ,  1  _  x  >.  ,  1  .  2  m  ■  1 

J  j  6 h  (Wyy  m  ^xx)  y  6  m 


w  t  + 
xy  x 
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fcOIM 


|y~2b 


-th'lWxxy  +  "yyy/‘  * 


y«-Th 


-Jf  ^ir  “xx  +  V  +  m-TT  S!  ®x  +  V  + 

+  5-?-i  S2  £  (wJx  +  wly)  +i2wlx"lyy  -  Al/lxy  ■«<*“*  + 

II  m  -  1  -  ,  —  .  m  +  1  8  . 

JJ  m  xx  yy  m  -  1  8y  '  x  V 

+  &Mx  +  wly)  *-S2wlywlxx  -  -2wlxwlxy|  ’ldxdS'  + 


«*>2  <wxxxx  +  2wxxyy  +  wyyyy 


>  +  2— — i"~  Xwvvl fdxdy  =  0  • 

m  I  ...  . 


(63.35) 


The  klnematio  conditions  for  the  functions  u  and  £ ,  v  and  rj  follow  from  (63. 23) 


u  ■  const,  and  {  ■  const,  for  x  =  ±  j l  , 


v  =  const,  and  rj  =  const,  for  y  »  ±  4  b  . 


(63.36) 


As  the  functions  £  and  V  are  arbitrary,  u  and  v  should  satisfy  tho  differential 
equations 
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For  the  function  w  is  obtained  the  same  differential  equation  as  that  which  followed 

/«Q  OR\  ... 

\ - • - /  ~~  '* 


h2  (w  +2w  +w  )  +  2  m  I  1  Xw 
6  '  xxxx  xxyy  yyyy'  m2  xx 


(63.39) 


with  the  boundary  conditions 


x  =  ±-^i  :  w  -  w 


xx 


0  and  y  =  ±4b:  w  =  w  =  0  .  (63.40) 


Equations  (63.37)  are  identical  to  (63.9)  so  that  they  also  have  the  same  particular 
solution  (63.10).  In  order  to  satisfy  the  boundary  conditions  (63.38)  this  solution  is 
combined  with  a  solution 


u.  =  cx  ,  v  =  dy 

of  the  homogeneous  equations  (63.37).  It  follows  then  from  the  integral  condition 
(63-38)  that  with 


c  =  d 


=  _  ff2ft2 

8b2 


all  boundary  conditions  (63.  38)  are  satisfied.  The  resulting  solution  of  (63.37)  is 


u  - 


v  = 


(63. 41) 
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Equation  (63.39)  with  boundary  conditions  (63.40)  is  identical  to  (63.27)  with  boundary 
conditions  (63.26)  and  (63.26).  Therefore,  it  similarly  always  has  the  solution 

w  =  0  (63.42) 

and  in  addition  a  non-zero  solution  for  the  particular  values  of  X  determined  by 
(63.29).  The  solution  corresponding  to  the  smallest  value  X.^  is  incompatible  with 
condition  (63.34).  Therefore,  as  long  ae  X  remains  below  the  second  smallest 
value  Xg  ,  there  are  no  nonzero  solutions  of  (63.39), 

Substitution  of  (63.24),  (63.30),  (63.41)  and  (63.42)  yields  after  integration  for  the 
term  AXa4  of  (38.22) 

AV  =a4  pJlUjl  -P®U>2XJ-  PjtaXl  =a4P2(u1]  + 

-  lu)  -  XP'lu]  -  Gh  .  (63.  43) 

The  coefficient  of  this  term  is  always  positive,  thus  also  for  X  =  Xj  ,  so  that 
equilibrium  is  stable  at  the  buckling  load. 

The  equilibrium  condition  is 

4A4  a3  +  2A4(l  -  jq  U  -  0 

with  the  solutions 

,  (VlK 

a  =  0  and  a  - - —  for  X  >  X,  . 

2AX  1 
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This  result  is  the  same  as  that  of  Marguerre-Trefftz  on  acoount  of  the  identity  of  x 
with  e*  . 

That  the  same  result  has  been  obtained  is  due  to  the  circumstance  that  the  function  w 
which  determines  the  change  of  the  buckling  mode  with  respect  to  w^  ,  appears  to  be 
zero,  i.e.,  that  the  general  theory  confirms  the  assumption  which  was  introduced  by 
Marguerre-Trefftz  concerning  the  form  of  the  buckling  mode.  This  is  due  to  the  facts 
that  the  diffe  rential  equation  in  w  and  its  boundary  conditions  have  no  known  terms 
and  also  that  there  are  no  tern^a  containing  w  in  [u^.u]  and  [u^,-?]  . 

Strictly  speaking  the  application  of  the  theory  of  Sect.  38  as  given  here,  holds  only 
for  values  of  X  smaller  than  *  Since  Xg  for  long  plates  is  only  a  little  greater 
than  X^~  for  an  infinitely  long  plate, the  particular  X  values  actually  represent  the 
continuum  X  i  Xj  -  the  practical  significance  of  the  result  would  appear  to  be 
little.  In  spite  of  this,  the  result  (63.46)  for  the  effective  width  appears  to  represent 
a  good  approximation  also  for  X  values  exceeding  Xg  .  There  is  no  doubt  that  this  is 
caused  by  the  circumstance  that  the  buckling  modes  which  correspond  to  X  2  ,  X^  etc . 
differ  only  a  little  from  the  buckling  mode  (83.30). 
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Chapter  7 

THE  THIN  WALLED  CYLINDER  UNDER  AXIAL  COMPRESSION 

71.  THE  DEFORMATIONS  AND  THE  POTENTIAL  ENERGY 

The  two  sets  of  lines  of  curvature  for  the  cylinder  are  formed  by  the  generators  and 
the  parallel  circles  which  are  introduced  as  the  parameter  lines  p  -  const,  and 
a  =  const. ,  respectively.  The  positive  directions  of  the  parameter  lines  are  chosen 
in  such  a  way  that  the  positive  direction  of  a  normal  to  the  cylinder  is  pointed  outwards. 
A  point  of  the  middle  surface  of  the  undeformed  cylinder  may  be  described  by  its 
coordinates  with  respect  to  a  rigid  system  of  coordinates  of  which  the  x -  axis  coincides 
with  the  cylinder  axis 


Xj  =  Ra,  Xg  =  R  sin  p,  Xg  =  R  cos  p. 


The  quantities  A  and  B  defined  by  (52. 3)  are 


A  = 


while  the  principal  radii  of  curvature  are 


-  \A§)  -  (i?) '  -  "■ 


(71. 1) 


R1  =  R2  =  _R; 


(71.2) 


the  minus  sign  in  the  last  relation  expresses  that  the  corresponding  center  of  curvature 
lies  on  the  negative  part  of  the  normal. 
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If  for  simplicity  differentiation  with  reapect  to  a  and  with  reBpect  to  /3  are  denoted 
by  a  crime  and  a  dot  resDectivelv.  then  the  deformation  components  of  the  middle  sur¬ 
face  take  the  form  [see  (56.3)] 


W  -  & 2"'  +  75  «“'2  +  v'2  + 

n 


W*), 


yMo  =  R  2<V*  +  W)  +  ^2  [u*  2  +  (v*  +  W)2  +  (W*  “  v)2  ]  ’ 
va/3o  ”  R  (U’  +  V,)  +  ^2  [u,u*  +  v'  (v’  +  w>  +  w’  (w‘  “  v>  ]  • 


(71.3) 


The  changes  of  curvature  follow  from  the  formulas  (56. 4)  to  (56. 10).  If  terms  of  the 
third  order  in  the  displacement  components  and  their  derivatives  are  disregarded  in 
the  development  of  the  determinants, it  follows 

Paa  =  “2  w"  + 


R* 


|-  w1  u"  -  (w*  -  V)  V"  +  (u'  +  v*  +  w)  w"  J 


m 


-i(-u*  -  3v‘ 
R2 


2w  +  w*  * )  + 


+  ~4f~  w*  u"  -  (w#  -  v)  (v'  ’  +  2w*  v)  + 
RJl 


+  (u’  +  v*  +  w)  (w*  ’  -  2v‘  -  w)  -  u*  (v*  +  w)  +  u*  V 


P  -  =  -5(w'*  -  v')  +  -4  [-  w'u'*  -  (w*  -  v)  (v»*  +  W)  + 

f'afi  r2  r3  l 


+  (U*  +  V*  +  w)  (w1* 


-  V* 


>]• 
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By  calculation  of  these  expressions  terms,  of  the  form  ^  etc.,  are  disregarded. 
Consequently,  there  is  no  objection  to  the  simplification  of  these  expressions  when¬ 
ever  possible  by  the  addition  of  a  part  of  the  disregarded  terms.  Accordingly,  if 
•*  « 

and'  are  added  to  pnn  ,  the  changes  of  curvature  of  the  middle  surface 

*rl  OtOiO  t\  ppo  pp 


paa  =  -^w"  +  -^[-  w*  u"  -  (w*  -  v)  v"  +  <u*  +  V'  +  W)  W"), 


p  as  —  (w*  -  vV  +  “  f  -u'2  +  -v'2  +  -w'2  + 
PW  n2  'W  v)  n3l2U  +  2V  2W 


+  u*  -  2u*  (v'  +  w)  +  u‘  v'  -  w'u"  + 

+  (w*  -  v)  (v'  +  W)‘  +  (u1  +  v*  +  w)  (w*  -  v)*], 


(714) 


Pa(j  =  \  <w’  “  v)'  +  “1  [‘Wu1’  -  (w’  -  v)  (V  4  w)'  + 

R  R 

+  (uf  +  v*  +  w)  (w*  -  v)'j. 

The  contributions  to  the  changes  of  curvature  which  are  linear  in  the  displacements  and 
its  derivatives  will  suffice  for  the  determination  of  the  buckling  load  (see  [49,  50 J). 

Use  of  this  simplification  will  be  made  also  for  the  analysis  of  equilibrium  for  the 
buckling  load  as  well  as  for  the  neighboring  states  and  the  analysis  of  the  influence  of 
small  initial  deviations.  Hence, 


Paa  =  w">  =  -h  <W  -  v)%  PaR  =  -4  (W  -  v)'.  (71.5) 


««  r2 


»  R2 


<V  r2 


The  justification  of  thiB  simplification  will  later  be  given  by  use  of  expressions 
(71.4)  (see  Sect.  782). 
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The  elastic  energy  in  the  cylinder  is  calculated  through  integration  of  (55.11)  after  sub¬ 
stitution  of  (71.3)  anrf  (71 .  R)r  if  I  denotes  the  length  of  the  cylinder, die  euergy  is: 


.R  2* 


/«  «■' 

da  d/3  4u»2  +  4  (v*  +  w)2  +  8*u'  (v*  +  w)  + 


+  2  (1  -  v)  (u*  +  v1)2  +  k  w"2  +  (w*  -  v)*2  + 


+  2Vw"  (w*  -  v)‘  +  2  (1  -  v )'  (w 


*R  ,2ir 


■-V,.2] 


I  Gh  5  j  da  J  d/3  4u*  <U'2  +  V'2  +  W'2j  + 


o  0 


* 

+  4  (v*  +  w)  u* 2  +  (v*  +  w)2  +  (w*  -  v)2  + 

. 

+  4 mi'  u* 2  +  (v*  +  w)2  +  (w*  -  v)2  +  \v  (v’  +  w)  (u,Z  +  v'2  +  w'2)  + 
+  4  (1  -  v)  (u*  +  V)  u’  u'  +  V  (v*  +  w)  +  w'  (w‘  -  v)  + 


+  4  (1  -  v)  (u*  +  V)  |u'  u’  +  V  (v*  +  w)  +  w'  (w‘  -  v) j 

I 

fR  .2t 

+  |  Gh  ~  ^2  J  doj  dp  J(u*2  + v'2  +  w’2)Z  + 

+  u*2  +  (v*  +  w)2  +  (w*  -  v)2J  + 

+  2v  (u'2  +  v'2  +  w'2)  ju* 2  +  (v‘  +  w)2  +  (w*  -  v)2  + 
+  2  (1  -  y)  ju'  u*  +  v'  <v*  +  w)  +  (w*  -  v)]2 1  - 


(71.6) 
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Here  for,  brevity 


m 


=  v, 


(71.7) 


Let  N  be  the  axial  load  per  unit  length  of  the  ciroumference  which  la  acting  on  the 
cylinder  edges,  then  with  the  load  parameter  defined  aB 


_N  N 

A  "  Eh  "  2G  (1  +  v)  h » 

the  energy  of  the  loads  is 


(71.8) 


•  W  =  X2Gh  (1  +  v)  R 


aJ- 

R 

a=o 


X2Gh  (1  +  *)R 


u'  d«dj8.  (71.9) 


72.  THE  FUNDAMENTAL  8TATE 

The  fundamental  state  is  assumed  to  be  of  the  form 

U  -  -  eRa,  V  »  0,  W  *  fR.  ,,  ,  (72.1) 

The  increase  in  the  energy  on  transition  from  the  fundamental  state  to  the  state 

U  +  u  =  ,  i*  eRfl  +  u,  V  +  v . »  y,  W  +  w*  fR+w  (72. 2) 

l. 

is  obtained  by  substitution  of  (72. 1,  2)  in  (71. 6)  and  (71. 9).  Alter  division  by  ^  Gh 
and  after  expansion,  this  increment  is 

pX[u]  «  P  X  [U]  +  P2X[U]  +  pgX  [U]  +P4X[UJ  .  (72.3) 
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For  the  moment  only  the  first  term,  which  represents  the  first  variation  of  the  energy 
in  the  fundamental  state,  will  be  defined 


The  equilibrium  conditi  "is  for  the  fundamental  state  are  obtained  by  setting  the  first 
variation  equal  to  zero,  and  consequently  e  and  f  should  satisfy 

-  tie  +  8yf  +  12e2  +  4vf2  ~  8uef  -  4e3  -  4vef2  +  S  (1  -  v^)  \  -  0, 

•'  ■  (72*4) 

8f  -  8ve  +  12!2  +  4ve2  -  Byef  +  41!3  +  4ve2f  =  0. 

In  the  elastic  range,  e  and  f  are  very  small  and  the  equation  may  be  linearized;  its 
solutionis 

e  =  X,  f  =  vX.  (72.  B) 

Also,  la  the  integrals  terms  of  the  second  and  higher  order  in  e  and  f  are 

disregarded.  After  ubo  of  (72. 5), they  take  the  form 

i 

pmXM  "  "nl’M  +  V1"'- 
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Here 


Pn°fu] 


£ J  4u'2  +  4  (v*  +  w)2  +  8vu'  (v*  +  w)  + 


j  j  « 


4  2  (1  -  v)  ("*  !  v*}2  4  k 


2  2 

w"  4  (w‘  -  v)‘  +  2i/w1!  (w‘  -  v)'  + 


+  2  (1  -  v)  (w*  -  v) 


-  v\'Z 


dcvd/?, 


(72.  6) 


12  +  4y2)  u'2  +  Su  (v*  4  w)2  + 


,'N  -//[(- 

-  8v  (1  -  v)  u'  (v*  +  w)  -  4  (1  -  v)  u1  2  -  4  (1  -  y)  v'2  + 


-  4  (1  -  i/)2  u' v*  -  4  (1  -  jy2)w'2 


dad/3, 


(72.  7) 


®//l 


4u’  (u,2  +  v,2+w’2)  + 


4  4  (v*  4  w) 


U*  2  4  (V*  4W)2  4  (W*  -  V)2 


4  4l/u' 


u‘  2  4  (V*  4  w)2  4  (w'  -  v)2 


4  4l>(V*  4  W)  (u'2  4v'2  4  w'2)  4 


4  4  (1  -  V)  (u’  4  v') 


u'u'  4  V'  (v'  4  w)  4  W*  (w'  -  V) 


dad/3,  (72.8) 
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Pjj  [uj  =  ^  |  -  4u'  (u*  4  V'  +W1  )  + 


10  -  -  ? 

+  4v  (v*  +  w)  Ju*  +  (v‘  +  w)*  +  (w  -  vy  J  + 

-  4pu'  |  u* 2  +  (v*  +  w)2  +  (w*  -  v)2  J  + 

+  4v2  (V*  +  w)  (u'2  +  v*2  +  w*2)  + 

-  4  (1  -  v)  (u*  -  iV)  |  ul  u'  +  v1  (v  +  w)  +  w'  (w*  -  v)J  |  dadp ,  (72. 9) 


»40lul-  -  ^  jj |  (u'2  +  /  +  w'2)2  +  [  u'2  +  (v*  +  w)2  +  (w*  -  v)2]2  + 
+  2v  (U*2  +  v’2  +  w'2)  ju'  2  +  (v’  +  w)2  +  (w*  -  v)2  J  + 


+  2  (1  -  v)  u'  u*  +  v'  (v*  +  w)  +  w'  (w‘  -  y)  j' 


dadp,  (72.10) 


P4’[U]  =0.  (72.11) 

The  second  term  of  the  second  variation 

P2A(u]  =  P2°[u)  +  XP2’[u] 

contains  the  small  factor  X.  Therefore,  those  contributions  in  the  integrand  of  P0'[u] 
which  have  a  counterpart  of  the  same  arguments  u',  v* ,  w,  u* ,  v'  in  the  integrand 


2! 


of  p°|u]  appear  to  be  negligible.  However.such  a  simplification  may  lead  to  a  com- 

M  _ 

pletely  incorrect  result.  This  is  due  to  the  circumstance  that  the  integrand  of  u J 
>c  not  definite  ir.  the  arguments  u‘,  v‘ ,  w,  u‘ ,  v  so  tnat  the  contributions  depending 
on  these  arguments  in  P2'[u]  niay  become  large  In  comparison  with  contributions 
depending  on  the  same  arguments  in  the  integrand  of  P^Iu]  ;  in  that  case(the  omisBion 
of  the  first  mentioned  contributions  in  APg'lu)  can  no  longer  be  justified.  ‘Ibis  objectio 
is  not  valid  if  in  the  integrand  of  P2  '[vij  terms  are  neglected  which  exclusively  depend 
on  u',  v*  +  w  and  u*  +  v\  because  the  integrand  of  Pglu]  *s  definite  in  these  argu¬ 
ments.  The  integral  P2'[u]  now  becomes  as  simple  as  possible  if  the  contribution 
depending  on  u\  v*  •+  w  and  u‘  t  v' 

(12  -  4v2)  u'2  -  8v  (v*  +  w)Z  +  8v  (1  -  v)  u'  (V*  +  w)  + 

+  2  (1  -  V)2  (u*  +  v')2  (72. 12) 

is  added  to  its  integrand.  The  result  is  then  given  by 

p2,(uJ  =|  J  -  (1  -  V2)  (2u*  2  +  2v'2  +  4w’2)  dad/? .  (72. 13) 

73.  THE  BUCKLING  LOAD 

The  buckling  load  is  determined  by  the  smallest  value  of  X  for  which  the  homogeneous 
variational  equation  for  neutral  equilibrium  (38.4)  haB  a  nonzero  solution.  With 
arbitrary,  kinematically  possible  functions  (■  ,  q  ,  £  this  equation  takes  the  form 


251 


Ill 


8u'4  '  +8  (v*  +  w)  Of  +  £)  +  8pu’  (rf  +  {)  + 

-t  8v  (v*  +w)  4'  +  4  (1  -  p)  (u*  +  v')  (4*  +  rj')  + 

+  k  j  2w"£"  +  2  (w*  -  v)‘  (£"  -!])'+  2pw"  (£*  -  r ))‘  + 
+  2p  (w‘  -  v)*  £  "  +4  (1  -  v)  (w*  -  v)’  (£'  -  -qy  ]  + 


-  (1  -  v  )  A  (4u*  4  *  +  4v'  T) '  +  8w'  £ ') 


dad#  =  0. 


(73. 1) 


As  4  ,  tj  ,  £  (just  as  u,  v,  w)  are  periodic  functions  of  0  with  period  2ir,  (73.1) 
after  integration  by  parts  becomes 

2ir  .  . 

J  |8u'  +  8p  (v*  4+  [4  (!  “  v)  («*  +  v')  + 

0 

-  4k  (1  -  V )  (w*  -  v)'  -  4  (1  -  VZ)\ V*  ]  T)  + 

+  k  j  2w"  +  2v  (w*  -  v)’  j  £'  -  |2kw'"  +  2kp(w*  -  v)'*  + 


+  4k  (1  -  v)  (w*  -  v)''  +  8  (1  -  P2)  Aw'  £ 


d/3 


a= 


a=o 


+ff[-  8u"  -  4  (1  ~v)  u"  -  4  (1  +p)  v"  -  8pw'  +4  (1  -  p2)  Xu"]  4  + 

+  j  -  4  (1  +  p)  u’’  -  4  (1  -p)  v"  -  8v*’  -  8w*  +  k{-  4  (1  -p)  v"  + 

-  2v"  +  (4  -  2p)  wn#  +  2w*’*  }  -f  4  (1  -  p2)  Xv”  ]  7+ 

H  |  8pu'  +  8v*  +  8w  +  k  {  -  (4  -  2p)  v"’  -  2v"‘  +  2w,,M  + 

+  4w"‘  *  +  2w*“’  }  +  8  (1  -  P2)  Xw"  ]  £  dadp  =  0. 


(73.2) 
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It  is  assumed  that  the  cylinder  edges  are  supported  in  such  a  way  that  the  displacement 

tf 

components  v  and  w  in  the  plane  of  these  edges  are  zero;  as  Flugge  remarked  [50] 
these  boundary  conditions,  or  at  least  the  one  concerning  the  displacement  w,  may 
take  effect  only  after  the  load  for  the  tunaamentai  state  nas  been  applied  as  otherwise 
they  would  be  inconsistent  with  the  assumed  form  of  the  fundamental  state  (’ll.  1).  In 
agreement  with  these  kinematlcal  conditions  also  rj  and  £  should  be  zero  at  the  edges 
of  the  cylinder.  Besides  from  those  restrictions,  the  function  4  >  V  ,  S  are  completely 
arbitrary  so  that  u,  v,  w  must  satisfy  the  differential  equations 


8u"  +  4  (1  -  v)  u**  +  4  (1  +  v)  v'*  + 

+  8^w'  -  4  (1  -  v2)  \u"  =  0, 
4  (1  +  u)  u'*  +  4  (1  -  v)  v"  ■+  8v”  +  8w*  +  k  [4  (1  -  v)  v"  + 
+  2\“  -  (4  -  2v)  w"*  -  2w“'  ]  -  4  (1  -  i'2)  Xv"  =  0, 
8vu'  +  8v*  +  8w  +  k  [-  (4  -  2v)  v"‘  -  2v*“  + 

+  2w""  +  4w"‘‘  +  2w“"  ]  +  8  (1  -  v2)  Xw"  =■  0 

with  the  boundary  conditions  for  a  =  0  and  a  =  4" 


(73.3) 


V  =  w  =  u*  +  v(v'  +  w)  =  w"  +  v(w’  -  v)'  =  0  . 
esc  bouinuary  conditions  are  reduced  to 

u'  =  v  =  w  =  w"  =  0.  (73.4) 
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An  arbitrary  function  of  n  and  0  with  a  continuous  mixed  second  derivative  can  be 
expanded  into  a  double  Fourier  aeries.  In  viewof  the  boundary  conditions  (73.4),  these 
series  can  be  written  in  the  form 

u  =  £  (A„„  cos  pa  cos  n/3  +  A  cob  pa  Bin  n/3), 
pn  pn  r 

v  =  £  (P  sin  pa  sin  n/3  +  B  sin  pa  cos  n/3), 
pn  pn 

w  =  £(C  sin  pa  cos  n/3  +  C  sin  pa  sin  nfl); 
pn  pn 

where 


,  including 

w  may  be  j 

J 

i 


The  validity  of  this  equation  for  all  values  of  a  and  B  implies  that  coefficients  of 
cos  ra  cos  n/3  and  cos  pa  sin  n/3  must  all  be  zero.  The  remaining  equations  (73.3) 
are  treated  similarly.  The  coefficients  A,  B,  C,  whose  indices  will  henceforth  be 
left  out,  should  thus  satisfy  the  three  homogeneous  linear  equations 


while  summation  should  be  carried  out  over  all  Integer  values  of  i  and  i 
i  =  0  and  n  =  0.  Under  the  assumption  that  differentiation  of  u,  v,  and 
applied  to  the  series  term  by  term,  the  first  equation  (73. 3)  becomes 

^j[-  8p2  -  4  (1  - v )  n2  +  4  (1  -v2)  An2]  Apn  * 

+  4  (1  + 1>)  pnBpn  +  8VpCpn  cos  pa  oos  nfl  + 

+^j[-8p2-4(1-i/)n2  4  4  (1  - v2)Xn2]Apn  + 


-  4  (1  +v)  pnB  H  SvpC  cos  pa  sin  nfl  =  0. 
pn  pn 


(73. 6) 


2p2  +  (1  -  v)  n2  -  (1  -  v2)\n2  A  -  (l  +u)  pnB  + 


2  (1  +  v )  pnA  +  j  2  (1  -  j/)  p2  +  4n2  + 

+  k{2  (1  -  v)  p2  +  n2}-  2  (1  -  y2)  Xp2  j  B  + 

+  |4n  +  k{(2  -  t>)  p2n  +  n2}  Jc 

4ypA  +  |4n  +  k{(2  -  i>)  p2n  +  n2}jB  + 

+  |4  +  k  (p2  +  n2)2  -  4  (1  -  v2)Xp2|c 


The  equations  for  A,  B  and  C  are  obtained  from  this  by  replacement  of  n  by  -n. 

These  equations  have  a  nonzero  solution  if  and  only  if  the  determinant  formed  by  their 
coefficients  is  equal  to  zero.  Thus,  the  states  of  neutral  equilibrium  are  characterized 
by  the  values  of  X  satisfying  the  equation 


2p2  +  <1  -i/)  n2  -  <1  -v2)Xn2 


-  (1  +  v)  pn 


-  2  (1  +v)  pn  2  (1  -  V)  p2  +4u2  +  k(2  (1  -v)  p2  +n2]  -  2  (1  -  v2)Xp2 
-  4vp  4u  +  kn  {(2  -  v)  p2  +  n2] 


4n  +  kn  [(2  -  v)  p2  +  n2] 

4  +  k  (p2  +  n2)2  -  4  (1  -  v2)  Xp2 


(73. 7) 


Expansion  of  the  determinant  yields,  if  terms  of  the  second  or  higher  order  in  the 
small  quantities  X  and  k  are  disregarded, 


255 


/I  -  i ,2\  n4  x  i|f  I  /  I  -  „\  r.2  x  n2l  TO.  /I  x  r>2  X  n2  1  x 

IF  '  'IF  -IF 

-  2  ...  .2  2.  ....  .2  2,  ,2  2.41 

-  zn  [(z  -  pj  p  +  n  j  j(z  +  i<;  p  +  n  ]  +  yp  +  n  )  j 

(1  -  v2)  [(1  +  V)  P4  +  P2n2  +  P2  (p2  +  n2)2) 


(73.  8) 


2  2 

After  the  omission  of  \ ,  k,  kp  and  kn  In  comparison  to  unity  (see  also  Sect.  781; 
the  ratio  of  ihe  coefficients  A,  B  and  C  are  calculated  from  the  first  two  equations 


A  _  p  (^p2  -  n2)  B  _ 

rW,r 


n  [(2  +v)  p2  +  n2] 

,2  2.2 

(p  +n  ) 


(73.  9) 


The  buckling  load  is  determined  by  the  minimum  of  (73. 8)  for  integer  values  of  i 
and  n  and  with  p  =  ifrR/i.  The  corresponding  eigenfunctions  are  given  by  (73.5)  and 
the  ratios  of  the  constants  A,  B  and  C  determined  by  (73. 9).  The  constants  A,  B, 
and  C  are  taken  to  be  zero. 

74.  SIMPLIFICATIONS 

It  appears  from  experiments  that  p  is  large  for  cylinders  with  very  thin  walls  [49];  in 
that  case  equation  (73. 8)  may  be  simplified  to 


n"  .  k  (p2  +  n2)2 
(p2  +  n2)2  4  (1  -  v2)  p2 


(74. 1) 


This  equation  is  only  dependent  on  the  ratio 


and  thus  the  minimum  is  obtained  for 


or 


4 

-P  .. 

T4 


tp  +  n  )  ‘i  (i  -  v  ) 


TT  ~  °» 


p2  +  n2  -  p 


(74.  2) 


The  corresponding  minimum  of  X  is  [49] 


X  = 


1  -  v 


(74.3) 


Here  no  attention  has  been  given  to  the  conditions  that  n  should  be  an  integer  and  that 
p  should  be  multiple  of  rr  —  .  However,  the  latter  condition  is  of  little  importance 
unless  the  cylinder  is  very  short,  as  the  values  of  p  corresponding  to  i  and  to  i  +  1 
differ  very  little  for  large  values  of  i.  This  conclusion  is  supported  by  experiments 
[25],  from  which  it  appears  that  the  buckling  load  is  independent  of  the  length  of  the 
cylinder  and  of  the  boundary  conditions  as  long  as  the  cylinder  is  not  too  short 
(f/R  >  0.75).  Accordingly,  in  the  following  influences  of  edge  restraint  will  be 
neglected  and  p  will  be  regarded  as  a  continuous  variable.  For  each  integer  value 
of  n,  (74.2)  then  yields  two  values  of  p 

4  _ 


_  1,  /4  (1  -  O  , 

Pm,  2  -  2  V”  TT  ± 


z 

1  -  v  2 
R - n  - 


(74.4) 


these  values  are  real  and  unequal  if 


n2< 


1  -  vl 


(74.  5) 
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If  in 


1 

2 


2 


m 


(74.6) 


Ib  ttii  liitcgei'  ,uieu  the  Values  of  p  OOrtespuuuiiig  to  u  —  ni  OOiudue 


2  V  it 


m. 


(74. 7) 


In  view  of  (73.5),  the  combination  n  =  p  =  0  determines  a  rigid  body  displacement  of 
the  cylinder  in  the  direction  of  its  axis  and  it  can  therefore  be  disregarded.  Thus  for 
n  =  0,  only  the  solution 


4  (1  -  O 
k 


(74.8) 


need  be  considered.  If  (74.6)  is  satisfied,  then  in  view  of  (74.7) 


m  = 


(74. 9) 


The  displacements  (73. 5)  were  established  with  due  consideration  to  the  boundary  con¬ 
ditions  (73.4).  However,  these  boundary  conditions  are  again  ignored  If  p  iB  regarded 
as  a  continuous  variable.  Strictly  speaking  this  implies  a  restriction  of  the  considera¬ 
tions  to  infinitely  long  cylinders.  The  condition  of  periodicity  for  the  particular  solutions 
replaces  in  that  case  the  boundary  conditions.  The  latter  condition  as  well  as  the  differ¬ 
ential  equations  are  also  satisfied  after  interchange  of  sin  pa  and  cos  pa  in  (73.  5), 
Therefore,  the  general  solution  of  the  equations  of  neutral  equilibrium  for  the  displace¬ 
ment  component  w  is 
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. "2r? 


■"  / 

w  =  a  sin  p  ct  +  b„  cos  pa  +  A  |  a  ,  sin  p  ,a  cos  n/i  + 
o  o  o  *o  l  nl  *nl 

+  bnl  sin  pn]a  sin  afi  +  cq1  cos  PqjQ!  cos  n/3  +  dul  cos  p^a  sin  n/3  + 

+  an2  sin  p^a  008  +  kn*2  8*n  Pn2a  sin  L 

+  cft2  cos  cos  n/3  +  dn2  cos  p^a  sin  n pj  + 

+  a„  3in  ms  cos  raB  +b  sin  ma  sin  m/3  + 

m  m  r 

+  c  cos  ma  cos  m/3  +  d_  cos  ma  sin  m/3,  (74. 10) 

m  m 

with  the  understanding  that  the  last  four  terms  are  only  present,  if  (74. 6)  has  been 
satisfied  and  that  summation  should  be  carried  out  over  all  integer  values  of  n  which 
satisfy  (74.5). 

The  displacement  components  u  and  v  are  completely  determined  by  (74. 10)  and  by 
the  equations  (73.3).  In  view  of  (73. 5).  terms  of  the  form  sin  pa  cos  n/3  in  (74. 10) 
correspond  to  terms  of  the  form  cos  pa  cos  n0  and  sin  pa  sin  n/3  for  u  and  v  , 
respectively.  The  coefficients  for  these  terms  are  determined  by  (73.9).  The  terms 
in  u  and  v  which  apply  after  replacement  of  sin  pa  and/or  cos  n/3  by  cos  p>  and 
sin  n/3  in  (74.10),  are  obtained  through  replacement  of  sin  pa  and/or  cob  n/3 
cos  pa  and  sin  n/3  respectively.  The  ratio  of  the  coefficients  is  again  given  ny  (73. 9) 
in  which  now  p  is  replaced  by  -p  and/or  n  is  replaced  by  -n.  The  general  solution 
for  u  and  v  then  is 
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u 


y  (a0M,  t^a  -  bQ  »lnp0a)  * 


1 

n=l 


/  2  9\ 

PnlTnl  -n/ 


il  v  *  nl  **  /  / 

—  o\'9  '  (a„1  cos  p„i“  003  n0  + 

v  01  01 


+  bul  cos  pnl«  sin  n/5  -  sin  pnJa  cos  n/3  -  Bin  pnla  sin  n/3  j  + 


an2  coa  p^a  cos  n/3  +  b„0  cos  p^a  sin  n/3  + 


n2  *n2" 


pn2  hn22  ~  »)  ( 

“  cn2  sIn  pn20i  COB  n/3  "  dn2  aln  pn2a  sln  n^) 


1  -  v  l 

— 7 —  \  a  cos  ma  008  m/3  +  b„  cos  ma  sin  m B  + 
4m  \  m  m  r 


-  c  sin  ma  cos  m3  -  d_  sin  na  sin  m/3), 
m  m  / 


(74.11) 


v  = 


n=l 


a  1(2  +  v)  pnl2  +  n2 


6  +  v)  P  t  *■  u  / 

(p "7~v?)2  ~  \  Rqi  8in  Pai“ Bin  + 


+  bQl  sin  p^a  cos  n/3  -  c^  cos  pQla  sin  n/3  +  d^  cos  Pnl^  cos  n/3^  + 


n  [(2  +  v)  Pn22  +n2] 

+  /  2  2\2 
(pn2  ■*  n  ) 


(  "  an2  SiD  Pn°a  Bin  +  bn2  sIn  pn2a  008  + 


-  c^  cos  p^a  sin  n/3  +  dn2  cos  p^a  cos  n/?j 

+  ■Sj—  ^  -  a  sin  ma  sin  m/3  :b_  sin  ma  cos  m/3  + 
4m  \  m  m 

-  c  cos  ma  sin  m/3  +  d  cos  ma  cos  m/3). 

m  m  / 
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(74.12) 


The  same  remark  as  was  made  about  (74. 10)  holds  here  with  respect  to  the  last  four 
terms  of  (74. 11)  and  (74.12), 

In  view  of  the  above,  the  general  solution  of  the  equations  for  neutral  equilibrium  at 

the  buckling  load  is  a  linear  combination  (with  coefficients  aQ,  bQ,  aQl,  etc.)  of  a 

number  (suppose  at  of  linearlv  independent  particular  solutions  u.  .  v. .  w  ,  Tf 
■■  ■  *  nnn 

T11  tuh»  vh’  wh*  ui*  vi»  wi  1  =  0  for  h  ^  i  (74. 13) 

is  satisfied,  these  solutions  are  also  the  solutions  of  the  first  q  minimum  problems 
(24.8);  according  to  Sect.  24  these  first  q  minima  should  all  be  zero.  Now  with1 

t2  [«]  =  j  P2°  M  or  T2  M  =  "  j  P2'  [U] 

it  appears  that  condition  (74. 13)  Is  satisfied  for  an  infinitely  long  cylinder.  This  follows 
easily  from  the  relations 


%ir  2 ff 

J  sin  sin  ^  d0  =  0  for  h  ¥  i,  J  cos  h/3  sin  hp  dp  = 
o  o 

•  °  1”“’ 


0, 


lim  a  } 
I— «■!  Jn 


cos  pa  sin  pa  da  =  0. 


(74.14) 


1The  factor  R/l  is  included  because  Tg[u]  would  otherwise  become  infinitely  large 
for  the  infinitely  long  cylinder. 
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The  general  solution  (74. 10,  11,  12)  is  then  immediately  given  in  the  form  which  is 
known  from  the  general  theory. 

76.  STABILITY  OF  THE  CRITICAL  STATE 

According  to  the  general  theory  of  Sect.  272,  stability  of  equilibrium  at  the  buckling 
load  is  in  the  first  place  governed  by  the  question  whether  or  not  the  third  order 
form,  which  results  from  substitution  of  (74. 10,  11  and  12)  in 

P3f«]  =  P^N+XjPj'M,  (75.1) 


is  identically  zero.  The  integrand  of  (75. 1)  consists  of  a  sum  of  products  of  the  form 


cos 


cos 


cos 


cos 


l  cos 


WO  VWB  BOO  ooo  ,  n  WVB  •  -  COS  .  _ 

sin  Ph"  sin  pla  sin  pj“  sin  sin  ^sin  ^ 


(75. 2) 


where  p^,  p^,  p^  each  have  one  of  the  values  determined  by  (74. 4)  corresponding  to 
values  of  n  =  h,  i,  j  respectively.  Each  of  these  products  may  be  reduced  to  a  sum 
of  products  of  the  form 


E<**pi*ty«Z****w  . 

The  products  (75. 3)  must  be  integrated  over  the  cylinder  wall.  Since 

2ir 

f  ain  n0dp  =  0  for  n  ^  °» 
o 

such  a  product  can  only  yield  a  nonzero  contribution  if 

h  ±  i  ±  j  =  0. 


(75. 3) 


(75.4) 
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The  integration  with  respect  to  a  does  in  general  not  yield  such  a  simple  result. 

2*1 

However,  if  in  all  contributions  of  (75. 1)  the  common  factor  is  divided  out  and 
the  Hrr.it  process  *  — ■ »  is  carried  out,  then  as 

l_ 

R 

lim  —  f  p  a  d  a  =  0  for  p  4  0, 

I—  “  i  o  8in 

it  follows  that  a  product  (75. 2)  can  only  yield  a  nonzero  contribution  if 


Ph  ±  Pj  *  Pj  =  0. 


(75. 5) 


For  the  buckling  modes  considered  here  (p  »  1),  application  of  this  result  obtained 
for  infinitely  long  cylinders  to  cylinders  of  a  not  too  small  but  finite  length  (//R  >  0. 75) 
is  justified  because  no  influence  of  the  length  of  Buch  cylinders  has  been  detected  experi¬ 
mentally.  Besides,  the  simplification  already  introduced,  whereby  p  was  regarded  as 
a  continuous  variable,  is  also  exactly  valid  only  for  infinite  cylinders. 

The  number  of  possible  combinations  of  values  of  h,  i,  j  and  p^,  pt,  which  satisfy 
(74. 2)  or  (74. 4)  is  drastioally  reduced  by  the  conditions  (75. 4)  and  (75. 5).  First  of  all 
it  is  noticed  that 


h  +  1  -  J  *  0  OT  Ph  +  Pi  +  Pj  -  0 

is  not  a  possible  combination  if  only  positive  values  of  h,  i,  j  and  p^,  p^,  p^  are 
included  (negative  values  give  no  extension  of  the  solutions  (74.10,  11,  12)  and  there¬ 
fore  need  not  be  considered).  Further,  the  considerations  may  be  restricted  to  the 
two  cases 


h  +  i  -  j  *=  0,  Ph  +  Pj  -  Pj 
h  +  1  -  j  =  0,  Ph  -  Pi  +  Pj 


0  and 

(75. 6) 

0  > 

(73. 7) 
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act  all  other  possible  combiimiiuus  may  be  ubiaineu  trotn  these  by  permutaliuu  ui 
h,  i,  and  j. 

Also, it  appears  the  possibility  (75.6)  may  be  eliminated,  as  substitution  of  )  and 
(75. 6)  in  relation  (74. 2)  which  holds  for  n  =  j,  yields 

4 _ 

d-t + p/  *»  *  *)2  -  (Ph + ppV^ 

from  which,  with  use  of  (74.  2)  for  n  =  h  and  n  =  i,  it  follows  that 

PhP1  +  hi  =  0. 

Thus,  only  the  possibility  (75.7)  remains.  E  limination  of  i  and  p1  from  the  relation 
(74.2),  holding  for  n  =  i,  yields 

PjjPj  -  hj  =  0. 

The  relatipn  (74. 2)  for  n  =  j  then  may  be  written  in  the  form 

'■('*?) 

from  which,  with  use  of  (74. 2)  for  n  =  h,  it  follows  that  j  =  h.  The  combinations  of 
n  and  p,  which  together  determine  a  product  (75. 2)  that  may  yield  a  nonzero  solution, 
are  thus  given  by 


n  =  0 

u  =  h 

i 

n  =  h 

P  =  P0 

p  =  PhiJ 

P  =  Ph2 

(75.  8) 
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This  result  can  simply  be  illustrated  by  a  p  versus  n  graph.  Here  the  combinations 
of  p  and  n  for  the  buckling  modes  (74. 4)  are  represented  by  the  intersections  of  the 
circle  (74. 2)  wiili  uie  generators  a  -  1, 2, . . .  (Fig.  9).  The  two  points  of  ••»***•*«*•«»» 
belonging  to  the  same  value  of  n  and  the  point  n  =  0,  p  =  p0  determine  together  a 
term  of  the  integrand  of  P3  [u]  which  after  integration  can  yield  a  nonzero  quantity. 
Except  for  n  =  0,  p  =  pQ,  the  assumption  p  »  1,  allows  only  relatively  large 
values  of  n  as  only  in  that  case  this  assumption  has  been  fulfilled, 

Still  more  simplifications  can  be  introduced  in  the  calculation  of  (75. 1).  From  (74. 10, 
11,  12)  it  follows  that  u  and  v  are  small  in  comparison  to  w  while  their  first  deriv¬ 
atives  may  be  of  the  same  order  of  magnitude.  Further  w'  is  large  in  comparison 
to  w,  while  w*  may  be  of  the  same  order  of  magnitude  as  w'.  The  most  Important 
terms  of  the  integrand  of  P°  [u]  (72. 8),  in  comparison  to  which  the  remaining  terms 
may  be  disregarded,  are  then  given  by 

2  2  2  2 
4u'  w'  +4  (v*  +  w)  w*  +  4vu ’  w*  +4  i>(v*  +  w)  w'  + 

+  4  (1  -  v)  (u’  +  v')  w'  w"  =  4[u'  +  v  (v*  +  w)]  w’2  + 

+  4  ( vu '  +  v‘  +  w)  w* 2  +  4  (1  -  V)  (u*  +  v')  w'  w*  .  (75.  9) 

The  most  Important  terms  of  (72. 9)  are  of  the  same  form  so  that,  as  Aj  «  1,  the 
contribution  [u]  may  be  neglected  in  comparison  to  P°  [u]  . 


Although  the  corresponding  amount  of  writing  is  quite  extensive,  the  execution  of  the 
calculation  of  the  third  order  terms  now  yields  no  more  difficulties,  and  thus  the  final 
result  only  is  reported 


^  (1  '  3S"2  b  (~  an2  -  bul  bn2  *  \l 

+  dnl  V  +  *o  <\l  °„2  +an2  “a  +  »„1  d„2  +  bn2  V]  + 


.(75.10) 
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Here  summation  should  be  extended  to  all  sufficiently  large  integer  values  of  n  which 
satisfy  (74. 5).  It  appears  from  (75. 10)  that  terms  of  the  third  order  do  exist  so  that 
equilibrium  at  the  critical  state  is  unstable. 

76.  EQUILIBRIUM  STATES  AT  LOADS  IN  THE  NEIGHBORHOOD  OF  THE  BUCKLING 
LOAD  STATE 

Since,  in  view  of  (72. 6  to  11),  the  energy  increment  (72. 3)  is  of  the  form  (38. 3)  the 
theory  of  Sect.  38  may  be  applied.  If  the  considerations  are  restricted  to  displace¬ 
ments  from  the  fundamental  stale  of  such  a  small  magnitude  that  already  terms  of  the 
fourth  order  may  be  neglected,  then  the  stationary  value  of  the  energy  p\aj)  for 
constant  values  of  aj  takes  the  form  corresponding  to  (38. 22) 

PX(aj)  =  (X  -  Xj)  P^aj)  +  P°  (&J)  +  XPg’fcj)  (76.1) 

where 

^2*^  =  ^2*  f^ajuj  1 
P3°  (aj)  -  P°  (ZajUj) 

P3'(aj)  =  P3' [SajUj]  (76.2) 

As  already  has  been  remarked  in  the  previous  section,  P3'[u]  is  of  the  same  form  as 

P°  [u]  so  that  in  (76. 1)  the  last  term  may  be  disregarded  as  X«  1.  Furthermore, 

the  second  term  agrees  with  (75. 10)  so  that  only  the  first  term  needs  be  calculated. 

o  o  2 

In  the  in  >  /  -aid  of  (72. 13)  u*  and  v'  are  again  negligible  in  comparison  to  w' 

so  that 

P^)  =  -  4  (1  -  v2)  Wj')2  dad/3; 
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tn  A  1  A \  +U4» 

VX  y  I  A  * J  M1AW  WWAIIW 


P2»(aj)  =  -4(l-^)raj2yywj‘2dad^  = 

=  -  2jr  (1  -  v2)  j  2po2  (aQ2  +  bQ2) 


I/-  (v 

I/-  (' 

(a 


2  ,  2  2  ,  2\ 

+  bnl  +  cal  +  dnl  + 


an22+bn22+cn22  +  da22,)  + 


2  /  2  ,  2  2.2 
+  m(a  +b  +c  +d 
m  m  m  m 


)!• 


(76.  3) 


Hence  (76. 1)  becomes 

p*  (a,)  -  a  -  A  j  -  B  <A  -  h)  [2po2  («/  ♦  b02) 


£>*(' 

„?!  ^  (' 


2.2  2  ,  2\ 

anl  +bnl  +cnl  +  dnl  )  + 


an22+bn22  +  cn22+ 


) +  m2  (' 


a  2  +  b  2  +c  2  +d  2)|  + 
m  m  m  sn  11 


’)] 


+  3 


Mb°  (' 


anl  an2  bnl  bn2  +  cnl  cn2  +  dnl  dn2  J + 


+  ao  <anl  °n2  +  an2  cnl  +  bnl  dn2  +  bn2  d«i  >  + 


J 

— 


3  _2 
2 


[>.  (- 


+  ^ m  lb.  l-a  2  -  b  2  +  c  2  +  d  2)  +  2a  (a  c 

in  m  m  m  o  m  in 


*  Vm)]j  <,6-4> 
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The  equilibrium  states  are  characterized  by  stationary  values  of  (76 . 4)  as  functions  of 

the  parameters  a  ,  b  .  a  ,  etc.  Differentiation  with  respect  to  a,,  and  b^  leads  to 
o  o  ni  -  v 

the  conditions 


-  4R(X  -  \j)  PQ\  +  3  I  n£(an3cn2  +  +  b^d^  +  b^d^)  + 

n-i 


+  3m  (a  c  +  b  _d_) 
mm  mm 


4R(X  -  Aj)  Pc2b0  +  3  £  n2(-  a^  -  b^  +  cnlcn2  +  dQldn2)  + 
n-l 


(76.6) 


+  |  m2  (-  a  2-b  2  +  c  2  +  d  2) 
2  '  m  m  m  m  ’ 


It  appears  from  these  conditions  that  a^  and  bQ  cannot  have  a  nonzero  value  unless 
at  least  one  pair  of  the  remaining  coefficients  differs  from  zero. 


Differentiation  with  respect  to  anj*  &n2>  cni,cn2  *ea<k  to  t*16  conditions 

-  2R  (A  -  Pnl2  aQl  +  3n2  (-  +  a0cn2) 

"  2R  -*i>  Pn22  an2  +  3“2  <"  bOanl  +  Vnl* 

-  2R  (A  -  A3)  PQl2  onl  +  3n2  (  b^  +  a0an2) 

-  2R  (A  -  \j)  Pa22  cn2  +  3nZ  (  bQcnl  +  a0aQl) 

The  conditions  obtained  from  differentiation  with  respect  to  b^,  b^,  dQl,  have 

the  same  form  and  follow  from  (76.6)  through  replacement  of  aRl  2  and  cQl  2  by 

b  .  0  and  d  .  „  respectively.  Differentiation  of  (76.4)  with  respect  to  a  and  c 
ni#<2  ni,^  mm 

leads  to  the  conditions 
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-  2R  (X  -  xx)  m2  am  +  3m2  (-  boam  +  aocm)  =0, 

(76.7) 

-  2R  (X  -  Xx)  cm  +  3m2  (  b0cm  +  a0am)  =  0. 

The  condition  obtained  by  differentiation  with  respect  to  b_  and  d_  follows  from 

mm 

(76.7)  through  replacement  of  am  and  cm  by  b^  and  dm  respectively. 

The  conditions  (76.6)  may  be  regarded  as  a  system  of  homogeneous  linear  equations 
for  a^,  i  i2,  cnl>  cq2.  These  equations  have  a  nonzero  solution  if  and  only  if  the 
determinant  formed  by  its  coefficients 

-  2R  (X  -  Xj)  PQl2  -  Sn^j,  0 

-  3n\  -  2R  (X  -  Xj)  p^2  3n2a0 

0  3r2aQ  -  2R  (X  -  Xx)  Pnl2 

2  2 
3n  aQ  0  3n  bQ 

is  equal  to  zero.  Expansion  of  the  determinant  leads  after  use  of 

PnlPn2”n2  <76‘9) 

to  the  condition 

n8  [4R2  (X  -  Xx)2  -  9  (aQ2  +  bQ2)]  =  0, 

from  which  it  follows  that 

ao2+bo2  =  Ir2  (X-x/.  (Y6. 10) 
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Likewise,  the  conditions  (76.7)  as  a  system  of  linear  homogeneous  equations  has  a 
nonzero  solution  if  and  only  if  the  determinant 


2R  (x  -  \x)  m2  -  3rt2b0 


3m2a„ 


3m2a_ 


-  2R  (\  -  Xj)  m2  +  3m2b0 


is  equal  to  zero.  Expansion  of  this  determinant  leads  again  to  the  condition  (76. 10). 

A  surprising  feature  of  condition  (76. 10)  is  its  independency  of  n,  so  that  the  result 
of  its  satisfaction  is  that  all  equations  (76 . 6  and  7) ,  as  well  as  the  equations  obtained 
from  these  by  replacement  of 


anl*  an2*  °nl’  cn2*  am'  cm‘ 


by 


bnl’  bn2*  dnl*  dn2’  bm’  dm’ 


have  simultaneously  a  nonzero  solution.  On  the  other  hand,  if  (76. 10)  is  not  satisfied, 
then  (76.6  and  7)  have  only  the  trivial  zero  solution.  In  that  case  aQ  and  b  are 
also  equal  to  zero  in  view  of  (76.5).  This  solution  which  represents  the  fundamental 
state  can  be  left  out  of  further  consideration. 


For  the  values  of  aQ  and  bQ  determined  by  (76. 10),  the  determinant  (76. 8)  is  of  the 
rank  2 ,  1.  e.,  all  the  determinants  of  the  third  order  formed  from  its  rows  and  columns 
are  zero,  while  at  least  one  of  the  determinants  of  rank  two  is  unequal  to  zero.  The 
general  solution  of  (76.6)  is, therefore, 


an2 


Sn 


2R  (X  -  V  Pn2 


2  Vnl  +  a0°nl)  ’ 


3n 


(  artau1  +bn°n1>* 


'n2  m  n  2  0  ul  0  nl 

2R  (X  -  X.)  p  „ 


(76.11) 


in  which  anl  and  cn1  are  arbitrary  constants.  The  corresponding  solutions  for 
and  are  obtained  through  replacement  here  of  and  cQl  by  bQl  and  dQl 
respectively.  The  solution  of  (76.7)  is 


cm  ~  2R  (x  -  \±)  -  3b0  aoam 


(76. 12) 


unless  aQ  is  equal  to  zero;  in  the  latter  case  the  solution  is  given  by 

b0  “  3  R  '  V  01  b0  =  “  3  R  <x  "  V  •  (76.13) 


depending  on  whether  bQ  determined  by  (76.10)  has  the  value 


=  0,  c  arbitrary,  resp.  a  arbitrary,  c_  =  0. 


(76.14) 


The  corresponding  solutions  for  bm  and  are  obtained  from  this  through  replace¬ 
ment  of  am  and  cm  by  bm  and  respectively. 

By  substitution  of  (76. 11  and  12),  (76.5)  becomes 


-  4R  (X  -  \x)  po2ao  +  9  S  2R  ""  '"2(anl2  +  hnl  +  cnl2  +  dnl2) 

n-i  zk  (a  -  Aj>  Ppp; 


2R  (A  -  A 


_ / 

1>  -  3bo  * 


a  2  +  b  2 ) 
\  m  m  / 


- 48  «  ’  V  »o\  +  9  2  —  - 1  *  bu2  *  onl2  +  d_,2U 

n=l  2R  (A  -  Xj^)  P^ 


Ai2) 


+ 1 in2 - ^ - 2-1  (a„2+b  2)  =  0. 

2  [2R  (A  -  \j)  -  3b0]2  )  1  ' 


By  use  of  (76. 9)  the  first  condition  becomes 


-  4K  (X  -  X1)  pQ  +  2R(V  _  ^  Pnl  (hQl  +  bnl2  +  cQl2  +  dQl2)  -i 


2+b  2) 


2R(x  -  Aj)  -  3b  _  •”  '~m  "m 


=  0.  (76.16) 


By  use  of  (76. 10),  the  second  condition  can  be  reduced  to 


-  4R  (X  -  Xj)  P0  +  ' 


^  pnl2  Kl  +  bnl2  +  cnl2  +  ^  4 


2  .  2  K  2. 


2R(X  -  X,)  -  3bo  “  v  m  “m 


=  0.  (76.16) 


Except  if  slq  =  b^  =  0,  which  case  may  be  disregarded,  these  conditions  are  only 
satisfied  by 


4R  (X  -  Xj) 


2R(X 


1 


Pnl  (anl 


nl 


+  c. 


nl 


+  dnl2> 


2R(X 


Xx)  -  3b0 


ta  <am  +  0  =  °* <76.17) 


The  case  aQ  =  0  must  still  be  considered  separately.  The  first  condition  (76. 5)  is 
then  immediately  satisfied  by  substitution  of  (76. 11  and  14).  Depending  on  whether 
the  first  or  the  second  relation  (76. 13)  is  satisfied,  the  second  condition  (76. 5)  by 
substitution  of  (76.11  and  14)  becomes 


-  8R  (X 


Xj) 


Pn  +9 


#  •  • 

I 

n=l 


pnl  <anl 


+  b. 


nl 


+  c. 


nl 


+  dhlV 


2 


+  d_  ) 
in 


-  0, 


or 


(76.18) 
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8R2  ft  -  P02  *  9  I  Pnl2  CM2  *  bnl2  4-  o  2  +  tj)  * 

n-l 


+  |m2  <a_2  +b  2)  =  0 
*  m  ra 


(76.19) 


respectively. 

The  results  obtained  may  be  summarized 's  follows.  The  displacements  (74. 10  to  12) , 
for  neighboring  states  of  equilibrium  deviating  from  the  fundamental  state,  should 
satisfy  (76.10  and  17)  and  (76. 11  and  12).  In  the  case  that  aQ  =  0  one  of  the  condi¬ 
tions  (76. 18  or  19)  takes  the  place  of  (76.17) ,  while  (76.12)  is  replaced  by  the  corres¬ 
ponding  relation  (76. 14).  It  appears  from  these  results  that  the  displacements  in  the 
neighboring  equilibrium  states  are  far  from  uniquely  determined.  This  is  partially 
caused  by  the  fact  that  the  contributions  to  the  displacements  with  coefficients  a,  b, 
c,  d  with  the  same  Indices,  all  determine  the  same  buckling  mode,  although  with  a 
relative  "phase-shift".  On  the  other  hand, the  indeterminancy  between  the  coefficients 
with  different  Indices  cannot  be  attributed  to  this  fact.  It  is  to  be  expected  that  this 
latter  indeterminancy  would,  at  least  partially,  disappear  if  in  the  energy  also  terms 
of  the  fourth  order  In  the  displacements  were  taken  Into  account.  This  possibility  of 
improvement  of  the  theory  would  introduce  a  considerable  complication  of  the  analysis 
and  will  not  be  further  explored. 

The  stability  of  the  neighboring  states  of  equilibrium  is  governed  by  the  second  varia¬ 
tion  of  (76.4) 

A2Px(a.) 


-  22 1  n  2. 

- 2  I1  “  v  ) 

It 


m  -  [  2p02  (Aa02  +  Ab02)  t- 

i 

+  £  Pnl2  <Aanl2  +Abnl2  +  AcQl2  +Adnl2)  + 
n-l 


♦  S- 2—  2 

n=l 


pn2*  (Aan2‘  +  Abn22  +  Acn22  +Adn22)  + 
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+  m2  (Aa  2  +  Ab  2  +  Ac  2  +  Ad  2)  + 

'  m  m  m  m  ' 


i  r. 


+  3V  |  °o<*  aanl  ttan2  “  aonl  “°n2  T  “°nl  “°n2  T  “unl  ““n2'  1 
n=l 


+  ao  Acn2  +  Aan2  Acnl  +  Abnl  Adn2  +  Abn2  Adnl)  + 


-  ani  Abo  Aan2  "  an2  Abo  Aanl  "  bni  Abo  Abn2  ’  bn2  Abo  Abnl  + 


+  cni  Abo  Acq2  +  cn2  Abo  Acnl  +  dnl  Abo  Ad„2  +  dn2  Abo  Adm  + 

+  anl  Aao  Acn2  +  cn2  Aao  Aanl  +  an2  Aao  Acnl  +  cnl  Aao  Aan2  + 

+  bnl  Aao  Ada2  +  dn2  Aao  Abnl  +  bn2  Aao  Adnl  +  dnl  Aao  Abn2  |  + 

+ 1  m2  I  b  (-  Aa  2  -  Ab  2  +  Ac  2  +  Ad  2)  + 

2  10  m  m  m  m 


+  2a  (A  a  Ac  +  Ab  Ad  )  + 
o  m  ns  ns  ns 


2a  Ab  Aa_  -  2b  Ab  Ab  +  2c  Ab  Ac  + 
mom  mom  mom 


+  2d  Ab  Ad  +  2am  Aa_  Ac  +  2c  A  a.  Aa  + 
mom  mom  mom 


+  2b  Aa  Ad  +  2d  Aan  Ab 
m  o  m  mom 


(76.20) 


The  general  conclusion  of  Sect.  36  that  neighboring  equilibrium  states  at  loads  smaller 
than  the  buckling  load  are  unstable  can  immediately  be  used.  Further,  the  coefficient 
of, for  instance, AaQ2  is  negative  fbr  loads  greater  than  the  buckling  load.  Consequently 
(76.20)  is  negative  only  if  Aa0  is  different  from  zero.  Therefore,  the  neighboring 
states  of  equilibrium,  as  well  as  the  fundamental  state, are  unstable  at  loads  in  excess 
of  the  buckling  load.  Since  an  unstable  state  of  equilibrium  cannot  be  realized  experi¬ 
mentally,  the  above  analysis  offers  an  explanation  why,  at  least  for  small  deformationo, 
the  thin  walled  cylinder  cannot  carry  loads  greater  than  the  buckling  load. 
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The  neighboring  equilibrium  states  for  a  cylindrical  shell  were  investigated  by 


+  l  •"  -  *  tm  •  i 

von  ru&rintui  turn  ioieu  luxj 


7” - - J* - —  -  —  -  J  t _ i.L.  IaUI  At  Hf«1  n._ 

tUOOO  W  1 11(01  U  ODOUUiCU  tv*  buv  DVWtt  uvt  WM»»  -i-rrjt — """  - 


meat  component 


w  =  aQ  +  cos  pa  cos  n/9  +  a0  (cos  2pa  +  cob  2n 0)  .  (76. 21) 


The  displacement  components  in  the  axial  and  tangential  directions  are  then  determined 
by  application  of  the  equilibrium  conditions  in  the  plane  of  the  shell.  The  three  param¬ 
eters  in  (76. 21)  are  finally  found  from  the  condition  that  the  potential  energy  Bhould  he 
a  minimum. 


The  displacements  assumed  by  von  Karruan  and  Tsien  cannot  represent  the  general 
solution  in  the  critical  state.  Consequently,  their  results  will  presumably  be  less 
accurate  for  loads  reasonably  close  to  the  buckling  load.  ThiB  supposition  is  con¬ 
firmed  by  the  shape  of  their  curves  giving  the  amplitude  of  the  critical  mode  as 
a  function  of  the  load.  At  the  point  which  represents  the  critical  state  X  -  X^, 
aj  =  0,  the  tangent  to  the  curve  is  parallel  to  the  a^-  axis.  According  to  the  general 
theory  (76. 10), however,  the  amplitude  of  the  critical  mode  in  the  neighborhood  of  the 
buckling  load  increases  linearly  with  the  changes  in  the  load.  On  the  other  hand,  the 
theory  developed  here  yields  improbable  results  for  loads  further  removed  from  the 
buckling  load.  It  leads  for  instance  for  the  unloaded  state,  \  =  0,  to  equilibrium 
states  with  nonzero  values  of  the  coefficients  a,  b,  c,  d.  There  is  no  doubt  that 
this  Is  caused  by  the  omission  in  the  calculation  of  the  energy  of  terms  of  the  fourth 
order  in  the  displacements  (see  also  Sect.  783). 


77.  THE  INFLUENCE  OF  SMALL  DEVIATIONS 


It  is  assumed  that  the  undeformed  state  of  the  middle  surface  of  the  structure  can  be 
derived  from  a  cylinder  by  displacements  wD  in  the  direction  normal  to  the  cylinder 
surface.  The  coordinates  of  a  point  on  this  middle  surface  are  then  given  by 

x°  =  Ha,  x„°  =  (R  +w )  sins  ,  x_°  =  (R  +  w  )  cos#  .. 

X  &  0  u  O 
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It  follows  from  Sect.  57 ,  that  the  strain  components  of  the  middle  surface  are  deter¬ 
mined  by  (see  also  (56.3)) 


y  * 

acta 


Jr  2u'  +  “tj  (u'2  +  v'2  +  w'2)  +  —  2w  1  w\ 

R  H2  R2  0 

^2(V  +w)  +-2-  [u-2  +(V  +w)2  +  (w*  -v)2]  + 
R 

+  ^2  I2wo  <v*  +  W)  +  ^o*  tw*  "  v>  ]  ' 


~(u‘  +  v»)  +-^  |u«  U*  +  v'  (V*  +  w)  +  w'  (w‘  -v)  + 


+  -i-  [  w  V'  +  W  '  (w‘  -  V)  +  W  •  W1  ] 
R2 l  o  o'  o  1 


The  expressions  (71. 5)  for  the  changes  of  curvature  remain  unchanged. 


Just  as  the  extended  theory  of  Sect.  38  could  be  applied  to  the  perfect  cylinder,  use 
can  here  be  made  of  Sect,  47 .  In  the  energy  increment  (47 . 1)  on  transition  from  the 
displacement  configuration  U(x) .  which  determines  the  fundamental  Btate  of  the  model, 
to  a  displacement  configuration  U(X)  +  u,  the  influence  of  small  deviations  between 
structure  and  model  is  expressed  by  the  term  (47 . 2)  only.  This  term,  originating 
from  the  elastic  energy,  is  obtained  from  terms  which  are  quadratic  in  the  total 
displacements  U(X)  +  u .  If  for  the  time  being  these  total  displacements  are  called 
u,  v,  w,  it  follows  from  Sect.  57  that  these  quadratic  terms  are  obtained  by 
substitution  of  (77.1)  in  (55.11).  Thus,  they  are 
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|  Gh  JTJ7  iJJ  [ 8w0'  u’  w*  +  8w0  <v‘  +  w)2  +• 

+  8wq  (v‘  +  w)  (w‘  -  v)  +  8w  ’  w’  (v'  +w)  + 

+  8vwou*  (v‘  +  w)  +  8VWJ  u*  (w‘  -  v)  + 

+  4  (1  -  v)  wQ  (u‘  +  v')  v'  +  4  (1  -  i>)  wo'  (u’  +  v')  (w‘  -  v)  + 

+  4  (X  -  v)  wj  (u‘  +  v>)  w'  J  dad/3.  (77.2) 

In  the  following  U  (X)  +  u  represents  the  total  displacements ,  of  which  the  components 
are 

-  XRa  +  u,  v,  XvR  +  w. 

The  desired  expression  (47.2)  is  then  obtained  by  expansion  of  (77.2)  including  only 
terms  which  are  linear  in  u,  v,  and  w.  After  division  by  |  Gh 

eXQ^  [ul  *  ff[- 8Xw0'  w'  +  16v  XwQ  (v*  +  w)  + 

+  8vXwJj  (w’  -  V)  +  8v2  Xw0'  w'  -  8»^Xw0  (V  +  w)  + 

+  8v2  Xw0u*  -8vXWp  (w*  -v)j  dad#  * 

=  x  //[-8  (1  -v2)  wQ>  w'  +  8i>wo  <vu’  +  v'  +  w)  j  dad# . 
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If  it  is  assumed  alsb  that  wQ  Is  zero  along  the  edges  of  the  cylinder,  then,  through 
integration  by  parts ,  this  expression  may  bs  reduced  to 

eXQ^  (uj  =  8X  [(!  "  v 2)  w"  +  v  (,;u'  +v’  +  w)]  dad/3.  (77.3) 

The  considerations  are  restricted  to  displacements  froita  the  configuration  U(X)  of 
such  small  magnitude  that  terms  of  the  fourth  order  in  u,  v,  w  and  their  derivatives 
may  be  disregarded.  The  stationary  value  of  the  energy  Fx(aj)  for  constant  values 
of  aj  then  takes  the  form 


Fx  (aj)  =  ex  Qj'  (a^  +  Px  (aj),  (77.4) 

which  is  derived  from  (76.1)  and  (77.3)  and  which  corresponds  to  (47 . 8) .  In  this 
expression  Px(aj)  is  determined  by  (76.4)  and 

eXQjMaj)  =  eXQj'IXajUj],  (77.5) 

2 

where  the  components  of  SajUj  are  determined  by  (74. 10  to  12).  Since  p  is  always 
supposed  to  be  large  in  comparison  to  unity,  the  first  term  between  brackets  dominates 
in  (77.3)  and  all  the  other  terms  may  be  omitted.  For  (77.5)  then  follows 


eXQ^  (a^) 


~  (1  -v2)  8R  ex 
It 


p„  (A„a„  +  B„brt)  + 
rO  '  O  O  O  0 


*  *  • 
♦I 

n=l 


p  ,  (A  ,a  ,  +  B  ,b  ,  +  C  ,c  ,  +  D  ,d  ,)  + 
*nl  '  nl  nl  nlnl  nlnl  nl  nr 


+  Pn2  (An2an2  +  Bn2bn2  +  Cn2cn2  +  Dn2dn2)  + 
n=i 


+  m  (A  a  +  B  b  +  C  c  +  Dd) 
'mm  mm  mm  mm 


(77.6) 
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wnera  ior  orevity 


^  JJwo  8in  p0  adadfi  =  €Ao* 

2iT  //w0  8in  Pnl  ac0S  a0d“d0  “6An.l  etc*  (77.7) 


The  equilibrium  states  are  characterized  by  stationary  values  of  (77.4).  Differentiation 
with  respect  to  aQ  and  bc  leads  to  the  conditions 

-  8RXep02  A0  -  4R  (\  -  Xj)  PQ2  &Q  + 

+  3  /  (a  ,  c  „  +  a  „  c  ,  +  b  .d0+b0d,)  + 
rd  n2  s2  nl  nl  n2  n2  nl' 

n-l 


+  3m  (a  c  +  b  d  )  =  0, 
mm  mm 


•  8RXep02  Bc  -  4R  (X  -  Xj)  pQ2  bQ  + 

*  3  2  n2  (-  «ni  "njj  -  »„!  ^  +  «m  °n2  ‘W* 

n-i 


+  ~  m2  (-  a  2  -  b-  2  +  c  2  +  d  2)  =0.  (77.8) 

2  '  m  m  m  m  '  '  ’ 


Differentiation  with  respect  to  anl,  an2,  onl,  cn2  leads  to  the  conditions 

-  8RXcpnl2  Anl  -  2R  (X  -  Xx)  Pul2  aQl  +  3n2  (-  b^  +  aQ c ^  *  0, 

-  8R*  ePn22  An2  -  2R  (X  -  X^  p^2  a^  +  3n2  (-  b^  +  a^)  =  0, 
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r 


-  ftRX*D  }  C -  2R  (X  -  X,)  P.,,2  cn1  +  3n2  (  +  a^)  =  0, 

XXL  UJ.  - - 

~tn«  —  2  n  _  2«  /x  -  >  •'  D  c  "  +  3n2  (  b  Ac  ,  +&0ft„i)  “  ®* 

-  ot\/v  *-,52  'A  V  *  nz  n*  -  “*  — 

The  conditions  obtained  from  differentiation  with  respect  to  b^,  b^,  d^, 
follow  from  (77.9)  after  replacement  of  Anl(2.  cnl,2>  ®nl,2»  cnl,2  Bnl,2* 
Dq1  2>  bnl>2>  djj],  (2  .respectively.  Differentiation  with  respect  to  am  and  cm 

leads  to  the  conditions 


-  8RX  em2  Affi  -  2R  (X  -  \)  ro2am  +  3m2  (-  b0affl  +  at)cm)  =  0, 

-  8RX cm2  Cm  -  2R  (X  -  Xj)  “2cm  +  3m*  (  b0°m  +  aoV  =  0 


(77.10) 


The  conditions  obtained  by  differentiation  with  respect  to  bm  and  dm  follow  from 

(77.10)  after  replacement  of  Affl,  Cm,  am,  cm  by  bm*  ^m 

The  solution  of  the  equilibrium  equations  can  in  principle  be  carried  out  as  follows. 
Again  (77  9  and  10)  may  be  conceived  to  be  systems  of  linear  equations  for  a^, 
c  .  ’  ami  cm  which  then  are  Inhomogeneous.  The  solution  of  these  equations  is 

always  uSquely  determined  as  long  as  the  determinant  (76.8)  differs  from  zero  and, 

ot  this  solution ,  which  to  still  dependent  oo  the  parameters  a,  and  0- 
yields  two  new  -  linear  equations  tor  hq  and 

However,  the  eolnUon  method  de.erlbed  above  le  di£floalt  to  apply  and  the  eonhidera- 
tione  will  be  reatrlctod  to  a  aimpler,  apeoto!  ease.  For  thin, the  toUewto*  choice  U 

made 

Anl,2  =  Bnl,2  “  Cnl,2  =  Dnl,2  =  Am  =  Bm  *  °m  =  Dm  ‘  °* 
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ito-i  Stoilr-jrJU  .*+ti  -  BdlfilSifflitei 


This  case  occurs  for  instance  for  an  infinitely  long  cylinder  if 

W  =  a<n  /o  nt  -tv  1  .  (77.111 

O  '*  o  “  O'  y  ' 


The  remaining  constants  (77.7)  then  are 

Aq  *  |hcosQ!0,  Bq  =  -|hBinao.  (77.12) 

Equations  (77.9  and  10)  now  have  only  the  trivial  solution  unless  the  determinant  (76.8) 
Is  equal  to  zero.  For  this  zero  solution, it  follows  from  (77.8) 


a 


o 


2X  eA  j. 

X1  "  X  _  X1  ~  X 


eh  cos  aQ, 


bo  = 


2X  eB 
_ o 

-  X 


■X-*-.  eh  sin  a  . 
X2  -  X  o 


(77.13) 


It  appears  from  (77.13)  that  for  X  — -Q,  aQ  and  bQ  also  approach  zero.  The  solu¬ 
tion  obtained, therefore,  corresponds  to  the  undeformed  state  of  the  structure  when 
X  — o,  i.e,  it  determines  the  natural  equilibrium  state. 


The  stability  of  the  equilibrium  for  X  <,  X  ^  is  governed  by  the  second  variation  of 
(77.4)  which  is  identical  to  the  second  variation  (70.20)  of  the  expression  (76.4).  Sub¬ 
stitution  of  the  zero  solution  of  (77.  9  and  10)  gives 
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+  3n  bo(-^nlAan2^cnIACn2)  + 

+  3n2ao<AanlAcn2+Aaa2Acnl)l  + 

+  |  R  <Xi  -X)  |pnl2  <Abnl2  +Adnl2)  +Pn22  (AbQ22  +*dj)  ] 


+  3n  bQ  (-AbnlAbn2  +AdQl  a^)  + 

+  3n2&o  ^Abnl A  dn2  +A  bn2  Adnl>  I  + 

+  [rC^-A)™2  (Aam2  +Aom2)  + 

+  -|ra2b  (- Aa  2  +  ac,»2),  + 3m2a  Aa„Ac„l  + 
2  o  “  m  '■  o  m  “  ml 

+  |r  (\x  -A)  m2  (Abm2  +Adm2)  + 

+ 1  m2bo  Abm2  +  Adm2)  +  3m2ao  Abm  Adm  I  1 


(77.14) 


The  forms  of  the  second  order  In  AaQ,  A  b^,  etc.,  placed  between  curly  brackets  are 
not  mutually  coupled  and,thus,thoy  can  be  considered  separately. 


The  first  form  Is  positive  definite  for  A  <  X  j,  semidefinite  for  X.  =  A^  and 
negative  definite  for  A  >  A  j . 

The  second  form  is,  for  sufficiently  small  values  of  A  ,  positive  definite  because  aQ 
and  bQ  approach  simultaneously  zero  along  with  A  .  On  the  other  hand  it  can  certainly 
admit  negative  values  for  A  >  A  1<  This  form  is  semi-positive  definite  if  its  mini¬ 
mum  (with  the  value  zero)  is  also  reached  for  a  set  of  values  A  2»A  cnl  2  differ¬ 
ing  from  zero.  For  this  purpose,  the  equations 

2R  (Aj  -  A)  Pnl2  Aanl  +  3n2  (-  b0  Aa^  +  aQ  A  cn2)  =  0  etc.  (77 . 15) 
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which  express  the  minimum  conditions;  should  possess  a  non -trivial  solution. 

These  equations  are, however,  identical  to  {76.5)  so  that  they  possess  a  non-zero 
solution  if  and  only  if  (76. 10)  has  been  satisfied 

a>bo2  =  |R2  -X)2-  (77.16) 


Tho  second  form  thus  can  bo  made  semipositive  definite  by  increase  of  the  ioad 
parameter  \  to  a  value  smaller  than  for  which  (77. 16)  is  satisfied.  Elimina¬ 
tion  of  aQ  and  bQ  by  use  of  (77.13)  gives  tor  this  limit  value  the  equation 


(Xj  -  X) 


2  eV  -  f  R2  <X2  -X)2 


which  has  a  solution  between  0  and  Xj 


X 


.  3  eh  ,/3  eh  9  e2  h2 

4  R  "  V  2  1  R  16  r2 


for  positive  values  of  e  ,  and 


(77.17) 


X 


3  ,  Ik  jL  e2h2 
2  1  R  16  r2 


for  negative  values  of  e  .  This  latter  solution  is  the  same  as  that  for  the  positive 
value  !e  I  so  that  the  considerations  may  be  further  restricted  to  positive  values 
of  c  . 

Furthermore,  the  determinant  (7S.8)  is  different  from  zero  for  values  of  X  smaller 
than  the  limit  value  (77. 17)  so  that  the  assumption  used  in  the  solution  of  (77 . 9  and  10) 
has  been  fulfilled. 
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The  third  form  of  (77. 14)  is  completely  equivalent  to  the  second  bo  that  it  is  also 
Dositive  definite  for  v«inu«  of  }.  sms  Her  tins  the  limit  value  (77. 17) . 

The  fourth  and  fifth  forms  of  <77.  i4)  are  also  positive  definite  for  small  values  o f  x 
and  they  can  also  assume  negative  values  for  A  >  X  .  They  are  semipositive 
definite  if  the  minimum  (with  the  value  zero)  determined  by  the  equations 

2R(x1  -  X)Aam  +  3(-  boAam  +  aoAcm)  =  0  , 

2R(X1  -  X  >Acm  4  3(b0Acm  +  aoAam)  =  0  , 

also  corresponds  to  a  set  of  non  zero  values  of  Aam  ,  Acm  .  This  requirement 
leads  again  to  condition  <77. 16)  which  egain  leads  to  the  value  of  x  determined  by 
(77.17). 

It  follows  from  the  foregoing  that  the  second  variation  (77.14)  is  positive  definite  for 
values  of  X  between  zero  and  the  value  determined  by  (77.17),  while  It  1b  seini- 
definlte  for  the  value  last  mentioned.  Hence*  this  value  determines  the  buckling  load 
of  the  structure.  With 


it  can  be  written  in  the  form 
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and  with  v  =  0.3  it  is  given  by 


\*  =\1  1  +  1.24  €-  v'T.24e(2  +  1.24c)  (77.19) 

The  great  sensitivity  of  the  buckling  load  for  small  deviations  from  the  perfect 
cylindrical  shell  is  clear  from  this  last  formula  (see  Fig.  9) . 


»  • 

A 


FIG.  9 


For  instance,  the  buckling  load  amounts  to  61  percent  of  the  buckling  load  for  the 
perfect  cylindrical  shell  for  e=  0.1  ,  in  which  case  the  amplitude  of  the  deviations 
(77. 11)  is  10  percent  of  the  wall  thickness.  For  e=  o.R  the  buckling  load  M  cnly 
34  percent  of  its  original  value.  The  experimentally  determined  valur  of  about  '25  per¬ 
cent  of  the  buckling  load  for  the  perfect  cylinder  with  a  radius  to  wall  Me -.ocm  iratio 
of  R/h  =  1000  corresponds  to  e=  0.9.  This  result  forms  a  stri.ki.nr  >  ast  to  the 
theory  of  Donnell  [22]  which  can  explain  the  experimentally  determined  v&hivs  only  if 
the  amplitude  of  the  deviations  is  about  ten  times  larger.  Although  it  is, of  course, 
desirable  to  extend  the  Investigation  to  deviations  of  other  forms  than  (77.11),  it  may 
be  concluded  now  that  the  theory  presented  here  gives  an  explanation  for  the  large 
differences  between  theoretically  and  experimentally  determined  buckling  loads.  Also. 
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the  wide  scatter  in  the  experimental  results  is  satisfactorily  explained  by  the  great 
sensitivity  of  the  buckling  load  to  small  changes  in  the  magnitude  of  the  deviations. 

In  the  previous  analysis  it  was  consistently  assumed  that  the  elastic  limit  of  the 

material  would  not  be  surpassed  at  any  point  of  the  structure.  This  assumption  may 

be  examined  after  the  calculation  of  the  greatest  absolute  value  of  the  strain  component 
2  2 

^ aa  '  When  u'  and  v1  are  disregarded  and  the  substitution  of 


XRa  +  --/a  cos  pa  -  b  sin  p ia)  and  uXR  +  a  sinp  a  +  b  cosp  a 

n  ’  a  *  rt  n  a  *  a  n  *  a 


(77.20) 


for  the  total  displacements  in  axial  and  radial  direction  is  made,  then  the  deformation 
component  of  the  middle  surface  (77. 1),  by  use  of  (77. 11)  and  (77. 13)  becomes 


7aao  =  ■  2X  -  2vl^hr  4  8ln<P0“  "  “o>  + 


+  po2  (  co£,!V  -  «o 


)  + 


ap. 


2  X  2h'  2 


X ,  -  \  R 


e  — g-cos  (pQa  -  aQ) 


(77.21) 


while  the  change  of  curvature  is 


P*aa  =  -  Po2xT^T  e4  8in(po“  “  ao> 

1  XV 


(77.22) 
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The  greatest  (negative)  total  component  of  deformation  is  reached  for  sin(po  a  -  a^)  =  i 
and  for  a  *  -  1/2  h  ;  it  is  (see (57. 9)) 


^  ttcv B  "  2X  -  2V 


X  €JL  _  2  X  h 
Xj  -X  R  '  Po  Xj  -X 


(77.23) 


The  greatest  absolute  value  is  reached  at  the  buckling  load  X  =  X*  ;  after  substitution 
of  (74.8) 


yac‘  -  »*  -  (“4  +'/a pT7»*|) 

For  R/h  =  1000,  v  =0.3  and  the  values  found  in  experiments 

X*“4Xl"0*15T'  £=0-9 

it  then  follows  that 


yaa  =  -  00015  . 

The  specific  strain  is  consequently  smaller  than  0.001  so  that  it  is  not  to  be  expected 
that  excess  of  the  elasticity  limit  will  occur  if  the  cylinder  is  made  of  steel  or  dural 
alumin. 

78.  CLOSER  CONSIDERATION  OF  SOME  SIMPLIFICATIONS 

M  this  section  some  of  the  simplifications  which  were  introduced  will  be  more 
closely  examined.  Justification  of  omissions,  which  have  been  discussed  else¬ 
where  in  the  literature  will  not  be  attempted  here. 
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781.  Formulae  (73.  9) 


2  ? 

In  the  derivation  of  these  formulae,  kp  and  kn  '  are  disregarded  in  comparison  to 
unity.  Fui  iiie  buckiing  modes  considered  inSect.  74  and  thereafter,  this  omission 
is  indeed  motivated  since  kp "  and  kn  ,  in  view  of  (74. 8),  cannot  be  greater  than 
2Vk(1  -  v“)  •,  thus,  the  omission  is  equivalent  to  the  omission  of  \  in  comparison 
to  unity  (see  74.3), 

782.  Formulas  (71  ■  5) 

It  1b  sufficient  to  justify  these  simplified  formulas  for  the  calculation  of  (75. 10).  For 
this  purpose  it  is  remarked  that,  when  use  is  made  of  the  more  accurate  formulas 
(71. 4),  the  integrand  of  the  third  order  term  in  (71.6)  should  be  supplemented  with  a 
term  containing  the  factor  k  .  With  use  of  the  displacements  (74. 10  to  12), the  order 
of  magnitude  of  the  most  important  part  of  thlB  term  appears  to  be  kww"  .  Then, 
again  by  use  of  (74. 10),  a  contribution  in  (75. 10)  of  the  form 

k»o  aoanlan2  atc- 

Is  found,  or  after  use  of  (74.  8) 

^4(l-,z)a0anlan2  etc.  (78.1) 

R 

2  2 

Because  pnl  and  pq2  can  only  become  large  in  comparison  to  unity  if  n  is  large, 
terms  of  the  form  (78. 1)  may  be  neglected  in  (75. 10). 

783.  The  Omission  of  Boundary  Influences 

This  omission  is  best  justified  by  the  experiments  which  show  no  dependency  of  the 
buckling  phenomenum  on  the  length  of  the  cylinder  or  on  the  boundary  conditions.  But 
it  may  also  be  made  plausible  theoretically. 

The  influence  of  the  boundary  conditions  were  first  disregarded  in  Sect.  74,  where  p 

2 

was  conceived  as  a  continuous  variable;  moreover,  p  was  supposed  to  be  so  great 

o 

that  unity  could  be  neglected  in  comparison  to  p  .  Under  those  assumptions,  at  the 
buckling  load,  infinitesimally  close  neighboring  states  of  equilibrium  were  found  for 
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each  value  of  n  satisfying  (74. 5)  by  use  of  the  two  corresponding  values  of  p 

ni ,  z 

(74.4) . 

In  reality,  the  smallest  value  for  the  solution  X^  of  (73.7)  generally  corresponds  to  a 
completely  determined  set  of  values  n*  and  p*  =  i  ttR/’I  .  Naturally,  this  value 
p*  will  not  deviate  considerably  from  the  values  p*^  or  p*^  determined  by 

(74.4)  which  correspond  to  n  =  n*  ,  Further,  (73. 7)  has  a  solution  that  differs 
only  slightly  from  x^  for  other  values  of  n  and  for  values  of  p  which  differ  slightly 
from  the  values  given  by  (74. 4).  In  reality,  the  general  .solution  (74. 10) .which  was 
obtained  through  the  simplifications,  is  for  X  =  X^  dissolved  in  a  set  of  single 
valued  solutions  for  value b  of  x  (Xj)  with  Bmall  differences  between  them.  The 
result  of  this  is  that  the  third  order  terms  determined  in  Sect,  75,  each  composed 

of  three  buckling  modes,  are  absent.  Equilibrium  at  the  critical  state  then  does  not 
necessarily  have  to  be  unstable.  However,  this  will  only  influence  the  neighboring 
BtateB  of  equilibrium  if  jx^  -X  |  is  much  smaller  than  |x .  -  x|  with  i  =  2,3  , etc. , 
and  this  is  only  the  case  in  a  very  small  neighborhood  of  the  buckling  load. 

The  same  holds  for  the  analysis  of  the  influence  of  small  deviations;  only  when  the  load, 
for  very  small  deviations  can  approach  the  buckling  load  very  closely,  a  different 
elastic  behavior  may  be  expected.  It  is, therefore, not  surprising  that,  for  such  devia¬ 
tions  as  occur  in  ideality,  nothing  of  this  kind  has  been  observed. 

784.  Omission  of  the  fourth  order  terms 


The  admissibility  of  the  omission  of  terms  of  the  fourth  order  may  be  examined  through 
calculation  of  (7^.10)  and  comparison  with  the  remaining  contributions  in  the  energy. 
This  calculation  is  fu'3t  executed  for  a  particular  neighboring  equilibrium  state 


a~  '  anl,2  ~  bnl,2  cnl,2  ^1,2  am  ~  bm  "  dm  “  0  • 


bj  —  g  R(X  ”  X^)  , 


cm  =!*<*-*!> 


>(78.  2) 
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These  coefficients  do  satisfy  (76.10,  14  and  18).  The  most  important  terms  of  the 
integrand  of  (72. 10)  are 

+  2w,2w*2  +  w*^  =  (w'2  +  w*2)2  . 

Substitution  of  (74. 10)  and  use  of  (78.2)  gives  for  this  integrand 


2  2  2  2  1 
m4j(2boSin2ma  +  cmsinmac°sm/3)  +  cm  008  masln  mP\ 


=  m4  [2b2  +  |cm2  -  2b0  cos4m«  + 

1  2  ) 
+  2b0cm(cos  ma  -  cos  3mo)  con  m  p  -  2cm  cos2m  bos2mpj 


Execution  of  the  integration  gives 


<V  -  *5[Svj]  ‘  i"4<6b»  +  4bo2c“  + 

Through  substitution  of  (78. 2)  it  finally  follows  from  here  that 


2  '  -S-c4) 

16  m  > 


=o  .  s  2ul  800  4„3ft  ,  ,4 

P4faj)  ^  W1"  ^  X) 


(78.  3) 


For  the  third  order  terms  after  use  of  (78.  2) 


—  .  2ri  v2\  ®4  m2TI2/  \  -  X  \2 

p3(a.)  *  ^*(1  -  v)-jmR  (l-Aj)  , 


(78.4) 
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so  that  the  fourth  order  term  may  indeed  be  neglected  if 


-X) 


«1  -  v * 


In  view  of  (74.3,  8  and  9)  this  requirement  is 


1 


*12  a 
■26  U 


»  )  . 


(78.6) 


It  appears  from  this  condition  that  the  omission  of  the  fourth  order  terms  restricts 
the  validity  of  the  analysis  of  Sect.  76  to  loads  in  the  lmmodiate  neighborhood  of  the 
buckling  load. 


The  circumstances  in  the  analysis  of  Seat.  77,  at  least  for  the  form  of  the  deviations 
which  was  considered  (77.11),  are  much  more  favorable.  By  use  of  (77. 13)  the  radial 
displacement  component 


w  =  aQ  8inpoa  +  b0  cos  pQa 


can  be  written  in  the  form 


w 


+  b. 


'  sinfp  a  -  a) 
■*o  o 


so  that  the  most  important  contribution  of  (72. 10)  is 


P4°<V  -  ji  If  »X2  *  O'-V  -  - 


_  2  H  3  Po4.  2 

R2  8  R  (aO 


(78.6) 


292 


293 


APPENDIX 


As  far  as  the  writer  knows,  in  the  literature  (e.g.  [45])  the  solution  of  equation  (61. 20) 

6“  +  ir2Asin  0=0  (1) 

with  boundary  conditions  (61.21)  and  (61.22) 

4  =  0  :  fl*  =  -ffaeA  ;  4  ■  \  :  0  =  o  (2) 

has  only  been  determined  for  the  case  in  which  0Q  (the  value  of  0  for  4  -  0)  has 
the  same  sign  as  e  .  However,  for  Section  615  it  is  also  necessary  to  know  possible 
solutions  for  the  case  with  opposite  sign  of  0q  and  t .  It  is  assumed  now,  just  as 
previously,  that  £  is  positive. 

Equation  (1)  may  be  written 

0*  ^  +  jr  2  a  ain  0  =0 

from  which,  by  ubc  of  (2) ,  it  follows  through  integration 
2 

0*  =ff'te2X2  +  2tt2  \  (cob  0  -  cos  0q).  (3) 

In  view  of  (2),  0*  is  negative  for  4  =  0.  As  0*  must  be  a  continuous  function  of 
4 ,  it  follows  then  from  (3)  that 

0  =  —  *\/\  Jn2  \  e2  +  2  (cos  0  -  cos  0  )  (4) 

o 

as  long  as  the  expression  under  the  square  root  sign  remains  positive . 
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First  the  case  will  be  considered  in  which  6  is  positive;  (4)  then  definitely  holds 
for  values  of  8  between  0  and  6_.  If  further  considerations  are  restricted  to 

V  - 

curved  beams  for  which  0  is  equal  to  zero  only  if  £  ~  g  ,  then  integration  of  (4) 
yields 


o 


which  can  be  written 


dd 


=  7 r  /x"1 


+  sin' 


2  o 


-  sin 


le 


(5) 


It  is  assumed  that  9  <  it  still  is  so  small  that 
o 


\tt 2  X  e2  +  sin2  \  %  =  k2  <  1 


(6) 


As  |  - 0  |  <  ^  6^  <  ~  it  it  is  then  always  possible  to  set 


sin0  =  i  sin  |  0  (0  S  9  S  |jr)  . 


(7) 


Herewith  (5)  becomes 
V 


2k -222®.  d0 
cos  2  e 


=  2 


d9 


k2  sin2  9 


JV 


1  -  k2  sin2  6 


= 


(8) 


with 


sin  <f  =  j~  sin  |  &0  (0  5  <?  s? 


(9) 
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Tub  iulogi  ul  appeal- lug  iu  (5)  is  ihe  elliptical  integral  of  the  first  kind  e  ~(R,?). 
The  dimensionless  deflection  /?  at  the  middle  of  the  beam  is  determined  by 


1 

2 

p  =  /  -  sin  0d  {  = 


sin  9  dQ 


t  ^  +  2  ^  cos  0  —  cos  •  6  'j 


V* 


^Xe^  +•  2  ^cos  6  —  cos  0Q  j 
It  follows  from  (6),  (9)  and  (10)  that 


8  =  o 


=  e 


2k 


7T  yr 


(10) 


cos  <p 


rrv/x1  ,  e 
2k  "  e-/3  ’ 


while  from  (8)  and  (10)  it  follows  that 


k  *  <€-/J)  F  <k,  *)  . 

The  relation  between  /5  and  X  is  then  given  by  the  parameter  representation 

«°»  *  "  T=T»  k  -  <«-#)  F  <k,*)  ,  •V^=fF(k ,<?).  (11) 

It  remains  to  be  seen  to  what  extent  assumption  (6)  has  been  satisfied.  According  to 
(11)  the  undeformed,  unloaded  state  P  =  0,  X  =  o  represents  an  equilibrium  state 
with  k  =  0  and  <p  -  0.  Assumption  (6)  will  therefore  be  satisfied  for  all  loads  below 
the  limit  value  for  which  k  becomeo  1  for  the  first  time.  For  k  =  1,  F(k.?)  can 
he  expressed  in  terms  of  elementary  functions 

<P 

F  (l.d)  =  /  — In  tg  (£*  +  \<?)  . 
y  1  —  sin^d 


o 
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The  value  of  <p  corresponding  to  this  limiting  case  is^according  to  the  first  two 
relations,  determined  by 

cos  <p  =  c  In  tg  ir  +  .  (12) 

For  small  values  of  e  ,  (12)  has  a  solution  which  slightly  differs  from  ;  X  is  In 
that  case  large,  on  account  of  the  last  relation  (11).  For  instance,  in  the  example 
treated  In  Section  615  these  quantities  were  given  by  e  =  0.01,  =  0. 975  ^  and 

X  =  6.25.  The  limiting  case  remains  consequently  outside  of  ihe  range  of  X  con¬ 
sidered  in  fig.  4. 

Next  the  case  is  analysed  in  which  0Q  is  negative.  It  follows  from  (2)  that  for  small 
values  of  |  ,  3*  is  negative.  In  order  that  the  condition  0=0  be  satisfied  at  the 
middle  of  the  team,  0*  must  change  sign  for  a  value  (between  0  and  ^). 

This  '"ill  be  the  case  if  the  expression  under  the  root  sign  in  (4)  becomes  zero  as  in 

view  of  (1),  0 "  is  positive  at  that  point.  The  integration  of  (3)  must  therefore  be 

curried  out  separately  for  {  <  and  £  >  £  ^  . 

Let  6^  be  the  value  of  6  for  5  =  $  j ,  then  it  follows  in  analogy  with  (5)  that 


in  which  6  is  determined  by 

ein2  =  I,2 Ac*  +  sin2  |  ®0  =  k2  .  (14) 

The  existence  of  a  solution  with  a  negative  initial  value  dQ  does  imply,  in  view  of 
(14),  that  k  si.  Substitution  of 

sin0  =  |  sin  |  6  (0  k  0k  -  |tt) 


297 


with 


1  ....  1  „ 

k  om  2  “I 


i,  uuuetsHueuuy  ~  ~~  2  " 


transforms  (13)  into 


M. 


d0 


j 

2 


yj  1  -  k2  sin2©  J  yj  1  -  k2  sin2©' 


=  *  , 


(15) 


in  which  <p  is  determined  by 


sin  <p  =  -  X  sin  ~  0Q  (0  *  <P  <  ^n) 


(16) 


In  the  interval  4  ,  <  §  <  4  it  holds  that 
X  L 


1  -  v  yfx1  yji r2A.e2  +  2  ^cos  0  ~  cos  0Q j , 


from  which,  by  integration,  it  follows  that 


d0 


ijr2  Ae2  +  sin2  X  0,  -  sin“  5-  0 
4  2  o  2 


T*r — l  2  n  yfk1  (  2  O' 

*•  X  * 


By  use  of  the  same  substitution  this  can  be  written 


jr 

2 


d0 


A  V 


1  -  k2  sin20 


d0 


,  ,2  .  2-a' 

1  —  k  am  H 


*  Z*1  (5  -  h)  •  <17> 
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Addition  of  (15)  and  (17)  eliminates  ^  ;  the  result  is 


2F  (k,  h)  -  F  (k,  <P)  =  , 


(18) 


in  which  F(k,  —  ?r)  ig  the  complete  empties!  ints^r&l  of  the  first  kisd. 
The  dimensionless  deflection  at  the  middle  of  the  beam  is  determined  by 


1 

2 

P  =  f  -  sin  0  d  I 


sin  6  d 6 


'  V?  2  X  f  2  +  2  | cos  9  —  cob  9QJ 


sin  0  dO 


-Viy,2  Ac2  +  2  ^cos  6  -■  eos 


-  — yrj"  yff  2  A  €2  +  2  ^  cos  0  -  cos  &0 ) 
+  — pzj"  \J  X2  +  2  ^  cos  6  —  cos  0Q  J 

7T  V  X 


9  =  ‘i 

«  =  *0 

«  =  0 


(19) 


Now,  on  account  of  (14), 

,2,  _2 


r  A  e  +2  (cos  ^  -  cos  0Qj  =  4k2  -  4  sin2  |  ^  =  0  , 


so  that  it  follows  from  (19) 


P  =  €  +  —  —  ^7r2Ae2  +  4  Bin2  I  =  €  +  2k 


*V7 


2  0 


* 


(20) 
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It  follows  from  (14),  (16)  and  (20)  that 


cos  <P  - 


i  s>.  1 


*  *  V 1  ‘  ‘ 


,\[7 

'  2k 


fi-  «  ’ 


while  from  (18)  and  (20)  follows 


k  =  O-e) 


2F  (k,  |ir)  -  F  (k,?) 


The  relation  between  /3  and  \  Is  then  given  by  the  parametric-presentation 


cos  <p  -  -j— >  k  =  ( /*-  f) 


VT 


=  2 
jr 


2F  (k,  |ir)  -  F  (k,  *) 
2F  (k,  |ir)  -  F  (k,<P) 


(21) 


From  the  latter  relation  it  follows  that 


IT 

2 


\  »  |  F  (k,  fir)  *  |  I  d0 


*  1 


so  that  (21)  certainly  does  not  have  a  solution  for  X  <  1.  As  v/as  to  be  expected,  for 
the  case  of  a  centrally  loaded  bar  (e~  0),  the  relations  (11)  and  (21)  yield  identical 
results 


r  -  f  .  k  »  *  0F  (k,  iff)  ,  \/T  =  |  F  (k,  |ir)  .  (22) 

The  numerical  treatment  of  (11)  and  (21)  does  not  offer  any  difficulties.  After  </>  is 
assigned  a  value,  /3  can  be  calculated  from  the  first  of  these  relations;  next  the  sec¬ 
ond  relation,  which  forms  a  transcendental  equation  for  k,  is  solved;  the  third  rela¬ 
tion  yields  the  corresponding  value  of  X  . 
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The  result  for  *  =  0.01  is  represented  in  fig.  4  (Curve  la).  The  branch  of  negative 
P  values  results  from  (11),  the  branch  of  positive  values  of  (3  belongs  to  (21). 

The  numerical  treatment  of  (22)  is  even  simpler;  after  k  Is  assigned  a  value,  a 
corresponding  set  of  values  of  p  and  X  are  immediately  found.  The  result  is  the 
curve  I  of  Fig,  4. 
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